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* * * * * 

T h i s  c o m m u n i c a t i o n  i s  c o n c e r n e d  w i t h  t he  m o t i o n  of the  i n t e r f a c e  
b e t w e e n  two  i r n m i s c L b l e  v i s c o u s  f l u i d s  c o n t a i n e d  in  the n a r r o w  s p a c e  
b e t w e e n  two  c l o s e l y  s p a c e d  s u r f a c e s .  One of t he  f l u i d s  m a y  be of 
n e g l i g i b l e  v i s c o s i t y  a nd  d e n s i t y ,  c o r r e s p o n d i n g  to the c a s e  of a c a v i t y .  
W h e n  t h e  s u r f a c e s  a r e  f i x e d ,  p a r a l l e l ,  a n d  p l a n e ,  t he  c o n f i g u r a t i o n  i s  
k n o w n  a s  a H e l e - S h a w  a p p a r a t u s .  

The  p e n e t r a t i o n  of a v i s c o u s  f l u i d  i n t o  a m o r e  v i s c o u s  f l u i d  c o n -  
t a i n e d i n  a s t r a i g h t - s i d e d  c h a n n e l  i n  a H e l e -  S h a w  a p p a r a t u s  i s  d i s c u s s e d  
u n d e r  c e r t a i n  s i m p l i f y i n g  a s s u m p t i o n s  about  the p h y s i c a l  c o n d i t i o n s  at 
the i n t e r f a c e .  T h e s e  a r e  that  the p r e s s u r e  c h a n g e  on c r o s s i n g t h e  i n t e r -  
f a c e  i s  c o n s t a n t ,  a nd  that  the s h e e t s  of the r n o r e v i s c o u s  f l u i d  l e f t  b e h i n d  
a f t e r  the i n t e r f a c e  ha s  p a s s e d  a r e  of c o n s t a n t  t h i c k n e s s .  T h e  p r o b l e m  
i s  n o t  u n i q u e ,  p o s s e s s i n g  a s i n g l y  i n f i n i t e  f a m i l y  of s o l u t i o n s ,  and  s o m e  
a n a l y t i c a l  f e a t u r e s  o f ' t h e  s o l u t i o n  w h i c h  s i n g l e  out  a p a r t i c u l a r  f l o w  a r e  
d e s c r i b e d .  

* * * * * 

INTRODUCTION 

T a y l o r  (1) has  shown,  and L e w i s  (2) h a s  v e r i f i e d  e x p e r i m e n t a l l y ,  that  the  s u r f a c e  
b e t w e e n  two s u p e r p o s e d  f lu ids  of d i f f e r e n t  d e n s i t i e s  and n e g l i g i b l e  v i s c o s i t i e s  w h i c h  
a r e  a c c e l e r a t e d  in a d i r e c t i o n  p e r p e n d i c u l a r  to the ir  i n t e r f a c e  i s  s t a b l e  or  u n s t a b l e  
to s m a l l  d e v i a t i o n s  a c c o r d i n g  as  the a c c e l e r a t i o n  i s  d i r e c t e d  f r o m  the m o r e  d e n s e  to 
the l e s s  d e n s e  f lu id  or  v i c e  v e r s a .  If the f lu ids  a r e  conf ined  wi th in  a long  tube or  
channel ,  a f ina l  s t e a d y  s t a t e  a p p e a r s  to be  a t ta ined  in w h i c h  a long  bubble  or  f i n g e r  
of the l e s s  d e n s e  f lu id  a d v a n c e s  a long  the tube w h i l s t  the m o r e  d e n s e  f lu id  d r a i n s  
away  round the  s i d e s .  Th i s  s i t u a t i o n  o c c u r s  w h e n  a v e r t i c a l  tube f i l l e d  w i th  f lu id  i s  
c l o s e d  at the top and o p e n e d  at the bo t tom to the a t m o s p h e r e .  The  s t e a d y  m o t i o n  of  
l a r g e  bubbles  or  c a v i t i e s  r i s i n g  through  i n v i s c i d  l iqu ids  in tubes  and c h a n n e l s  h a s  
been  s t u d i e d  e x p e r i m e n t a l l y  and t h e o r e t i c a l l y ;  s e e ,  f o r  e x a m p l e ,  D a v i e s  and T a y l o r  (3); 
G a r a b e d i a n  (4), w h e r e  o ther  r e f e r e n c e s  m a y  be  found.  

Saf fman and T a y l o r  ( 5 ) h a v e  s h o w n  that  a n a l o g o u s  p h e n o m e n a  o c c u r  w h e n  two  
s u p e r p o s e d  i m m i s c i b l e  v i s c o u s  f lu ids  a r e  f o r c e d  wi th  u n i f o r m  v e l o c i t y  through  a 
H e l e - S h a w  c e l l ,  that i s ,  b e t w e e n  two c l o s e l y  s p a c e d ,  f i x e d  p a r a l l e l  s h e e t s .  W h e n  the  
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i n t e r f a c e  be tween  the two f luids  i s  s t r a i g h t  and p e r p e n d i c u l a r  to the d i r e c t i o n  of 
mot ion,  a s t eady  un i fo rm  mot ion  is  t h e o r e t i c a l l y  pos s ib l e ;  but i t  can be shown that  
the  i n t e r f a c e  is  uns tab le  to s m a l l  dev ia t ions  when the d i r e c t i o n  of mot ion  is  f r o m  the 
l e s s  v i s c o u s  to the  m o r e  v i s cous  f lu id  ( i .e . ,  when the  l e s s  v i s c o u s  d r i v e s  the m o r e  
v i scous )  and s tab le  when the m o r e  v i s cous  pushes  the l e s s  v i s cous .  Ac tua l ly  th is  
s t a t e m e n t  i s  s t r i c t l y  t rue  only when the p l a t e s  bounding the ce l l  a r e  hor izon ta l ,  o r  
the f lu ids  have  the s a m e  dens i t i e s ,  so  that  the s t ab i l i z i ng  o r  de s t ab i l i z ing  e f fec t s  of 
g r av i t y  a r e  not impor t an t .  When g r av i t y  e f fec t s  have  to be cons ide red ,  the s t a t e m e n t  
holds  if the u n i f o r m  ve loc i ty  wi th  which  the f lu ids  move  through the ce l l  is  g r e a t e r  
than a c e r t a i n  c r i t i c a l  ve loc i t y  (which may  be nega t ive)  depending upon the dens i ty  
d i f f e r e n c e .  However ,  when the p l a t e s  a r e  v e r y  c lose  toge the r  o r  the f lu ids  a r e  v e r y  
v i scous ,  the p r e s s u r e s  r e q u i r e d  to d r ive  the  f lu ids  wi l l  be l a r g e  c o m p a r e d  with  the 
hyd ros t a t i c  p r e s s u r e  so  that  g r a v i t y  may  e f f e c t i v e l y  be n e g l e c t e d  even  if the p lane  of 
the ce l l  i s  v e r t i c a l .  

The ins t ab i l i t y  was d e m o n s t r a t e d  e x p e r i m e n t a l l y  and the mot ion  into which the 
ins tab i l i ty  deve lops  was o b s e r v e d .  Th is  cons i s t s  of the p e n e t r a t i o n  of the m o r e  
v i scous  f lu id  by " f i n g e r s "  of the l e s s  v i scous  one in a way analogous  to the l a t e r  
s t a g e s  of the  ins tab i l i ty  of a c c e l e r a t e d  i n t e r f a c e s  as  r e p o r t e d  by Lewis .  A c h a r a c -  
t e r i s t i c  f e a t u r e  of the l a t e r  s t a g e s  of the growth  of " i n s t ab i l i t y "  into " f i n g e r s "  is  the 
tendency  of the f i n g e r s  to space  t h e m s e l v e s  so  that  the width of the f i nge r s  and the 
co lumns  of m o r e  v i s cous  f luid be tween  them a r e  of a p p r o x i m a t e l y  the s a m e  bread th .  
Another  c h a r a c t e r i s t i c  f e a t u r e  was  the inhibi t ing e f fec t  on the g rowth  of i ts  ne igh-  
bours  by any f inge r  which ge ts  ahead  of them.  T h e s e  f e a t u r e s  a r e  shown in the t h r e e  
pho tographs  of Fig.  1 in which a i r  was  used  to d r ive  g l y c e r i n e  downwards  th rough a 
He le -Shaw ce l l  cons i s t ing  of two v e r t i c a l  r e c t a n g u l a r  s h e e t s  of f la t  g l a s s  0.09 cm 
apar t .  The  f i r s t  photograph  (a) was  taken sho r t l y  a f t e r  the beginning of the mot ion  
and shows the ins tab i l i ty  in i t s  in i t i a l  s t ages .  The  s econd  photograph  (b) was  taken 

(a) 
(b) (c) 

F ig .  1 - The deve lopmen t  of the ins tab i l i ty  of an a i r - g l y c e r i n e  i n t e r f ace .  The a i r  is 
above and the g lyce r ine  below; the d i r ec t i on  of mot ion  is downwards .  (a) An e a r l y  
s tage,  (b) a l a t e r  s tage,  (c) a l a t e r  s tage than (b). 

