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Many of the  f e a t u r e s  of c a v i t a t i o n  n o i s e  m a y  be i l l u s t r a t e d  by 
c o n s i d e r a t i o n  of the  p r e s s u r e  f i e ld  s u r r o u n d i n g  an i d e a l i z e d  s p h e r i c a l  
cav i ty  g r o w i n g  and c o l l a p s i n g  in an i n c o m p r e s s i b l e  f luid.  The p e r t i n e n t  
h y d r o d y n a m i c  r e l a t i o n s  a r e  r e v i e w e d  and e x t e n d e d  to the c o m p u t a t i o n  
of the f r e q u e n c y  s p e c t r u m  of the sound .  Some  c r i t e r i a  f o r  the l i m i t s  of 
a p p l i c a b i l i t y  of the i n c o m p r e s s i v e  t h e o r y  a r e  g iven .  

INTRODUCT~N 

This paper is concerned with the sound p r e s s u r e  generated by a growing and 
collapsing cavity in a liquid, for example,  a cavity which, in the flow of the liquid past  
a curved r igid boundary, grows in a region of l o w p r e s s u r e  and subsequently collapses 
in a region of higher p r e s su re  downstream. The existence,  c i rcumstances ,  and typical 
behavior of such cavi t ies  have been so fully discussed in the l i t e ra ture  (1,2,3) as to 
requi re  no fur ther  elaborat ion here.  The discussion will be r e s t r i c t ed  to those aspects  
of the sound which may be elucidated by considerat ion of spher ical  cavit ies.  In the 
ea r l i e s t  his tory of the study of the dynamics of cavitation, the concept of a spher ica l  
cavity was recognized as a useful idealization. Thus, Rayleigh 's  famous solution (4) 
gives the motion of an empty spher ical  cavity in an incompress ib le  liquid of infinite 
extent with constant external  p re s su re .  More recent ly,  Rayleigh 's  concept [ s been 
extended to allow for t ime-va ry ing  external  p r e s s u r e  and the bubble motions sc ~om: 
puted have been shown to correspond reasonably wel lwith  actual behavior of cavi t ies  
which grow and collapse in fluid flow (5). The present  work, without adding anything 
new in pr inciple ,  extends the descr ipt ion to include the p r e s su re  radiated by the 
growing and collapsing cavity. 

HYDRODYNAMIC RELATIONS 

The rela t ion between the radial  motion of a growing and collapsing cavity and the 
p r e s su re  in the surrounding liquid have been t reated extensively in the l i t e ra ture  
relat ing to cavitation and to underwater  explosions--at  least  for the case of incom- 
press ive  flow of the liquid (6, 7). It will  be useful to take the relat ion valid for 
incompress ive  flow as our focal point since during the whole of the period of growth 
and the g rea te r  part  of the collapse of the cavity the incompress ive  theory adequately 
descr ibes  not only the motion of the cavity but also the sound p res su re  which 
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a p p e a r s  ( a f t e r  a n  i n t e r v a l  of t i m e )  a t  a d i s t a n c e .  A c c o r d i n g l y ,  we no t e  t he  r e l a t i o n  
fo r  i n c o m p r e s s i v e  f low (6): 

p ( r , t )  - p(co.t) - pR2i~ + 2p1~2 PR41~2 
r 2r 4 " ( I )  

H e r e ,  p( r, t )  i s  the  p r e s s u r e  in  the  l iqu id  a t  r a d i a l  c o o r d i n a t e  r and  t i m e  t ;  p i s  the  
d e n s i t y  of the  l iquid;  R (equal  to  R ( t ) )  i s  the  r a d i u s  of the  c a v i t y  a t  t i m e  t ;  and  l~ and  
i~ a r e  the  f i r s t  and  s e c o n d  t i m e  d e r i v a t i v e s ,  r e s p e c t i v e l y ,  of R. 

In the  s p e c i a l  c a s e ,  r = R, Eq.  (1) g i v e s  the  d i f f e r e n t i a l  e q u a t i o n  r e l a t i n g  the  
g r o w t h  and  c o l l a p s e  of the  c a v i t y  to  the  " d r i v i n g  p r e s s u r e "  P -  Pe: 

3 "2 pI~ +-~pR = P - Pe" (2) 

H e r e ,  P h a s  b e e n  w r i t t e n  f o r  p ( R , t )  and  Pe f o r  p(co. t ) .  

At  a s u f f i c i e n t l y  g r e a t  d i s t a n c e  f r o m  the  cav i ty ,  t he  s e c o n d  t e r m  o n t h e  r i g h t  s i de  
of Eq. (1) i s  neg l i g i b l e .  The  r e m a i n i n g  p r e s s u r e  wi l l  be  c a l l e d  t he  sound  p r e s s u r e ,  P s : 

Ps : pR [RR + 21~ 2] , (3) 
r 

or ,  i den t i c a l l y ,  

p d2[R 3] 
Ps - 3r dt 2 (4) 

T h u s ,  the  sound  p r e s s u r e  a s s o c i a t e d  w i th  the  g r o w t h  and  c o l l a p s e  m a y  b e  c o m -  
p u t e d  f r o m  the  m o t i o n  of the  c a v i t y  or ,  i n d i r e c t l y ,  f r o m  the  e n v i r o n m e n t a l  p r e s s u r e  
wh ich  the  cav i ty  e n c o u n t e r s .  

