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LONG TERM GOALS:   
 
Development of accurate and fast advanced statistical and dynamical nonlinear models of ocean 
surface waves, based on first physical principles, which will improve and accelerate both long term 
ocean surface waves forecasts and prediction of strongly coherent events, such as freak waves, tsunami 
and wave-breakings.     
 
OBJECTIVES: 
 
Study of non-stationary limited fetch waves growth in presence of wind; interpretation of altimeter 
data through study of self-similar solutions of Hasselmann equation; studying of integrability of 1D 
Zakharov equation for surface waves; study of the possibility of generalization of compact 1D water 
waves equation for 2D situation; study of the implications of modulational instability on solitons, 
rogue waves and air-surface interaction; study of 1D approximate model of deep water surface waves 
 
APPROACH 
 
Numerical methods for solution of integro-differential equations; analytical self-similar solutions for 
integro-differential equations; Hamiltonian formalism; comparison of analytical and numerical 
solutions with experimental data; analytical and numerical solution of approximate model for deep 
water surface waves 
 
WORK COMPLETED: 
 
• Non-stationary fetch limited numerical simulation: classical and non-classical regimes. 

• Physical model of sea wave period from altimeter data 

• Prove of non-integrability of 1-D Zakharov equation and generalization of compact equation for 
almost 1-D waves 

• Study of modulational instability and its implications for solitons, rogue waves and air-surface 
interactions 

• Approximate model for 1D deep water surface waves based on MMT equation 
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RESULTS 
 
1. Non-stationary fetch limited numerical simulation. Classical and non-classical regimes. 
 
During reported year we continued to study Hasselmann equation for energy spectral density ),,( tkr
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for the simplified, but real physical situation, which includes the most important component of the 
general statement -- non-stationarity in time, exact nonlinearity nlS , wind forcing term windS  and wave 
dissipation term dissS  due to wave-breaking. 
 
Such simplified formulation is the limited fetch wind growth situation, where Hasselmann equation is 
reduced to 
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where  x is the spatial coordinate, orthogonal to the shore, and θ is the angle between individual 
wavenumber k and the axis x. 
 
This situation is presented schematically on the following diagram: 
 
 

 
 
 
 
 
 

Fig.1 Schematic description of the energy fluxes along the fetch in real and Fourier spaces. 
 

Wind 
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Black axis represents the real space axis x ortogonal to the shore line, red/green cylinder show Fourier-
space of the system. Red part of  the cylinder corresponds to positive advection velocity in front of 
time derivative of Hasselmann Eq.(2) (red arrow is directed away from the shore), while green part of 
the cylinder corresponds to negative advection velocity (green arrow directed toward the shore), in 
correspondence with the θcos  in Eq.(2). Such schematic picture suggests that limited fetch growth 
consists of essentially three different processes happening in real and Fourier spaces: (i) energy 
advection away the shore in real space (red tube); (ii) energy advection toward the shore in real space 
(green tube); (iii) nonlinear interaction of the waves between red and green parts of the tube in Fourier 
space for any given point of the fetch and time. 
 
For the solution of Eq.(2) we need to know the source terms in its right-hand side. The procedure of 
exact calculation of nlS  term  is well-known and given by Webb-Resio-Tracy algorithm. The 
parameterization of the wind input term inS  is given by ( see [R1] ) : 
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and is based on the fact that Eq.(2) has self-similar solution 
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along with the fact of fitting the experimental data by specific regression line, see [R2], [R3]. 
 
The contribution of the dissipation term dissS was calculated similar to [R3], where white-capping 

dissipation term was introduced implicitly through 5−f  (
π
ω
2

=f ) energy spectral tail stretching in 

frequency range from 1.1=df  to 0.2max =f . 
 
We solved Cauchy problem for the Eq.(2) for the following set parameters 
 
• Fetch size 40 km 
• Number of nodes 40 
• 72 logarithmic frequencies 
• 36 points angle resolution 
• Wind speed sec/510 mU =  
 
which translates into: 
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• Characteristic angular frequency   sec/2/ 10 radUgcr ==ω  
• Characteristic linear frequency Hzf 1.10 =  

• Dimensionless fetch  4
2
10

106.1 ⋅== g
U

Lχ  

 
Initial conditions were chosen in the form of low-amplitude noise in the red part of the Fourier space 
and zero in the green part of the phase space cylinder (see Fig. 1). 
 