2"/8 



Cavity Flows of Viscous Liquids in Nar row Spaces 

at a l a t e r  s t age  of the ins tab i l i ty  (not the s a m e  e x p e r i m e n t )  and shows the tendency  
of the f i n g e r s  to be s e p a r a t e d  by a d i s t ance  a p p r o x i m a t e l y  equal  to the i r  w i d t h . . T h e  
t h i rd  photograph  (c), taken a t  a s t i l l  l a t e r  s t age  with ano ther  e x p e r i m e n t ,  shows the 
inhibi t ing effect ,  b ecause  the th ree  f i nge r s  on the r i g h t - h a n d  s ide  of th is  photograph  
al l  s t a r t e d  to grow at the s a m e  t i m e  but the midd le  f inger ,  which was  s l igh t ly  l a r g e r  
than i t s  ne ighbours ,  has  a l m o s t  comp le t e ly  inhibi ted  the growth  of the o t h e r s  and has  
s p r e a d  l a t e r a l l y .  

In a t t empt ing  to under s t and  the m e c h a n i c s  of the f o r m a t i o n  and p ropaga t i on  of 
f i n g e r s  f r o m  an uns tab le  in t e r f ace ,  the au thors  w e r e  led  to the c o n s i d e r a t i o n  of a 
s ing le  f inge r  of fluid,  o r  a cavi ty ,  p ropaga t ing  s t ead i ly  through a channel  of f ixed  
width in a He le -Shaw ce l l  containing a m o r e  v i s cous  fluid.  Actua l ly ,  i t  appea r s  that  
if the s u p e r p o s e d  f luids  with an uns tab le  i n t e r f a c e  a r e  confined wi th in  a su f f i c i en t ly  
long p a r a l l e l - s i d e d  channel  in a He le -Shaw cel l ,  then " i n s t ab i l i t y "  f ina l ly  deve lops  
into such a mot ion with  the p e n e t r a t i n g  f inge r  of l e s s  v i scous  f luid in the midd le  of 
the channel  and a c e r t a i n  f r a c t i o n  of the  channel  width.  Thus this  p r o b l e m  wi l l  be 
c lo se ly  r e l a t e d  to the r i s e  of an a i r  bubble through a long v e r t i c a l  channel ,  c l o s e d  at 
the top and open to  the a i r  at the bot tom,  in a He le -Shaw cel l ,  i .e . ,  b e tween two  c lo se ly  
spaced  shee t s .  

THE ANALYTICAL DESCRIPTION OF THE MOTION OF 
TWO IMMISCIBLE FLUIDS IN A HELE-SHAW CELL 

F o r  a v i s cous  f luid moving  be tween  two c lo se ly  spaced ,  f ixed,  p a r a l l e l  p la tes ,  
the components  of the m e a n  ve loc i ty  a c r o s s  the s t r a t u m  a r e  g iven  by (see,  for  e x a m -  
ple ,  Lamb (6)) 

- b 2 (  ~p ) -b2 ~P (1) 
u = - ~  ~ +pg , v - 12~ ~ y '  

where  b denotes  the ( smal l )  d i s t ance  be tween  the p la tes ,  p the p r e s s u r e  ( a s s u m e d -  
cons tant  a c r o s s  the s t r a tum) ,  p the dens i ty  and ~ the v i s c o s i t y  of the fluid,  and g the  
a c c e l e r a t i o n  due to g r a v i t y .  The p lane  of the p la tes  i s  h e r e  taken  as  v e r t i c a l ,  x and 
y a r e  coo rd ina t e s  m e a s u r e d  in the  p lane  of the p la tes  wi th  the x - a x i s  taken v e r t i c a l l y  
upwaxds (the y - a x i s  is  t h e r e f o r e  hor izon ta l ) ,  and u and v a r e  the components  of the 
m e a n  ve loc i ty  a v e r a g e d  a c r o s s  the s t r a t u m  in the x-  and y - d i r e c t i o n s ,  r e s p e c t i v e l y .  
The e a s e  in which the p la t e s  bounding the ce l l  a r e  ho r i zon ta l  is  obta ined  by putt ing 
g = 0 .  

The mean velocity field is two dimensional and can be derived from a velocity 
potential 

-b  2 
= ~ ( p  + ; g x ) .  

By virtue of the equation of continuity, v2~ = 0 and there exists a stream function 
which is the harmonic conjugate of ~, so that the complex potential ~ = ~ + i~ is an 
analytic function of x + iy. (This result was used by Hele-Shaw (7) for the purpose 
of demonstrating the streamlines in the irrotational flow of an inviscid liquid in two 
dimensions. ) 

Cons ide r  now the mot ion  of the i n t e r f a c e  be tween  two i m m i s c i b l e  f lu ids  of v i s -  
c o s i t i e s  ~ i ,  ~2 and dens i t i e s  Pl ,  P2, and suppose  the  d i r e c t i o n  of mot ion  of the  i n t e r -  
f ace  is  away f r o m  f luid 2 towards  f luid 1; i .e . ,  f lu id  2 d r i v e s  f luid 1. F o r  a cavi ty  flow, 
~2 and P2 wi l l  be ze ro ,  but fo r  the momen t  we s h a h  suppose  this  is  not n e c e s s a r i l y  
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so. Now fluid 1 is  not neces sa r i l y  completely expelled or replaced by fluid 2; a f i lm of 
fluid 1 maywet  the pla tes  and adhere to themwhi l s t  a tongue of fluid 2 advances along 
the middle of the gap between the plates.  The thickness of this tongue is  a fraction,  
t say, of the gap between the pla tes  and it may be expected that t will dependupon the 
v i scos i t i e s  of the fluids, the veloci ty  of advance of the tongue, and the in ter rac ia l  tension. 

That is, the motion may be, in fact, a combination of two different  types of 
cavity flow. There  is  that flow viewed by an obse rve r  standing in front of the cel l  
looking in a direct ion perpendicular  to the plates;  he sees  the motion of the t w o -  
dimensional  in terface  between two regions,  one occupied by fluid 1 and the other  by 
fluids 2 and (possibly) 1, and is  observing in fact the projection, on the plates bound- 
ingthe cell ,  of the boundary of the region containing fluid 2. The veloci ty of the i n t e r -  
face he sees  is actually the veloci ty  of the tip of the tongue between the plates.  On 
the other  hand, an obse rve r  standing at the side and looking between the plates 
(assuming this i s  possible) sees  the penetrat ion of a viscous fluid between two 
c losely  spaced para l le l  plates  by a tongue of another viscous fluid, and this cavity 
flow, although schemat ica l ly  s im i l a r  to the f i rs t ,  is in fact governed by different  
equations, namely those of slow creeping motion which reduce to the biharmonic  
equation for two-dimensional  flow, whereas  the f i r s t  type of cavity flow may be 
descr ibed  (under assumptions formulated below) by solutions of Lap lace ' s  equation. 
The two flows are  not independent, but, by making plausible assumptions about the 
thickness of the tongue, it is  possible  to analyse the motion as seen by an obse rve r  
standing in front, and this communicat ion is concerned with cavity flows regarded  
f rom this viewpoint. 

