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The following is a brief review of several aspects of free streamline theory,
with particular reference to steady state cavitation [1].

CAVITY MODELS

The Helmholtz concept of free streamline long had its principal applications
in the theory of wakes and jets. The well-known Kirchhoff model of the infinite wake,
in which free streamlines detach from a body and enclose a constant pressure stagna-
tion region, provided a theory of fluid resistance within the framework of classical
hydrodynamics, but was recognized, practically from inception, to be unrealistic in its
essential features [2]. It has recently become apparent that the natural application
of free streamline theory is to the phenomena of cavitation rather than wakes.

In steady state cavitation, as observed in water tunnel studies, a vapor-filled
cavity forms behind a body past which the fluid is moving at sufficiently high speed,
the cavity being essentially at the vapor pressure of the liquid and its boundary a
constant pressure free surface. The conditions here differ from those of the classical
wake theory in that the cavity pressure p, is below rather than equal to the static
value powo. The pressure difference is usually measured in non-dimensional units by
the cavitation parameter

o=, M

pu?

where u is the free stream velocity and p is the fluid density. ¢ is the basic similarity
parameter of the theory of cavitation, and in the absence of gravity, viscosity, etc.,
all non-dimensional quantities are functions of it alone.

Observed cavities have positive cavitation number and of course finite dimen-
sions. It is the function of the theory to describe these flows and the associated physical
quantities. The limiting case ¢ = 0—which yields an infinite cavity corresponding to
the classical wake—often proves useful in studying the finite cavity. Mathematically,
the essential difference between the problems of cavitation and the traditional problems
of hydrodynamics is that in the former the shape of the flow region is unspecified and
has to be determined from the condition that the pressure, and hence flow speed,
is constant on the free surface.

In attempting to describe a finite cavity within classical hydrodynamics—that
is, under the assumptions of steady, gravity free, irrotational flow—we run at once into
the paradox that such a flow cannot be realized physically. To be specific, let us
consider the behavior of the free streamlines that detach from a body. in cavitational
flow in an unbounded stream. Because the minimum pressure, and therefore the maxi-
mum speed, must occur on the free streamlines (the cavitation hypothesis), it follows
that these curves are convex to the flow [3]. This allows only the following possibilities:
i. The free streamlines may extend to infinity downstream without intersecting one
another; this can be shown impossible except when ¢ = 0. i. They may intersect,
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which obviously contradicts the continuity of the flow (and can also be shown mathe-
matically untenable if they are considered to overlap). iii. The streamlines turn back,
forming a re-entrant jet which, if continued, must pass through the rear of the body
or through the cavity wall (Fig. 1). The last alternative is the only one mathematically
consistent with the theory but is of course non-physical. Thus, under the present
assumptions, it is impossible in principle to satisfy the physical requirements of steady
state cavitation.

Water tunnel and water entry experiments reveal clearly the existence of the
re-entrant jet. However, the jet is greatly weakened by turbulent mixing in the stagna-
tion region, and in larger cavities it can be seen striking the cavity walls and then being
swept away by the flow. To all intents and purposes these flows may be considered
stationary. In smaller cavities, or in flows past obstacles with large afterbodies, the
jet can be observed (in high speed photographs) distorting the cavity and giving rise
to an unsteady pulsating motion.

Another approach to the problem of the finite cavity is through the artificial
but conceptually simpler Riabouchinsky model. This avoids the non-physical doubly-
covered flow plane by introducing the mirror image of the obstacle as a streamline of
the flow (Fig. 2). As far as quantitative resuits are concerned it is a matter of indiffer-
ence which cavity model is adopted, for the Riabouchinsky and re-entrant jet flows
yield almost identical values of drag and cavity dimensions. From this it appears that
conditions at the rear of the cavity have but little effect on gross flow quantities.

In the two-dimensional case the calculation of these flows is reduced by the
hodograph method to a simple exercise in conformal mapping. Consider first the
symmetric re-entrant jet flow past a flat plate, shown in Fig. 1 with its image planes.
Let f = ¢ + iy be the complex potential and let the cavity speed be unity. Then one
finds:

s(s? — b?)
ffs) =M —-— M real, (2)
S? — h‘.!
s+1\t/b—3s
f@) = —— ’ 3)
s—1 b+ s
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The expression for the drag coefficient obtained from (2) and (3) by integrating the
pressure difference p — p, over the front face is
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This gives the asymptotic formula, valid for small o,
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A more precise estimate is )
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The formula (6) underestimates within .8 percent at ¢ — 1 and improves in accuracy

as ¢ —> 0. If the flat plate is replaced by a symmetric wedge of semiangle ox the
1
exponent > in (3) and (5) is replaced by q.

In asymmetric flow without circulation past an arbitrary obstacle of diameter I,
the drag and lift coefficients are related to the jet width J and direction y by the
formulas

J 2J
Cple) =2-VI1+o(1l -V 1Foscosy), Culo)=——siny. (8
l l
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Calculations of asymmetric re-entrant jet flows have not yet been carried out in specific
instances.