Fig.2 represents total energy of the fetch as a function of time. One can see that energy growth 
evolution can be split into two parts -- first of relatively fast growth for time less than 4 hr, and the 
second part of relatively slow growth.  
 

 
 

Fig.2   Total energy of the fetch as a function of time. 
 
Comparison of the phase space distributions of the spectrum for t=2hr ( see Fig.5 a,b ), t=8hr (see 
Fig.6 a,b)  and  t=24hr (see Fig.7 a,b) shows qualitative difference in their shape, too.  
 
For earlier times t=2hr the shape of the spectrum has the shape of the single hump, growing with the 
distance from the shore along the fetch. For later times t=8hr and t=24hr the shape of the spectrum is 
more complex: besides classical center single-hump of the energy spectrum, growing away from the 
shore, one can see side satellites in the form of spikes, corresponding to waves propagating along the 
shore.  
 
Furthermore, the direction of those waves propagating along the shore is getting slanted toward the 
shore with the distance diminishing toward the shore. Closer to the shore, the waves are propagating at 
15 degrees toward the shore line. This observation is quite remarkable: it means that long enough 
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excitation of the waves in time by the wind blowing away from the shoreline, finally excites the waves 
coming against the wind toward the shore. 
 
Fig.3 represents distribution of energy along the fetch for different times. One can see that energy 
behavior for time less than 4 hr is described by threshold-like behavior propagating along the fetch, in 
correspondence with [R4].  
 

 
Fig.3 Energy distribution along the fetch. Dotted line -- linear function. 

 
 
At time around 4 hr, the energy growth is approximated by linear function of the fetch distance. This 
dependence was predicted in [R5] through self-similarity analysis: it was shown that for fetch-limited 

self-similar solution the dimensionless energy χa
U

gEE =
⋅

= 4

2~ . For time t = 4 hr,  we get from 

numerical simulation results 7104.2 −⋅=a . Table 1 represents experimental data (see [R5] ) on 
measuring  the constant a for different experiments. One can see good correspondence of our 
numerical simulation and experimental predictions: 
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Table 1. Results of measurements of the constant a for four different experimental observations. 
 

Experiment  a 

Nakata Bay (Mitsuyasu et al., 1971) 2.89 × 10−7 

JONSWAP (Hasselmann et al., 1973) 1.6 × 10−7 
Lake St. Clair (Donelan et al., 1992) 1.7 × 10−7 
Bothnian Sea (Kahma, 1981) 2.6 × 10−7 

 
Fig.4 shows mean frequency distribution along the fetch for different moment of time less than 4 hr. 
One can see that the portion of the "threshold-like" function is closely described by self-similar 
solution Eqs.(4)-(5) : 
 
 

 
 

Fig.4  Logarithm of mean frequency distribution as a function of the logarithm of fetch for four  
different moments of time: 1 hr, 2 hr, 3 hr and 4 hr.  Solid line -- self-similar prediction q=0.3  

from Eqs.(4)-(5) 
 
All the above facts clearly show that limited fetch growth in the channels of final width can be split in 
time for two different physical regimes.  
 
The first regime corresponds to self-similar solution developing for the characteristic times defined by 
ratio of the channel width to characteristic advection velocity of the wave field and could be called 
classical. This regime corresponds mainly to energy advection in the red part of the cylinder on Fig.1.  
 
The second regime is happening later in time when the energy starts to reflect from the opposite 
boundary condition and corresponds to energy advection against the wind in the green cylinder on 
Fig.1. It exhibits itself in waves generating predominantly parallel to the shore line, tending to slant 
toward the shore, as approaching to the beginning of the fetch, at 15 degrees. 
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To wrap the results of research up, our numerical experiments show existence of 2 regimes of wave 
turbulence in the limited fetch conditions: 
 
• classical regime as a combination of self-similar regimes for moderate duration 4103 ⋅<τ  
• non-classical regime exhibiting in waves propagating almost parallel to the coastal line (about 

15 degrees near the shore) analogous to Bose-condensation for 4103 ⋅>τ  
 
 
 

  

  
 

Fig.5a Spectral energy distribution as a function of frequency f and angle θ  at the fetch distances 2 
km, 14 km, 26 km, 38 km for time 2hr. 
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Fig.5b Spectral energy distribution as a function of frequency f and angle θ  in polar coordinates at 

the fetch distances 2 km, 14 km, 26 km, 38 km for time 2hr. 
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Fig.6a   Spectral energy distribution as a function of frequency f and angle θ  at the fetch distances 

2 km, 14 km, 26 km, 38 km for time 8hr. 
 