Suppose f i r s t  that one fluid completely  expels the other  so that t = 1. In this 
case  the tip of the meniscus  viewed by an obse rve r  in front r ep re sen t s  an interface 
completely  separat ing the two fluids. Also, the s t r eaml ines  which would be seen by 
this obse rve r  if the fluids were  marked  are  those of the mean veloci ty  field. The 
mean veloci ty  a c r o s s  the s t ra tum of fluid 1 ahead of the in ter face  can be der ived 
f rom the veloci ty  potential 

~ 1  = - ( b 2 / 1 2 ~ l ) ( P  + P l g  x )  

and that of fluid 2 f rom 

~2 = - (b2/12~2)( p + P2 gx)' 

where  91 and 92 both sat isfy Lap lace ' s  equation. Since b is small ,  the width of the 
project ion of the meniscus  onto the plates is smal l  compared with the length scale  of 
the mean motion, and the in ter face  may be regarded  as a sharp line. It follows f rom 
continuity that the component of mean veloci ty  normal  to the interface is  continuous 
a c r o s s  it  and is  equal to the veloci ty  of the in ter face  normal  to i tself;  i .e. ,  

(2) 

at the interface,  where ~/~n is differentiat ion in the normal  direct ion.  

The authors (5) have given some evidence to show that, in cases  l ikely to be met  
with in cavity flows of this type, t may be within 1-1/2 percent  of unity. However,  
the conditions determining the value of t and the mechanics  of the second type of 
cavity flow a re  far  f rom being fully understood, and the assumption t -- 1 will  not be 
reasonable  in all  the cases  l ikely to be encountered.  On the other  hand, i t  appears  
that the thickness of the tongue may be sensibly constant for some cases,  and if this 
i s  so it t r an sp i r e s  that i t  i s  possible to analyse the motion in a way s im i l a r  to the 
c a s e  t = 1 .  
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Suppose  now tha t  the t h i c k n e s s  of the tongue i s  cons tan t .  The i n t e r f a c e  can now 
be  iden t i f i ed  with the t ip of the tongue.  Ahead  of the tongue,  the m e a n  ve loc i ty  i s  
g iven  by Eq. (1); beh ind  the i n t e r f a c e ,  the ve loc i ty  d i s t r i bu t i on  a c r o s s  the gap b e t w e e n  
the  p l a t e s  can be  worked  out mak ing  the s a m e  app ro x i ma t i o n  u s e d  in ca l cu la t ing  Eq. 
(1) tha t  ve loc i ty  g r a d i e n t s  in d i r e c t i o n s  p a r a l l e l  to the p l a t e s  a r e  s m a l l  c o m p a r e d  
wi th  t h o s e  in the p e r p e n d i c u l a r  d i r e c t i o n  and that  the p r e s s u r e  i s  cons t an t  a c r o s s  the 
gap.  The m e a n  v e l o c i t i e s  in the tongue and the l a y e r s  ad h e r i n g  to the p l a t e s  can be  
shown to be  d e r i v a b l e  f r o m  ve loc i ty  po ten t i a l s  which  s a t i s fy  L a p l a c e ' s  equat ion,  and 
cont inui ty  c o n s i d e r a t i o n s  at  the i n t e r f a c e  give a bounda ry  c o n d i t i o n b e t w e e n  the v e l o c -  
i ty  po t en t i a l s  on each  s ide .  It can then  be  shown that  the i n t e r f a c e  m o v e s  as  if it  
w e r e  an i n t e r f a c e  c o m p l e t e l y  s e p a r a t i n g  two i m a g i n a r y  f lu ids  of d i f f e r en t  v i s c o s i t i e s  
and d e n s i t i e s ,  one of which  c o m p l e t e l y  expe l s  the o ther ,  i .e . ,  f o r  which t = 1. F o r  the 
c a s e  in which a v i s c o u s  fluid i s  p e n e t r a t e d  by a cavi ty  ( i .e . ,  ~2 = P2 = 0), the mo t ion  of 
the  i n t e r f a c e  i s  the s a m e  as  if a f luid of v i s c o s i t y  t~ 1 and d en s i t y  p 1 { 1 + ( 1 - t ) ( 1 - t 2) } 
w e r e  c o m p l e t e l y  expe l led ,  the p r e s s u r e s  in the two f lows be ing  the s a m e .  

In o t h e r  w ords ,  the c a s e  t = cons t an t  i s  equivalent ,  fo r  the p u r p o s e s  of m a t h e -  
m a t i c a l  ana ly s i s ,  to t = 1. The a n a l y s i s  wi l l  h e n c e f o r w a r d  be b a s e d  on the a s s u m p -  
t ion tha t  t = cons tan t ,  s i nce  o t h e r w i s e  a s i m p l e  d e s c r i p t i o n  of the mot ion  is  not  p o s -  
s ib le ;  so  that  i t  i s  su f f i c i en t  in fac t  to c o n s i d e r  only the c a s e  t = 1 wi thout  l o s s  of 
g e n e r a l i t y .  The ava i lab le  ev idence  i n d i c a t e s  that  th i s  i s  a r e a s o n a b l e  a s s u m p t i o n ,  
but  f u r t h e r  work  r e m a i n s  to be done.  

TO c o m p l e t e  the d e s c r i p t i o n  of the equa t ions  govern ing  the flow, i t  i s  n e c e s s a r y  
to know what  i s  the p r e s s u r e  d rop  a c r o s s  the i n t e r f a c e .  If the f luid w e t s  the plane 
s u r f a c e s ,  it  m igh t  be e x p e c t e d  that  unde r  s t a t i c  condi t ions  the p r e s s u r e  d rop  would 
b e  T(2/b + l / R ) ,  w h e r e  R i s  the r a d i u s  of c u r v a t u r e  of the p ro j ec t i on ,  on the plane of 
the p l a t e s  bounding the cel l ,  of the m e n i s c u s .  When the f lu ids  a r e  moving ,  the p r e s -  
s u r e  d rop  a c r o s s  the i n t e r f a c e  may  depend  upon a v a r i e t y  of phys i ca l  c i r c u m s t a n c e s  
which  a r e  n o t y e t  u n d e r s t o o d .  The s i m p l e s t  a s s u m p t i o n w e  can make  is  that  the p r e s -  
s u r e  d rop  has  the s a m e  value as  in the s t a t i c  c a s e  and hence  that  

T 
P2 " •i : .~- + constant  (3) 

on the  i n t e r f a c e .  F u r t h e r ,  the p r e s s u r e  g r a d i e n t s  in the v i s c o u s  f luid a r e  of o r d e r  
pu/12b 2, w h e r e  u i s  the ve loc i ty  of the i n t e r f a c e ,  so that  if T/R <<p.uR/12b 2, i .e . ,  
/ztaR2/(12Tb 2) >> 1 (which i s  l ikely  to be  the c a s e  if the mot ion  i s  not v e r y  slow), it 
s e e m s  r e a s o n a b l e  to neg lec t  T/R and take the bounda ry  condi t ion  at the i n t e r f a c e  as  

P2 " P l  = c o n s t a n t  = O, say .  (4)  

The p r e s s u r e  ins ide  a c a v i t y i s  e f f ec t ive ly  ze ro ,  so that  for  cavi ty  f lows  the bounda ry  
condi t ion  in th i s  c a s e  is  P = 0 at the s u r f a c e  of the cavi ty.  