THE CAVITY MOTION 

In g e n e r a l ,  if t he  p r e s s u r e  d i f f e r e n c e  P - Pe i s  g i v e n  a s  a f u n c t i o n  of R and  t ,  
Eq. (2) c an  be  i n t e g r a t e d  (to f ind  R( t ) )  on ly  by  n o n a n a l y t i c  m e t h o d s  (5,9).  E x c e p t i o n s  
a r e  two s p e c i a l  c a s e s  d i s c u s s e d  by  R a y l e i g h  (4,6). 

I n t h e  c a s e  of a n  " e m p t y "  cav i ty*  c o l l a p s i n g  o r  r e b o u n d i n g  u n d e r  the  i n f l uence  of 
a t i m e - v a r y i n g  e x t e r n a l  p r e s s u r e ,  p o s i t i v e  and  equa l  to  Po a t  t he  i n s t a n t  of c o m p l e t e  
c o l l a p s e ,  a s e r i e s  s o l u t i o n  u s e f u l  in  d e s c r i b i n g  the  m o t i o n  in  the  r e g i o n  of c o l l a p s e  
and  r e b o u n d  m a y  be  o b t a i n e d  in the  f o r m  

m 
R t - t  o [5 

~ 1  = ~m=l Am RI[P/Po ]½ " 
(5) 

*By an "empty" cavity is meant here onefor which P, the pressure in the liquid at the 
wall of the cavity, is substantially constant. During the collapse of vapor cavities in 
water, the effects of surface tension, gas contained in the cavity, viscosity, and vapor 
heating, are ordinarily small enough so that the cavity may be considered "empty" 
over that part of the collapse for which the incompressive theory is adequate. 

202 



Cavi ta t ion  Noise 

H e r e ,  R1 i s  a r ad iu s  c h a r a c t e r i s t i c  of the  mot ion  at c o l l a p s e *  and def ined  so  tha t  the 
l imi t ing  value a p p r o a c h e d  by  the k ine t ic  e n e r g y  

2 -n-p R3 ~ 2 

at co l l ap se  is  equal  to 4/3 ~R13P0 . The t ime  t o is  the ins tan t  of co l l apse .  

The coe f f i c i en t s  A m may  be eva lua ted  by subs t i tu t ing  Eq. (5) in Eq. (2) and equat ing  
the  coe f f i c i en t s  of l ike p o w e r s  of I t - t o [. Thus,  if the t i m e - v a r y i n g  p r e s s u r e  d i f -  
f e r e n c e  is  e x p r e s s e d  as  a p o w e r  s e r i e s :  

P e  - P = P 0  + bn  - - - - ~  ' 
n:l  RI[P/P0] 

(6) 

The coe f f i c i en t s  a r e  g iven  be low 

m A m m A m 

2 1.330325 18 -0.05593 b 2 
8 -0.284733 19 -0.02689 b 1 

13 -0.106775 b 1 20 -0.009007 
14 -0.035848 23 -0.034418 b 3 

Fo r  o the r  va lues  of m, (m <26), A m = 0. 

m A m 

24 -0.0139 b 2 
-0.00516 b~  

25 -0 .010133b  1 
26 -0.002810 

The s e r i e s  c o n v e r g e s  r ap id ly  enough to p r o v i d e  a usefu l  so lu t ion  of Eq. (2) fo r  the  
p e r i o d  of c o l l a p s e  and the p e r i o d  of g rowth  a f t e r  rebound.  F o r  the  p u r p o s e  of 
d e s c r i b i n g  the  l a t e r  s t a g e s  of co l l apse ,  one o r  two t e r m s  of the s e r i e s  suf f ice .  

THE SP EC TR UM  OF THE SOUND PRESSURE 

Typica l  b e h a v i o r  p a t t e r n s  fo r  the growth ,  co l l apse ,  and mul t ip le  r ebound  of a 
cavi ty  and fo r  the pu l se  of sound p r e s s u r e  have b e e n  shown in a p r e v i o u s  s u r v e y  (8). 
The s p e c t r a l  d i s t r i b u t i o n  of the e n e r g y  r a d i a t e d  as  sound may be d e t e r m i n e d  by m e a n s  
of the F o u r i e r  t r a n s f o r m a t i o n  app l ied  to the sound pu l se .  Let  P s ( r , t )  be  the sound 
p r e s s u r e  T which  a p p e a r s  at r ad i a l  coo rd ina t e  r at t i m e  t.  Then a F o u r i e r  t r a n s f o r m  
s ( r ,  f) c o r r e s p o n d i n g  to the sound p r e s s u r e  is  de f ined  by 

co 

f ) e .  2~ri f t s ( r , f )  = P s ( r , t  dt . (7) 
_m 

A s p e c t r a l  dens i t y  S(r,  f) d e s c r i b e s  the  d i s t r i b u t i o n  of the  sound " e n e r g y "  wi th  
r e s p e c t  to f r equency .  