 
 
 
 
 
 
 
 
 
 
 
 



10 
 

  

  
 
Fig.6b  Spectral energy distribution as a function of frequency f and angle θ  in polar coordinates at 

the fetch distances 2 km, 14 km, 26 km, 38 km for time 8hr. 
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Fig.7a  Spectral energy distribution as a function of frequency f and angle θ  at the fetch distances 

2 km, 14 km, 26 km, 38 km for time 24.47 hr. 
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Fig.7b  Spectral energy distribution as a function of frequency f and angle θ  in polar coordinates at 

the fetch distances 2 km, 14 km, 26 km, 38 km for time 24.47 hr. 
 
Research has been presented in [P1], [P2]. 
 
 
2. Physical model of sea wave period from altimeter data 
 
We use the asymptotic theory of wind wave growth proposed in [R6] that predicts the Kolmogorov - 
like relationship between instant total wave energy E and total net wave forcing S (wave input minus 
dissipation). The latter can be associated with the observed rate of wave energy dE/dt. Inversion of the 
so-called weakly turbulent law of wind-wave growth (see Eq. (1.9) in [R6] ) gives a simple formula 
for period of spectral peak Tp as a function of significant wave height Hs and its gradient. The  
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relationship can be used for processing altimeter data assuming the wave field to be stationary and 
spatially inhomogeneous. It is consistent with satellite measurements setup and is written as follows 
 

Tp=21/5αss
-3/10(Hs /g)1/2×(∂Hs /∂s)-1/10     (6) 

Self-similarity parameter in Eq.(6) is set constant αss=0.67 as found in recent simulations of wind wave 
growth [R7]. Wave height derivative along the wave propagation (group velocity) ∂Hs /∂s enters Eq.(6) 
in very low power 1/10  that reduces dramatically the effect of the unknown wave direction relative to 
the satellite track where the derivative can be estimated.  
In contrast to all the models of wave periods mentioned above, Eq.(6) does not contain any empirical 
coefficients and, thus, does not require calibration. Additionally, it does not operate with backscatter 
coefficient σ0, which characterizes sea surface roughness in gravity-capillary range and cannot be 
related to dominant waves straightforwardly. 
 
The proposed method relies upon weakly turbulent mechanisms when instant sea state is determined 
by external flux to/from waves. The instant state and its apparent perturbation rate recorded by spatial 
derivative ∂Hs /∂s allow one to estimate wave period in certain range of scales. These scales should be 
sufficiently long as compared to the relaxation scales of weakly nonlinear surface waves and relatively 
short as compared to typical scales of variability of the wave field. Typical distance between two 
consecutive counts of satellite altimeter 5-7 kilometers (1 second) likely satisfies these simple criteria 
for sea waves and allows Eq.(6) to capture the weakly turbulent mechanism of wind-wave growth. 
 
The new algorithm has been tested for the data collection of the ESA initiative Globwave 
(http://www.globwave.org). Different empirical models have been compared both for along-track 
records and in terms of statistical distributions of wave characteristics for particular ocean regions. 
 

 
Fig. 8 Dependencies of non-dimensional wave height on non-dimensional wave period (wave age) 

calculated by different methods (see legend) for 800 km track of JASON-2 in the Caspian Sea,  
June 2, 2012.  
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Fig.8 presents an example of along-track evolution of non-dimensional wave height and period (wave 
age) calculated within different approaches [R8], [R9]. The new model shows good agreement with 
previously proposed empirical dependencies. Relatively high dispersion of the new method (red 
points) can be partially explained by intentionally coarse data processing when neither smoothing nor 
interpolation of data has been used. At the same time, strong collapsing of results of calculations with 
[R8], [R9] in Fig.8 looks suspicious enough: in situ experiments do show rather high dispersion 
relatively to "reference" growth curves like one of [R10]. As our study shows, the "impoverishing" 
wave dynamics within the empirical parameterizations of wave period is well pronounced both for 
along-track cases like one presented above and in terms of statistical distributions for subsets of the 
Globwave data collection. 
 
This study presents the very first results of the new model for wave periods from satellite altimeter 
data. The model is free of any empirical and tuning parameters, therefore, is independent on features of 
particular altimeter devices (if properly calibrated in wave height Hs) and regional peculiarities (say, 
extreme salinity in some inland basins). 
 