THE PENETRATION OF A CAVITY INTO A CHANNEL 

The a u t h o r s  (5) have i n v e s t i g a t e d  the p ropaga t ion  of a f i nge r  of f luid through a 
s t r a i g h t  p a r a l l e l - s i d e d  channe l  in a He le -Shaw ce l l  conta in ing  a m o r e  v i s c o u s  l iquid.  
They showed  that  when the  fluid in the f i nge r  has  negl ig ib le  v i s c o s i t y ,  and h y d r o s t a t i c  
p r e s s u r e s  can be ignored ,  and it i s  a s s u m e d  that  the v i s c o u s  fluid i s  c o m p l e t e l y  
expe l led ,  i .e . ,  t = 1 (or,  as  i s  m a t h e m a t i c a l l y  equivalent ,  t = const . ) ,  and the p r e s -  
s u r e  i s  a s s u m e d  cons tan t  on the i n t e r f a c e ,  i .e . ,  Eq. (4) i s  used ,  then the po ten t ia l  
and s t r e a m  funct ion of the m e a n  ve loc i ty  ( a c r o s s  the s t r a t u m )  of the v i s c o u s  l iquid 
s a t i s f y  the bounda ry  condi t ions :  
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~ V x a s x ~ + ~  

w h e r e  V d e n o t e s  the  u n i f o r m  m e a n  ve loc i t y  of the  f lu id  a t  in f in i ty  a h e a d  of the  f i n g e r ;  

~p = +V on y = +-I , 

s i n c e  the  w a l l s  of the  c h a n n e l  wh ich  a r e  t a k e n  as  y. = -+ 1 a r e  s t r e a m l i n e s  of the  m e a n  
ve loc i t y  (edge  e f f ec t s  w h i c h  o c c u r  a t  w a l l s  in  the  H e l e - S h a w  ce l l  and  i n v a l i d a t e  Eq. 
(1) w i t h i n  d i s t a n c e  b of t h e m  a r e  neg l ec t ed ) ;  ~ = 0 on the  i n t e r f a c e ,  by v i r t u e  of Eq. 
(4); and  ( a s s u m i n g  the  f i n g e r  i s  s y m m e t r i c a l  a b o u t  the  c e n t r e  l ine  of the  channe l )  

~b = Vy on % = 0 , 

w h e r e  v i s  the  ve loc i t y  of p r o p a g a t i o n  of the  f i n g e r .  The  s o l u t i o n  of th i s  f r e e  b o u n d a r y  
p r o b l e m  w a s  s h o w n  to be  

x ÷ i y  = ~ + i ~  + 2 1 [ -n(~p +i~)] 
v ~(I - ~) iog~ I + ~×p v ' (5) 

and the  v e l o c i t y  of the  f i n g e r  i s  r e l a t e d  to the  m e a n  v e l o c i t y  a t  in f in i ty  by 

v : x u ,  (6) 

w h e r e  k i s  the  f r a c t i o n  of the  c h a n n e l  wid th  occup ied  by the  f i n g e r  a f t e r  the  n o s e  h a s  
p a s s e d ;  i . e . ,  2x i s  the  d i s t a n c e  b e t w e e n  the  s t r a i g h t  s i d e s  of the  f i n g e r .  The  equa t i on  
of the  i n t e r f a c e  i s  the  i m a g e  of ~ = 0 and  i s  e a s i l y  s e e n  to be  

x = - -  l o g  1 + c o s  (7) 
2 

It  was  po in ted  out f u r t h e r  tha t  the  c a s e  i n w h i c h  the  f luid in  the  f i n g e r  h a s  a non-  
z e r o  v i s c o s i t y  and  h y d r o s t a t i c  p r e s s u r e s  a r e  not  n e g l e c t e d  c a n  be  r e d u c e d  to t h i s  
c a s e ,  p r o v i d e d  the  s a m e  s i m p l i f y i n g  a s s u m p t i o n s ,  n a m e l y  t h o s e  e m b o d i e d  in  Eqs .  (2) 
and (4), a r e  m a d e  abou t  the  p h y s i c a l  c o n d i t i o n s  a t  the  i n t e r f a c e .  In p a r t i c u l a r ,  t he  
e q u a t i o n  of the  i n t e r f a c e  is  s t i l l  g iven  by (7). F o r  the  c a s e  of a cav i ty  r i s i n g  t h r o u g h  
a v e r t i c a l  c h a n n e l  in  a v e r t i c a l  ce l l ,  t he  r e l a t i o n  b e t w e e n  the  v e l o c i t i e s  i s  

),U = V + ( 1 2 , a / b 2 ) ( 1 - ~ . )  p g .  

V = 0 c o r r e s p o n d s  to the  c a s e  i n w h i c h  the  c h a n n e l  i s  c l o s e d  a t  the  top, and  the  v e l o c -  
i ty  of r i s e  i s  t h e n  

1 - ~ 12p 
U -  ~. b2  p g .  

Now t h e r e  i s  no th ing  in  the  a n a l y s i s  wh ich  l eads  up to Eqs .  (5), (6), and  (7) wh ich  
s p e c i f i e s  the  v a l u e  of k, the  f r a c t i o n  of the  c h a n n e l  occup ied  by the  f i n g e r  a f t e r  the  
n o s e  h a s  p a s s e d .  Tha t  i s ,  if only the  cond i t i ons  a t  in f in i ty  in  f r o n t  of the  cav i ty  a r e  
s p e c i f i e d ,  the  m a t h e m a t i c a l  p r o b l e m  does  not a p p e a r  to p o s s e s s  a un ique  s o l u t i o n  
and t h e r e  i s  a n  in f in i ty  of p o s s i b l e  s h a p e s  fo r  the  i n t e r f a c e ,  e ach  w i th  a d i f f e r e n t  
ve loc i t y  of p e n e t r a t i o n .  (It i s  w o r t h  no t ing  tha t ,  a c c o r d i n g  to the  a n a l y s i s ,  t he  f a m i l y  
of p o s s i b l e  s h a p e s  i s  i n d e p e n d e n t  of the  p h y s i c a l  p r o p e r t i e s  of the  f lu ids . )  The  c a l -  
cu l a t ed  s h a p e s  fo r  X = 0.2,  0.5,  and 0.8 a r e  s h o w n  in  Fig .  2. 

I t  was  no ted  r e c e n t l y  by G a r a b e d i a n  (4) tha t  the  a n a l o g o u s  f r e e - b o u n d a r y  p r o b -  
l e m  of a n  a i r  b u b b l e  r i s i n g  t h r o u g h  a v e r t i c a l  tube  o r  c h a n n e l  c o n t a i n i n g  an  i n v i s c i d  
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Fig.  2 - Ca lcu la ted  p r o f i l e s  with ~ = 0.2, 0.5, 0.8 for  a f inge r  p rop-  
agat ing th rough  a channel  

l iquid a l so  does  not p o s s e s s  a unique so lu -  
tion. It i s  n ice  to be  able,  in the p r e s e n t ,  
much  e a s i e r ,  p r o b l e m ,  to d e m o n s t r a t e  e x -  
p l ic i t ly  a s ing ly  inf in i te  f ami ly  of so lu t ions .  

Th i s  mot ion  w a s  i n v e s t i g a t e d  e x p e r i -  
m e n t a l l y  us ing  a v a r i e t y  of f lu ids .  In the 
f i r s t  s e r i e s  of e x p e r i m e n t s ,  a f i n g e r  of a i r  
was  blown th rough  a channe l  conta in ing  
g l y c e r i n e  and p h o t o g r a p h s  w e r e  taken of 
the i n t e r f a c e .  It was  found that  the value o 
of k fo r  s e v e r a l  e x p e r i m e n t s  was  wi th in  2 
p e r c e n t  of 0.50. The o b s e r v e d  s h a p e s  of 
the i n t e r f a c e  w e r e  c o m p a r e d  wi th  the c a l -  
cu la ted  shape  wi th  ~ = 0.50, and the a g r e e -  
m e n t  was  found to be  v e r y  good. In Fig .  3 
the l ine i s  the pho tog raphed  i n t e r f a c e  and 
the c i r c l e s  a r e  s u r r o u n d i n g  po in t s  c a l c u l a t e d  f r o m  Eq. (7) wi th  k = 1/2. 
m e n t  s e e m s  to jus t i fy  the a s s u m e d  boundary  c o n d i t i o n s .  

Fig .  3 - C o m p a r i s o n  b e t w e e n  an 
o b s e r v e d  prof i l e  and the i n t e r f a c e  
ca lcu la t ed  f r o m  Eq. (7) with k = 1/Z 

This  a g r e e -  

The ques t ion  now a r i s e s  why in p r a c t i c e  the f i n g e r  wi th  ~ = 1/2 i s  s ing led  out 
f r o m  the inf in i ty  of t h e o r e t i c a l l y  p o s s i b l e  so lu t ions .  It m igh t  be  thought  tha t  a 
h y p o t h e s i s  of a m a x i m u m  or  m i n i m u m  r a t e  of e n e r g y  d i s s i p a t i o n  migh t  s ing le  out a 
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unique value of 4, but th i s  in fac t  i s  not  so,  s ince  it i s  e a s i l y  s e e n  tha t  fo r  given con-  
d i t ions  ahead  of the f i nge r  the r a t e  of e n e r g y  d i s s i p a t i o n  is  i ndependen t  of 4. 