S ( r , f )  = 2 [ s ( r , f ) l  2 (8) 

*Near  the v e r y  end of co l l apse  or beginning of rebound,  the mot ion  is ,  of c o u r s e ,  
c h a r a c t e r i z e d  only by the tota l  ene rgy  4/3 ~R3P0 . 

%The dependence  of the sound p r e s s u r e  upon the r ad ia l  coo rd ina t e  r is ,  of co u r s e ,  
s imply  the i n v e r s e  r e l a t i on  given by Eq. (4) so that  the quant i ty  whose  s p e c t r u m  is 
independent  of r is rPs. 
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In o r d e r  to c o n s i d e r  the ac tua l  e n e r g y  r ad i a t ed  acous t i ca l ly ,  it i s  n e c e s s a r y  to 
depar t  f r o m  the a s sumpt ion  of i n c o m p r e s s i b i l i t y  of the l iquid to the extent  n e c e s s a r y  
to include the p r o c e s s  of acous t i c  p ropaga t ion .  Acco rd ing  to the usua l  laws of 
acous t i c s ,  the e n e r g y  r ad ia t ed  in a band of f r e q u e n c i e s  df wi l l  be 

and the to ta l  r ad ia t ed  e n e r g y  

4~r r2S(r, f )d f  
pc  

co 

p-'~" [rp s ] 2tit 

equa l s  

co 

4 f0 p'-~- r2S df . 

Here ,  c i s  the ve loc i t y  of p ropaga t i on  of sound in the l iquid.  

THE LIMITATION OF  INCOMPRESSIVE THEORY 

The use  of i n c o m p r e s s i v e  f l o w t h e o r y  (to d e t e r m i n e  the g r o s s  f low and the p r e s -  
s u r e s )  and the laws  of a c o u s t i c s  (to account  fo r  the rad ia t ion)  r e p r e s e n t s  the s l i gh t e s t  
p o s s i b l e  d e p a r t u r e  f r o m  s t r i c t l y  i n c o m p r e s s i v e  theory .  A c rude  c r i t e r i o n  for  app l i -  
cab i l i ty  of th is  p r o c e d u r e  in e s t i m a t i n g  the sound p r e s s u r e  r ad ia t ed  by a co l laps ing  
emp ty  cav i ty  is  that  the wal l  ve loc i t y  not exceed  about one tenth of sonic  ve loc i ty .  
Subst i tu t ion of th is  condi t ion  (l~/c = 0.1) in Eq. (5) r e s u l t s  in v a l u e s  of the r ad ius  and 
" t i m e  be fo re  c o l l a p s e "  as  g iven  by 

and 

1 
3 

R1 L:c  
(9) 

5 ,t_to, 16[P o 
R I [p:Po ]~ 

(lO) 

The va lue  of pc 2 fo r  w a t e r  i s  a p p r o x i m a t e l y  21,000 a t m o s p h e r e s .  Equat ion (9) shows 
that  the co l l apse  of a cav i ty  under  an e x t e r n a l  p r e s s u r e  of one a t m o s p h e r e  o r  m o r e  
beg ins  to be inf luenced  by the c o m p r e s s i b i l i t y  of the wa te r  whi le  the r ad ius  of the 
cav i ty  is  s t i l l  a s  l a r g e  as  o n e - s i x t h  of i t s  m a x i m u m  value.  At that  s tage ,  the e f fec t  
of the vapor  and the minute  amount  of gas  o r d i n a r i l y  conta ined in the cav i ty  i s  qui te  
negl ig ib le .  Thus,  w h a t e v e r  m e c h a n i s m s  a r e  involved  in the co l l apse  and rebound,  
the c o m p r e s s i b i l i t y  of the l iquid  p l ays  a p r i m a r y  ro le .  

Equat ion (10) g ives  a rough c r i t e r i o n  fo r  the r ange  of f r e q u e n c y  for  which the 
s o u n d - p r e s s u r e  s p e c t r u m ,  computed  a c c o r d i n g  to the i n c o m p r e s s i v e  theory ,  is  va l id .  
It may  be a s s u m e d  that  the de ta i l s  of the pu l s e  of sound p r e s s u r e  a s s o c i a t e d  with the 
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part  of the motion where compressive effects are presen t  do not greatly affect the 
spect rum for frequencies  severa l  t imes  smal le r  than the reciprocal  of the t ime in te r -  
val appearing in the numera tor  in Eq. (10). If the numer ica l  factor is taken, conserv-  
atively, to be 4n, it follows that the required upper l imit  on the frequency is 

O. 005 - -  

s_ 

[e0/p] '~ . Fpc216 
R1 L P0 ] 

A number  of invest igators have presented theories  which take into account, in 
some degree, the effects of compress ib i l i ty  and which show remarkable  agreement  
with experiment  in cer ta in  respects  (9,10). A full explanation of the generation of 
cavitation noise awaits a solution of the flow problem involved not only during the 
la ter  par t  of the collapse but also during the early par t  of the rebound. 
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