Agreement with previously proposed approaches points to the validity of the asymptotic weakly 
turbulent law the new method is based on. While having very few in situ evidences of validity of the 
weakly turbulence theory for the wind-driven sea for the last 50 years, one has billions satellite 
altimeter records that are consistent with conclusions of this theory. 
 
Results are published and presented in [P3]-[P7]. 
 
3. Prove of non-integrability of 1-D Zakharov equation and generalization of compact 
equation for almost 1-D waves 
 
We studied amplitudes of six-wave interactions for compact 1-D Zakharov equation, Hamiltonian of 
which is:  

 .||ˆ)(
2

||
2
1ˆ= 2**2* dxbkbbbbibbdxbH k 



 −′−′′+ ∫∫ ω   

 where 
x
bb
∂
∂′ = , gkk =ω  and k̂  - modulus k  operator. 

 
It was found that six-wave amplitude (consisted of two four-wave amplitudes) is not canceled for this 
equation on the resonant manifold. Thus, it was proven that 1-D Zakharov equation is not integrable. 
 
Also we have presented the results of numerical experiments on long time evolution and collisions of 
breathers (which correspond to envelope solitons in the NLSE approximation) at the surface of deep 
ideal fluid. The collisions happen to be nonelastic. In the numerical experiment "nonelasticity" can be 
observed only after many acts of interactions (collisions). This supports "deep water nonintegrability" 
numerically. One can see small radiation after 100 collisions of two breathers (solitions) on Fig. 9: 
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Fig.9   Appearance of small radiation (red line) as a result 
of 100 collisions of two breathers (black line) 

 
We have derived generalization of compact equation for almost 1-D water waves, slightly modulated 
in transverse direction with the Hamiltonian as following:  
 

 .||ˆ)(
2

||
2
1ˆ= 2**2

,
* dxdybKbbbbibbdxdybH xxxxykxk 



 −′−′′+ ∫∫ ω  

 
Preliminary numerical experiments on freak-wave formation at the surface of 3D fluids were 
performed in the framework of this model. Typical picture of the surface with a freak wave is shown 
below on Fig.10 : 
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Fig.10  Typical picture of the surface with a freak waves as a result of numerical 
simulation of generalization of compact equation for almost 1-D water waves 

 
Results are published and presented in [P8]-[P15]. 
 
4. Modulational instability and its implications for solitons, rogue waves and air-surface 
interactions 
 
We studied the phenomenon of modulational instability. According to recent studies, the modulational 
instability seems to be a mechanism that is responsible for a number of phenomena that takes place in 
the ocean. In particular, experimental and numerical works have shown that the wave breaking 
mechanism and the formation of rogue waves may be caused by the modulational instability process.  
 
In [P16] have performed direct numerical simulation of the Navier-Stokes equations for simulating a 
two-phase flow (water and air) to study the dynamics of the modulational instability of free surface 
waves and its contribution to the interaction between the ocean and atmosphere.  
 
If the steepness of the initial wave exceeds a threshold value, we observed wave-breaking events and 
the formation of large-scale dipole structures in the air. Because of the multiple steepening and 
breaking of the waves under unstable wave packets, a train of dipoles is released in the atmosphere; 
those dipoles propagate at a height comparable with the wavelength. The amount of energy dissipated 
by the breaker in water and air is considered, and contrary to expectations, we have observed that the 
energy dissipation in air is greater than that in water. The possible implications for the wave modeling 
of aerosols and gases exchange between air and water are also discussed in the paper. 
 
In [P17] the rogue wave solutions (rational multi-breathers) of the nonlinear Schrodinger equation 
(NLS) are tested in numerical simulations of weakly nonlinear and fully nonlinear hydrodynamic 
equations. A higher accuracy of wave propagation in space is reached using the modified NLS 
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equation, i.e. Dysthe equation. This numerical modeling allowed us to directly compare simulations 
with recent results of laboratory measurements [R11]. In order to achieve even higher physical 
accuracy, we employed fully nonlinear simulations of potential Euler equations. These simulations 
provided us with basic characteristics of long time evolution of rational solutions of the NLS equation 
in the case of near-breaking conditions. The analytic NLS solutions are found to describe the actual 
wave dynamics of steep waves reasonably well. 
 