F u r t h e r  e x p e r i m e n t s  w e r e  c a r r i e d  out in o r d e r  to s e e  w h e t h e r  4 d ep en d ed  upon 
the  r a t i o  of the v i s c o s i t i e s  of the f lu ids  i n s ide  and ou ts ide  the  f i n g e r  o r  upon any o t h e r  
of the p h y s i c a l  p r o p e r t i e s  of the  f lu ids .  T h e s e  e x p e r i m e n t s  s h o w ed  tha t  it  was  of ten  
p o s s i b l e  to obta in  v e r y u n f f o r m  f i n g e r s  (Fig.  4 shows  an e x a m p l e w i t h w a t e r  p e n e t r a t -  
ing a n a r r o w  channel  f i l l ed  wi th  an oil),  and that  the value of 4 w a s  a lways  c l o s e  to 
1/2,  p r o v i d e d  that  the s p e e d  of the f i n g e r  was  not too s low.  

Fig. 4 - A photograph showing a uniform finger of 
water penetrating a channel filled with oil 

At low s p e e d s ,  the value of 4 i n c r e a s e d  f r o m  0.5 to the l imi t  1.0 as  the ve loc i ty  
t ended  to z e r o ,  but it  w a s  found tha t  the w i d e r  f o r m s  did not  c o n f o r m  to the  c o r r e -  
sponding  p r o f i l e s  c a l cu l a t ed  f r o m  Eq. (7) wi th  the s a m e  value of x. Th i s  i nd i ca t ed  
that  s u r f a c e  t ens ion ,  o r  s o m e  equiva len t  s u r f a c e  s t r e s s ,  was  a f fec t ing  the  s h a p e  of 
the i n t e r f a c e ,  and tha t  the  boundary  condi t ion  (Eq. 4) i s  not app l i cab le  when  u i s  too 
s m a l l  (as is  i ndeed  to be e x p e c t e d  a c c o r d i n g  to the  p r e v i o u s  d i s c u s s i o n ) .  R e s t r i c t i n g  
a t t en t ion  to the  c a s e  of cavi ty  f lows  in which  the v i s c o s i t y  of the f lu id  in the f i n g e r  i s  
neg l ig ib le ,  i t  would  then  be e x p e c t e d  on d i m e n s i o n a l  g rounds  tha t  the  value  of 4 in a 
channe l  of g iven  shape  would be a func t ion  of ~U/T only, when  the  f luid  w e t s  the  f la t  
s i d e s  of the  channel .  The r e s u l t s  of s o m e  e x p e r i m e n t s  a r e  shown in Fig .  5 and jus t i fy  
th is  expec ta t ion .  

I I I I I I l [ l [ E I I I I r l l l l l l l l l l l l f [ l l l l  
l.O 

0 9  
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The  v a l u e  of k r a p i d l y  d e c r e a s e s  to 1 / 2  a s  ~U/T i n c r e a s e s ,  i . e . ,  a s  the  e f fec t  of 
i n t e r f a c i a l  s t r e s s  in  d e t e r m i n i n g  the  s h a p e  of the  i n t e r f a c e  b e c o m e s  l e s s  i m p o r t a n t  
in  c o m p a r i s o n  wi th  t h a t  of the  v i s c o u s  s t r e s s .  T h i s  i n d i c a t e s  t h a t  when  the  p h y s i c a l  
c o n d i t i o n s  a r e  such  t h a t  the  b o u n d a r y  cond i t i on  (Eq.  4 ) i s  a r e a s o n a b l e  r e p r e s e n t a t i o n  
of the  a c t u a l  p h y s i c a l  c o n d i t i o n s  a t  the  i n t e r f a c e ,  t hen  t he  on ly  one  of the  in f in i ty  of 
p o s s i b l e  s h a p e s  g iven  b y  Eq.  (7) t h a t  c an  a c t u a l l y  o c c u r  i s  t h a t  f o r  wh ich  ~ = 1 /2 ,  a 
c o n c l u s i o n  wh ich  i s  s u p p o r t e d  by  the  e v i d e n c e  of F ig .  3. [ 

The  a u t h o r s  (5) w e r e  u n a b l e  to  pu t  f o r w a r d  any  t h e o r e t i c a l  r e a s o n  fo r  t h i s  d e d u c -  
t ion  f r o m  o b s e r v a t i o n .  F u r t h e r  w o r k  s t i l l  in  p r o g r e s s  h a s  not  ye t  s u c c e e d e d  in 
a c c o u n t i n g  fo r  t h i s  p h e n o m e n o n ,  bu t  a n u m b e r  of m a t h e m a t i c a l  r e s u l t s ,  wh ich  how-  
e v e r  l ack  an obv ious  p h y s i c a l  s i g n i f i c a n c e ,  h a v e  b e e n  d i s c o v e r e d  wh ich  s i n g l e  ou t  

= 1 /2 .  T h e s e  wi l l  b e  d e s c r i b e d  in the  fo l lowing  s e c t i o n .  

SOME M A T H E M A T I C A L  R E S U L T S  WHICH DISTINGUISH k = 1 /2  

1. The  f i r s t  r e s u l t  i s  of a g e o m e t r i c a l  c h a r a c t e r .  C o n s i d e r  the  a r e a  b e t w e e n  
the  s u r f a c e  of the  cav i ty ,  i t s  a s y m p t o t e s  y = ±~, and  the  t a n g e n t  a t  the  v e r t e x  of the  
f i n g e r .  T h i s  a r e a  i s ,  a c c o r d i n g  to  Eq.  (7), 

A = 2  x dy = - ~ log ~- 1 + cos dy 
0 

_ 4 l o g  2 k ( 1 - ~ )  
77 

Hence ,  the  a r b i t r a r y  c r i t e r i o n  t h a t  A i s  a m a x i m u m  g i v e s  ~ = 1 / 2  ! 

2. An exac t  u n s t e a d y  so lu t ion ,  u n d e r  the  s a m e  s i m p l i f y i n g  a s s u m p t i o n s  about  the  
p h y s i c a l  c o n d i t i o n s  at  the  i n t e r f a c e ,  h a s  b e e n  d i s c o v e r e d  (8) w h i c h  r e p r e s e n t s  the  
c h a n g e  wi th  t i m e  of the  i n t e r f a c e  b e t w e e n  a c a v i t y  and  a v i s c o u s  f lu id  in  a c h a n n e l  in  
a H e l e - S h a w  ce l l .  In i t i a l ly ,  the  s h a p e  of the  i n t e r f a c e  i s  s u c h  t h a t  i t  i s  a l m o s t  f l a t  
and  e x t e n d s  r i g h t  a c r o s s  the  c h a n n e l ;  a s  the  t i m e  b e c o m e s  l a r g e ,  the  s h a p e  t e n d s  to 
t h a t  of a long f i n g e r  p r o p a g a t i n g  s t e a d i l y  t h r o u g h  the  channe l .  T h a t  i s ,  the  so lu t i on  
r e p r e s e n t s  the  g r o w t h  of a f i n g e r  f r o m  a f l a t  i n t e r f a c e  w h i c h  i s  d i s t u r b e d  i n i t i a l l y  in  
a p a r t i c u l a r  way;  by  r e f l e c t i n g  in  the  c h a n n e l  w a l l s  we have  a so lu t i on  f o r  the  g r o w t h  
of equa l  and  equa l ly  s p a c e d  f i n g e r s  f r o m  an  u n s t a b l e  i n t e r f a c e .  