In paper [P18] the problem of existence of stable nonlinear groups of gravity waves in deep water is 
considered by means of laboratory and numerical simulations with the focus on strongly nonlinear 
waves. Wave groups with steepness up to 0.30 are reproduced in laboratory experiments. We show that 
the groups remain stable and exhibit neither noticeable radiation nor structural transformation for more 
than 60 wavelengths or about 15-30 group lengths. These solitary wave patterns differ from the 
conventional envelope solitons, as only a few individual waves are contained in the group. Very good 
agreement is obtained between the laboratory results and numerical simulations of the potential Euler 
equations. The envelope soliton solution of the nonlinear Schrodinger equation is shown to be a 
reasonable first approximation for specifying the wave-maker driving signal. The short intense 
envelope solitons possess vertical asymmetry similar to regular Stokes waves with the same frequency 
and crest amplitude. Nonlinearity is found to have remarkably stronger effect on the speed of envelope 
solitons in comparison to the nonlinear correction to the Stokes wave velocity. 
 
In paper [P19] we show experimentally that a stable wave propagating into a region characterized by 
an opposite current may become modulationally unstable. Experiments have been performed in two 
independent wave tank facilities; both of them are equipped with a wave-maker and a pump for 
generating a current propagating in the opposite direction with respect to the waves. The experimental 
results support a recent conjecture based on a current-modified nonlinear Schrodinger equation which 
establishes that rogue waves can be triggered by a non-homogeneous current characterized by a 
negative horizontal velocity gradient.  
 
The paper [P20] is a review paper on rogue waves in different physical aspects ranging from 
oceanography to nonlinear optics.  
 
In the paper [P21] we present the first observation of dark solitons on the surface of water. It takes the 
form of an amplitude drop of the carrier wave which does not change shape in propagation. The shape 
and width of the soliton depend on the water depth, carrier frequency, and the amplitude of the 
background wave. The experimental data taken in a water tank show an excellent agreement with the 
theory. These results may improve our understanding of the nonlinear dynamics of water waves at 
finite depths.  
 
In paper [P22] we highlight an analogy between water waves and electromagnetic waves, i.e. the 
formation of a supercontinuum: starting from a very narrow band spectrum, after a few wave lengths, a 
very broad continuum spectrum (supercontinum) is observed with a consequent emission of solitons. 
 
5. Approximate model for 1D deep water surface waves based on MMT equation 
 
We studied analytically and numerically the Majda–McLaughlin–Tabak (MMT) model 
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adjusted for description of essentially nonlinear gravity waves on the surface of ideal deep water 
through specific choice of its parameters α = 1/2, β =3 and λ = 1. 
 
The water surface can be reconstructed from complex function ),( txψ through the following relation: 
 

( )dkketx kk
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1),(       (7) 

 
On the base of analytic study and numerical experiments, we observe existence of robust long-living 
objects in the form of quasi-stationary localized structures, which are the quasisolitons. 
 
Quasisolitons of large amplitude turn into quasibreathers. Their amplitude and spectral  shape oscillate 
in time (see Fig.11).  
 

 
Fig.11   Dependence of the soliton maximum )),(max( 2txψ  taken over integration domain [ ]π2,0    

( solid line,  left axis ) and the second moment dkkk k

2
2

0 )( ψ∫ −  ( dotted line, right axis ), on time t. 

The average wave-number is defined as 
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These oscillations at the time moment of reaching the quasibreather maximum are accompanied by 
formation of weak collapses, exhibiting their selves through power-like spectra, which can be 
compared with ‘‘white capping’’ of real ocean waves, see Fig.12. 
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Fig.12  Real and Fourier space distributions of wave field. Top graph: 2),( txψ  as a function of x 

for t=479.00. Bottom graph: Fourier spectrum 2
10 ),(log txψ as a function of signed logarithm of 

wave number kksign 10log)( . The left slope of the spectrum is approximated by function 3.3−∝ k  

(dotted line); the right slope is approximated by function 8.6−∝ k (dashed line). 
 
 
Fig.13 presents surface elevations Eq.(7) for the same time as Fig.12. This picture looks qualitatively 
similar to experimentally observes "Three Sisters" killer wave on the ocean surface [R12] and the 
resent results of freakon simulation on the deep water surface [R13]. These slope values have the 
meaning of the original Euler equations for deep waver surface gravity waves. 
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Fig.13  Surface elevations ),( txη as a function of real space coordinate x for time t=479.00, 
corresponding to Fig.12. The presented data are dimensionless and scale invariant due to this 

property of the corresponding equations. For the purposes of comparison with the experiment, one 
should multiply both horizontal and vertical axes by the same dimensional factor, corresponding to 

particular experimental realization. 
 
The research has been published in [P23]. 
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