T h e r e  i s  a s i n g l y  i n f i n i t e  f a m i l y  of t h e s e  u n s t e a d y  s o l u t i o n s  c o r r e s p o n d i n g  to 
d i f f e r e n t  v a l u e s  of the  r a t i o  of the  wid th  of the  f i na l  f i n g e r  and  t h a t  of the  channe l ;  
t h i s  p a r a m e t e r  i s  d e n o t e d  b y  ~.. I t  w a s  shown  t h a t  the  s h a p e  of the  i n t e r f a c e  fo r  e a c h  
va lue  of ~ i s  o b t a i n e d  by  e l i m i n a t i n g  the  r e a l  v a r i a b l e  s f r o m  

2 1 {  it, s} 
x + iy = s + 7 ( l - k )  log ~- 1 + a(~-)e- + cons t an t ,  

w h e r e  a(~-) i s  a f unc t i on  of the  t i m e  r w h i c h  i s  s m a l l  w h e n  T = 0 and  wh ich  t e n d s  to 
one  as  T -. co (g iv ing  Eq.  (7) in  the  l imi t ) .  I t  w a s  a l s o  shown  t h a t  

T l o g ( 1 -  a) . . . .  as 7" -. +co, 
)v(1 - k )  

so  t ha t  the  r a t e  a t  wh ich  a ~ 1, w h i c h  c o r r e s p o n d s  i n t u i t i v e l y  wi th  the  r a t e  a t  wh ich  
the  f ina l  a s y m p t o t i c  s t a t e  i s  a t t a ined ,  i s  a m i n i m u m  w h e n  ~ = 1/2 ,  t hus  d i s t i n g u i s h i n g  
the  f i n g e r  wh ich  i s  ha l f  the  wid th  of the  c h a n n e l .  
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Actual ly ,  t h i s  r e s u l t  i s  puzz l ing ,  s i n c e  it migh t  in tu i t ive ly  be  e x p e c t e d  that  the 
ac tua l  shape  would c o r r e s p o n d  to a m a x i m u m  r a t e  of f o r m a t i o n .  

3. C o n s i d e r  the m e a n  ( t w o - d i m e n s i o n a l ) v e l o c i t y  f ie ld  in a channe l  due to the 
suppos i t i on  of a u n i f o r m  m e a n  ve loc i t y  v/2 and a " s o u r c e "  of s t r e n g t h  2V, i . e . ,  a 
s o u r c e  of v i s c o u s  f luid which  g ives  r i s e  to a ( two-d imens iona l )  d i s t r i b u t i o n  of m e a n  
ve loc i ty  w h o s e  magn i tude  i s  V/•r n e a r  the  s o u r c e  and r ad i a l l y  ou twards .  Us ing  the 
no ta t ion  f r o m  the  p r e c e d i n g  sec t ion ,  it  i s  e a s i l y  s e e n  that  the co mp l ex  po ten t i a l  

= ~ + i~ i s  r e l a t e d  to z : x + i y  by 

v ( x ) v  
w = Vz + ~ ' l o g  2 sinh ~-~7z = ~ - l o g . ( e  ~z - 1 ) .  

At z = -0% the m e a n  ve loc i t y  i s  z e r o ,  at z = +~o the m e a n  ve loc i ty  i s  u n i f o r m  of m a g -  
ni tude V. 

The equa t ion  of the equ ipo ten t i a l  ~ = 0 i s  

1 

x = ~- log  2 + T ~ l ° g  ~ 1 + cos ~7 

and, on it ,  w = 2Vy. Hence,  the m e a n  ve loc i ty  f ie ld  in a channe l  due to a " s o u r c e "  of 
s t r e n g t h  v mov ing  with ve loc i ty  2v and a u n i fo rm  m e a n  ve loc i ty  1/2 v i s  i den t i ca l  
wi th  the m e a n  ve loc i ty  f ie ld  in a v i s c o u s  f luid be ing  d r i v en  th rough  the channe l  by a 
f i n g e r  w h o s e  width i s  half  that  of the channe l  (p rov ided  the  cond i t ions  at the i n t e r -  
f ace  m a y  be  r e p r e s e n t e d  by the s i m p l i f y i n g  a s s u m p t i o n s ) ,  which  i s  a m a t h e m a t i c a l  
f e a t u r e  to d i s t i n g u i s h  ~ = 1/2.  

All the f lows with x = 1/2,  that  i s ,  fo r  al l  c o m b i n a t i o n s  of v i s c o s i t i e s ,  d e n s i t i e s ,  
and v a r i o u s  va lues  of t ,  can be so ob ta ined  by a s u p e r p o s i t i o n  of a u n i f o r m  s t r e a m  
and a mov ing  s o u r c e  of a p p r o p r i a t e  m a g n i t u d e s .  Z h u r a l e v  ( 9 ) h a s  po in ted  out that  
t w o - d i m e n s i o n a l  cavi ty  f lows  in a p o r o u s  m e d i u m  (which i s  m a t h e m a t i c a l l y  ana logous  
to flow in a He l e -Shaw cel l)  m a y b e  c o n s t r u c t e d  by a su i t ab le  s u p e r p o s i t i o n  of s o u r c e s  
and s inks  and he r e f e r s  to the  so lu t ion  (Eq. 8). It is ,  in fact ,  p o s s i b l e  to d e m o n s t r a t e  
that  the f lows  wi th  x ~ 1/2 can be c o n s t r u c t e d  in a s i m i l a r  way, but  i t  t u r n s  out that  
the s y s t e m  of s o u r c e s  r e q u i r e d  i s  m u c h  m o r e  c o m p l i c a t e d  involv ing  l ine s o u r c e s  and 
l ine d ipo l e s  i n s t e a d  of the s i m p l e  s o u r c e  which  s u f f i c e s  fo r  k = 1/2 .  

4. B e f o r e  we give the next  f e a t u r e ,  it  i s  f i r s t  n e c e s s a r y  to d e s c r i b e  b r i e f l y  a 
s t ab i l i t y  i nves t i ga t i on .  The s t a b i l i t y t o  s m a l l  d i s t u r b a n c e s  of the  i n t e r f a c e  of a cavi ty  
p e n e t r a t i n g  a channe l  was  i n v e s t i g a t e d  t h e o r e t i c a l l y  s ince  it w a s  thought  that  th i s  
migh t  t h row s o m e  l ight  on the o c c u r r e n c e  of x = 1/2 in p r a c t i c e .  Taking the o r i g i n  
at a point  f ixed  in s p a c e  (and n e g l e c t i n g  h y d r o s t a t i c  p r e s s u r e s ) ,  the s t eady  m e a n  
mot ion  i s  g iven by (T d e n o t e s  t ime)  

2 1{ } 
z 0 = ~-+ UT +--zr ( 1 - 4 )  log ~- 1 + e " ~ / v  , V = U ~ .  (5)' 

w h e r e  the UT t e r m  a r i s e s  b e c a u s e  the o r i g i n  i s  f ixed  in s p a c e  and not f ixed r e l a t i v e  
to the bubble  as  in the d e r i v a t i o n  of Eq. (5), and z i s  taken as  a funct ion of ~, so that  
in fact  we a r e  work ing  in the po ten t ia l  p lane.  Suppose  the mo t ion  i s  s l igh t ly  d i s tu rbed ,  
so that  i t  i s  g iven by .... 

z = z0(~) * eZl(~,T ), z 1 = Xl(~,W) + iyl(~,W), 
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w h e r e  e is  sm a l l .  The condi t ions  that  the d i s t u r b a n c e  v a n i s h e s  at inf ini ty  and that  
the wal l s  of the channe l  a r e  s t r e a m l i n e s  a r e  x 1 -, 0 as  ~ -, *~ and yl = 0 onw = ±v ,  
r e s p e c t i v e l y .  If we a s s u m e  that  the boundary  condi t ions  at the  i n t e r f a c e  a r e  una l -  
t e r ed ,  i . e . ,  the i n t e r f a c e  is  t aken  as  ~ : 0 and the value of t i s  s u p p o s e d  to r e m a i n  
una l t e r ed ,  then  it can be shown that  the c o n d i t i o n  s a t i s f i e d  by x~ and Yl on the  i n t e r -  
face  is  

)~ ~Xl 1 ~Xl 1 - ~ sin(~w/V) ~Yl 
V ?r  +-~ ~ -  + V 1 + cos(~w/V) ?r  - 0 or W : O, 

to tile f i r s t  o r d e r  in E. It is  then  easy  to show that  

( n ) .  . e n n V r / / .  ~ .  - rTr~/Y 
Z 1 (cC,7") = a r n  e 

r=O 

s a t i s f i e s  all  the n e c e s s a r y  condi t ions ,  and that  any d i s t u r b a n c e  which  l e av es  the  
s t r a i g h t  s i d e s  u n a l t e r e d  at ~ ( i .e . ,  which  v a n i s h e s  as  x o _0o) can be e x p r e s s e d  as  a 
sum of d i s t u r b a n c e s  of th is  type.  The a,n a r e  r e a l  c o n s t a n t s  d e t e r m i n e d  by a s e t  of 
s i m u l t a n e o u s  equa t ions .  Since the  amp l i f i c a t i on  f ac t o r  is  pos i t i ve ,  the  conc lus ion  of 
th is  a n a l y s i s  is  that  a l l  p o s s i b l e  s h a p e s  ca l cu l a t ed  us ing  Eq. (7) a r e  uns t ab l e ;  a con-  
c lus ion  which  is  m a n i f e s t l y  w r o n g  (see ,  fo r  example ,  Fig.  4). 

This  i nd i ca t e s  that  s u r f a c e  t ens ion ,  o r  s o m e  o t h e r  e f fec t  of i n t e r r a c i a l  s t r e s s ,  
mus t  s t a b i l i z e  the mo t ion  in s o m e  way, even  when/zU/T is  l a rg e ,  and tha t  it  is  not 
l eg i t ima te  to d i s c u s s  the s t ab i l i t y  u n d e r  the s a m e  s i m p l i f y i n g  a s s u m p t i o n s  about  the  
phys i ca l  condi t ions  at the i n t e r f a c e  which  w e r e  u s e d  in ca lcu la t ing  the s t e ad y  mot ion.  
To exp la in  why s u r f a c e  t en s ion  can be n e g l e c t e d  in ca l cu la t ing  the  s t e ad y  shape ,  but 
yet  is  appa ren t l y  i m p o r t a n t  in i t s  e f fec t  on the  s tab i l i ty ,  is  a p r o b l e m  which  has  not 
yet  been  r e s o l v e d .  P a r t l y ,  the  d i f f icul ty  is  that  our  knowledge  of the ac tua l  p h y s i c a l  
condi t ions  at the  i n t e r f a c e  is  l imi t ed ,  though it i s  hoped  that  f u r t h e r  w o r k  wi l l  c l a r i f y  
th i s ,  and a l so  th row l ight  on the  m e c h a n i s m  which  s e l e c t s  the value of ~. It should  
be noted  that ,  a long the  s t r a i g h t  s i d e s  of the f inge r ,  the ve loc i ty  of the  f luid  is  expo-  
nent ia l ly  s m a l l  so  that  ~U/T, w h e r e  U is  a loca l  ve loc i ty ,  m u s t  even tua l ly  be s m a l l ;  
and the s u r f a c e  t e n s i o n  e f fec t  may be e x p e c t e d  to be l a r g e  r e l a t i v e  to the  v i s c o u s  
s t r e s s  a long the  s t r a i g h t  s i d e s ,  a l though it wi l l  s t i l l  he s m a l l  r e l a t i v e  to the v i s c o u s  
s t r e s s e s  at  the  nose .  

In th i s  connect ion ,  a m a t h e m a t i c a l  f e a t u r e  which  d i s t i n g u i s h e s  k = 1 /2  of the  
s t ab i l i t y  a n a l y s i s  g iven  above may  p o s s i b l y  be r e l e v a n t .  If we e x p r e s s  the ve loc i ty  
po ten t i a l  and s t r e a m  func t ion  in t e r m s  of the p h y s i c a l  c o o r d i n a t e s  in the r e g i o n  of 
the s t r a i g h t  s i d e s  of the f i nge r  ( i .e . ,  as  x o -co), it  can  be shown that  the p e r t u r b a t i o n  
of the p r e s s u r e  b e h a v e s  as  

e 2(1-X) cos 7r(l~Y)2(i__k) f(~-) + e(1-~^) cos ~ g('r) + O ~ e ~ )  

w h e r e  f ( r )  and g(r )  a r e  exponen t i a l ly  g rowing  func t ions  of the t i m e .  It so  h ap p en s  
that  f ( r )  ~ 0 fo r  any d i s t u r b a n c e  when  ~ = 1/2,  but the p h y s i c a l  s i g n i f i c a n c e  of th i s  
is  not ye t  c l e a r .  

MOTION OF A FINITE BUBBLE IN A CHANNEL 

In a f u r t h e r  a t t e m p t  to f ind an exp lana t ion  fo r  ~ = 1/2,  we w e r e  led  .to -the t heo -  
r e t i c a l  c o n s i d e r a t i o n  of the  s t e a d y  mot ion  th rough  a cha.unel- in  a He le -Shaw ce l l  of a 
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b u b b l e  of f in i t e  a r e a  bounded  by  a c l o s e d  c u r v e  s y m m e t r i c a l  abou t  the  c e n t r e  l ine  of 
the  channe l ,  u n d e r  the  s a m e  a s s u m p t i o n s  abou t  the  p h y s i c a l  c o n d i t i o n s  at  the  i n t e r -  
f a ce  a s  w e r e  u s e d  f o r  c a l c u l a t i n g  t he  s h a p e  of the  long  f i n g e r s .  R e s t r i c t i n g  a t t e n t i o n  
to the  c a s e  in w h i c h  the  f lu id  in  the  b u b b l e  i s  of n e g l i g i b l e  v i s c o s i t y  and  h y d r o s t a t i c  
p r e s s u r e s  c an  be  n e g l e c t e d ,  a s o l u t i o n  i s  r e q u i r e d  of the  f r e e  b o u n d a r y  p r o b l e m  f o r -  
m u l a t e d  e a r l i e r  in  t h i s  p a p e r ,  e x c e p t  t ha t  the  i n t e r f a c e  ha s  now to be  c l o s e d  i n s t e a d  
of in f in i t e .  F o r  b r e v i t y  we s h a l l  o m i t  the  a n a l y t i c a l  d e t a i l s  and  conf ine  o u r s e l v e s  to 
quo t ing  the  f i na l  r e s u l t .  

It m a y  be  v e r i f i e d  t ha t  

4 ( U - l )  t a n h _ l ]  t an  ~ U X .  1 1 1 z = co t anh  ~v r~  - t anh  2 + ~ - ~  tan  2 "~rU 

U k t an  1 ~U~ 

g i v e s  the  v e l o c i t y  p o t e n t i a l  and  s t r e a m  f u n c t i o n  of the  m e a n  v e l o c i t y  w h e n  a f in i t e  
bubb le  b o u n d e d  by the  c u r v e  

2 U - 1  Is ( 1 )  ( 1 )  ( }  y) l  1/2 x = ~ U t anh -1  in2  wU;k - cos 2 ~vU;k t an  2 vzU 

m o v e s  s t e a d i l y  w i th  v e l o c i t y  u, t he  v e l o c i t y  a t  i n f in i ty  a h e a d  of and  b e h i n d  the  bubb le  
b e i n g  u n i f o r m  and  equa l  to un i ty .  The  b u b b l e  i s  s y m m e t r i c a l  abou t  i t s  c e n t r e ,  i t s  
l eng th  i s  

~v U t anh  -1 s i n  ~vU = L ,  

i t s  m a x i m u m  wid th  i s  2~, and  i t s  a r e a  i s  

say,  

16 U - 1  t a n h .  1 tan2(17rUK) =S 
"n" U 2 

say. 

If Uk -. 1, k e e p i n g  u f ixed,  the  a r e a  of the  b u b b l e  t ends  to ~, and  i t  i s  e a s i l y  shown  
tha t  we can  r e c o v e r  Eqs .  (5) and  (7). T h i s  i s ,  of c o u r s e ,  only  to be  e x p e c t e d  s i n c e  a 
10ng f i n g e r  m a y  c l e a r l y  be  r e g a r d e d  a s  t he  f r o n t  of a l a r g e  bubb le .  It i s  c l e a r  t ha t  
the  m o t i o n  i s  m a t h e m a t i c a l l y  no t  un ique .  F o r  a b u b b l e  of g i v e n  a r e a  and  fo r  g i v e n  
c o n d i t i o n s  a t  in f in i ty ,  t h e r e  i s  a g a i n  a s i n g l y  in f in i t e  f a m i l y  of m a t h e m a t i c a l l y  p o s -  
s i b l e  s h a p e s .  

W h e n  ;~ i s  s m a l l  c o m p a r e d  w i th  one  and  u r e m a i n s  f in i t e ,  t he  d i m e n s i o n s  of t he  
b u b b l e  a r e  s m a l l  c o m p a r e d  wi th  the  wid th  of t he  channe l ,  so  t h a t  t h i s  i s  the  c a s e  of 
the  m o t i o n  of a s m a l l  bubb le .  T he  e q u a t i o n  of the  i n t e r f a c e  r e d u c e s  to 

x2 + y2 = ~.2 
(u - z) 2 

so  t h a t  a s m a l l  b u b b l e  i s  ( a c c o r d i n g  to t he  a n a l y s i s )  a n  e l l i p s e  of ax i s  r a t i o  U -  1, 
w h e r e  u i s  r e a l l y  the  r a t i o  of the  v e l o c i t y  of t he  b u b b l e  to  the  v e l o c i t y  a t  in f in i ty .  
W h e n  u = 2, t he  i n t e r f a c e  i s  c i r c u l a r .  

Now the  a n a l y s i s  h a s  so  f a r  b e e n  b a s e d  o n t h e  a s s u m p t i o n  t h a t  t he  p r e s s u r e  d rop  
a c r o s s  t he  i n t e r f a c e  i s  g i v e n  b y  Eq.  (4). F o r  s m a l l  b u b b l e s ,  s u r f a c e  t e n s i o n  i s  l i ke ly  
to be  of s o m e  e f fec t ,  in  w h i c h  c a s e  t he  p r e s s u r e  d r o p  i s  m o r e  l i k e l y  to be  g i v e n  by 
Eq.  (3). I t  i s  w o r t h  no t ing  t h a t  t he  a b o v e  s o l u t i o n  f o r  s m a l l  b u b b l e s  i s  va l i d  exac t l y  
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using the boundary condition (3) when the bubble is c i rcu lar .  Fur the rmore ,  the effect 
of surface  tension may be expected to tend to reduce the length of the l~erimeter and 
make a smal l  bubble c i rcu la r ;  and we should the re fore  expect the motion of a smal l  
babble to be physical ly unique with the bubble c i rcu la r  and moving with twice the 
veloci ty at infinity (if t = 1). 

Visual observat ions of smal l  bubbles indicate that they are  indeed c i rcu la r  when 
sufficiently smal l .  When la rger ,  they are  often pear  shaped with a rounded front and 
pointed back; some, on the other hand, s eem to be ovoid with the sha rpe r  end pointed 
in the direct ion of motion. These la t ter  shapes are  not predicted by the analysis  and 
a re  probably due to the physical  conditions at the re t rea t ing  interface  over  the back 
of the bubble being different  f rom those at the front; there  is, however, no c lear  evi-  
dence on this point. When the dimensions of the bubble become comparable  with the 
width of the channel, the front  of the bubble r e sembles  closely that of a long finger,  
but the shape at the back is different,  for  probably the same reason.  

Returning to the exact solution for a bubble of a rb i t r a ry  size,  a par t icu lar  shape 
is singled out by making the a rb i t r a ry  hypothesis that U~ should be a minimum for a 
bubble of given s ize .  It is eas i ly  seen that this gives u = 2. When the bubble is 
smal l ,  the c i rcu la r  bubble is singled out; when the bubble is large,  i .e.,  c~ ~ 1, this 
gives  ;~ ~ 1/2(I)  and in the l imit  the f inger which is half the width of the channel. 

The product u• of the veloci ty of the bubble and its maximum width does not 
have a c lear  physical  significance,  although it may be identified intuitively with the 
ra te  atwhich fluid is pushed aside by the bubble. Attempts to give this resu l t  a sound 
physical  bas is  have so far  failed. 
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DISCUSSION 

G. Birkhoff (Harvard University) 

I agree  that surface tension is  probably an important  s tabil izing factor  in the 
exper iments  considered,  especia l ly  for  shor te r  wavelengths as in the exper iments  of 
Lewis (1950) on ordinary Taylor  instability. In analyzing the exper imenta l  data, it 
would be interes t ing to tabulate the d imensionless  pa rame te r  

,u.V/ (p - p '  ) gd 2 = F/  [ ( 1 -  p '  / p )  R e] . 

This, roughly, exp res ses  the ra t io :  (viscous p r e s s u r e  gradient) / (gravi ty  p r e s s u r e  
gradient), if d is the plate spacing (about 0.09 cm). A casual  inspection of Fig. 13 of 
Saffman-Taylor  (1958) suggests  that, perhaps,  gravity might explain the marked 
deviation f rom (17). 

As r ega rds  k, it would be interes t ing to see how stable the value k = I/2 was 
against  i ts init ial  width, which could be control led by forc ing an a i r  bubble into a 
channel f rom a narrow orif ice.  It would also be in teres t ing  to see how stable the 
center ing of the bubble about the channel axis was, by forc ing a i r  f rom an orif ice 
near  one edge. Further ,  it would be interes t ing to know how stable the bubble shape 
is against small  var ia t ions  in d. For  example,  if the p la tes  are  not pa ra l l e l  how 
great  is the tendency for the bubble to migra te  towards the side where the spacing is 
g rea te r  ? 

Finally, I should like to mention that the f i r s t  demonstra t ion of non-uniqueness 
in such problems was made by Car te r  and myself  ~ using s imple  considerat ions  of 
symmet ry  (see sketch). I should also like to r ecord  my persona l  impress ion  that 
Garabedian 's  discussion is not r igorous.  As this point has been explalned$ I shall 
not d iscuss  it fur ther  here.  

P. G. Saffman 

With regard  to P ro fes so r  Birkhoff ' s  f i r s t  comment,  the plane of the Hele-Shaw 
apparatus was horizontal  in most  of the exper iments .  The d imensionless  pa rame te r  
~ v / ( p - p ' ) ~ d  2 is not re levant  to these exper iments ,  and in par t icu la r  the deviation 
shown in Fig. 13 f rom the calculated shapes is not capable of being explained by 
gravity effects.  Indeed, the same family of shapes is given by the analysis  i r r e s p e c -  
tive of whether the plane of the apparatus is ve r t i ca l  or horizontal  although the 

~,=G. Birkhoff and D. Carter , Appendix D of Rep. LA-19Z7 of the Los Alamos Scientific 
Labs. 

~G. Birkhoff and D. Carter, Arch. Ratl. Mech. Anal. 6:769-780 (1957). 
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ve loc i ty  f i e ld  i s  d i f f e ren t .  F o r  e x a m p l e ,  in  the  c a s e  when  the  v i s c o s i t y  of the f lu id  
i n s i d e  the  f i n g e r  i s  neg l ig ib l e ,  the  ve loc i t y  of the  f lu id  ou t s ide  a d j a c e n t  to the  s t r a i g h t  
s i d e s  of the  f i n g e r  i s  a t  r e s t  r e l a t i v e  to the  p l a t e s  if the  p l ane  of the  a p p a r a t u s  i s  
h o r i z o n t a l ,  bu t  no t  if  i t  i s  v e r t i c a l .  

S y s t e m a t i c  i n f o r m a t i o n  on the  s t a b i l i t y  of k = 1/2 a g a i n s t  c h a n g e s  in  the  i n i t i a l  
c o n d i t i o n s  or  s m a l l  v a r i a t i o n s  in  d i s  no t  a v a i l a b l e .  It shou ld  be  no t ed  tha t  k i s  
e x p e c t e d  to be  a func t ion  of the  s p a c i n g  d, a s  we l l  a s  of pu/ r .  

In c o n n e c t i o n  wi th  the  s k e t c h e s  shown by P r o f e s s o r  Bi rkhof f ,  we should  l ike  to 
• m e n t i o n  t h a t  we have  found e x a c t  s o l u t i o n s  in  c l o s e d  f o r m *  g iv ing  a s y m m e t r i c  f i n g e r  

s h a p e s ,  and  t h e r e  i s  a whole  s e r i e s  of t h e s e  s h a p e s  wh ich  go con t inuous ly  f r o m  the 
s y m m e t r i c a l  one shown in  the  m i d d l e  s k e t c h  to the  shape  shown in the t h i r d  ske tch .  

*G. I. T a y l o r  and P. G. Saffman,  Ito a p p e a r ,  19591 Quar t .  J .  Mech .  Appl.  Math .  
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