Turning to the Riabouchinsky flow past the plate (Fig. 2), and assuming the
flow so normalized that f = —1, 41 at the front and rear stagnation points. one
finds

FIG. 2
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The various flow quantities can be expressed in terms of the complete elliptic integrals
of first and second kinds, denoted in the usual notation by E = E(k), E' = E(kK),
K = K(k), K = K(k’). Thus, we have: the ratio of cavity width d to plate length ,
d kK +E — kK
- = ; (11)
Il k4 FE — K’

the ratio of cavity length % to plate length,
' h E — kK

- = ; (12)
I k?+ E — k2K’

the drag coefficient,

E' — kK’
Cp =201+ o) <— > . (13)

K2+ B — kK
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From the asymptotic properties of elliptic integrals as &% — 0 one obtains

(6) and (7) again, and also

d 4 2+ 0 T ) '
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These values are accurate within .7 percent at ¢ = 1 and improve rapidly for smaller g.
(6) is a special case of the formula h

Cp(o) ~ Cp(0)(1 + o), (16)

which seems to be generally valid for both plane and axially symmetric cavities having
fixed separation points [4], and is in good agreement with observation. The error term
in (16) grows more rapidly with ¢ in the axially symmetric case. Experimental results
indicate that the formula C,(¢) ~ C,(0) (1 + ac¢) should replace (16) in flows past
bodies having variable points of separation (such as the cylinder and sphere).

Formulas analogous to (14) and (15) for the axially symmetric Riabouchinsky
flow past a body of diameter [ are

d Cp(o) h Cp(o) 1
-~ and -~ log —. )
{ T { 2

g~ g
From these it is apparent that the plane cavity has the larger length-width ratio for
fixed cavitation number, whereas the axially symmetric cavity is the flatter of the two
(as measured by d/I). The derivation of (17) is based on a convincing but heuristic
comparison between cavities and flows past ellipsoids [5].

In the limiting case ¢ = 0, when the cavity is infinite, its asymptotic shape
is given by
y ~ Cat in plane flow;
Cxt
y ~ ——— in axially symmetric flow {6]. (18)
(log )}

The drag is proportional to C? in the former case and to C* in the latter.

The theory of cavitational flow past smooth obstacles—that is, obstacles without
corners or sharp edges—still has important gaps. The problem here is that the separa-
tion points of the free streamlines are not known a priori and must be determined as
part of the solution; at the same time, it is not entirely clear what conditions are needed
to determine a unique and physically acceptable solution. It is well known that a free
streamline at detachment has either infinite curvature or the same curvature as the
body from which it separates. The latter type of detachment will be called smooth.
A flow will be considered physically acceptable if the free streamlines do not intersect
the body or themselves and if the maximum speed occurs on the free boundary (as
required by cavitation). Since a free streamline in cavitating flow is convex, its detach-
ment (from a smooth body) must evidently be smooth if the flow is to be physically
acceptable, but this condition is certainly not sufficient, as one sees by counterexample.

It is known [7] that within the class of bodies for which physically acceptable
infinite cavity flows always exist are those having non-decreasing curvature on both
sides of the forward stagnation point (Fig. 3). However, it is a simple matter to
exhibit other convex bodies for which physically acceptable solutions of this type do not
exist. In this connection the flow past an asymmetric wedge is instructive. (The
wedge can be looked upon as an approximation to a convex obstacle with large curva-
ture at the vertex.) The various pessibilities when ¢ = O are the following: i. The
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dividing streamline meets the body at the vertex, and free streamlines detach from the
ends forming an infinite cavity; in this case the ratio of the two lengths cannot be
arbitrary and hence the flow is exceptional. ii. The free streamlines again detach from
the ends, but the dividing streamline meets the wedge at a point other than the vertex;
in which case the velocity is infinite at the corner and flow is physically unacceptable.
iii. One of the free streamlines detaches from the vertex, determining a solution that
is simply the flow past an inclined flat plate; this flow is not always acceptable since
the free streamline may intersect the second side of the wedge. A way out of this
difficulty is to allow the free streamline detaching from the vertex to reverse direction,
forming a re-entrant jet (Fig. 4), while the portion of the flow not included in the
jet bounds an infinite cavity whose free streamlines separate from the ends. Except
for the feature of the two-sheeted flow plan, the latter model satisfies the physical
requirements and, furthermore, is observed experimentally [8]. Its basic idea can most
likely be extended to arbitrary curved obstacles to provide physically acceptable solu-
tions which are otherwise lacking without the jet. In these cases the flow would
contain multiple cavities. Such a theory is still unexplored.

CALCULATIONS OF AXIALLY SYMMETRIC FLOWS

Developments in the theory of axially symmetric cavitational flow reverse the
customary order of things in that the general theory is already well advanced and
boasts numerous qualitative results on existence, uniqueness, geometric behavior of the
free streamlines, extremal properties, etc., while, on the other hand, useful explicit
solutions are still unknown. (There do exist explicit solutions but without practical
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, Figure 4,

significance.) This may be in the nature of things and it is quite possible that such
solutions are simply unattainable.

It is therefore natural to fall back on numerical methods, and with the increas-
ing emergence of high speed computing machines it is appropriate that methods be
developed for the calculation of cavity flows. At the present time, the labor in these
calculations is. formidable, and most questions of convergence and accuracy remain
unanswered.

An interesting and valuable illustration is provided by the problem of the
vena contracta, which is perhaps the best studied of the axially symmetric free surface
problems. The experimental value for the contraction coefficient of a jet issuing from a
circular orifice in a plane wall is in the neighborhood of .61. This figure is of par-
ticular interest because it coincides with the known theoretical value = /(7 + 2) =~ .611
of the contraction coefficient of a plane jet issuing from a slot. This agreement has
stimulated the conjecture that the theoretical values of corresponding plane and axially
symmetric contraction coefficients are indeed the same. Trefftz [9], in calculations we
shall not discuss here, first gave strong support to the conjecture by arriving at the value
.61 for the axially symmetric jet, and later several .calculations by the relaxation
method yielded the same result [10]. However, Garabedian [11], using an altogether
different method, recently obtained the value .58. This difference is large enough to
raise serious doubts concerning the conjecture and to spur inquiry as to the sources of
the discrepancy.

Garabedian’s point of departure is the concept of axially symmetric flow in
a space of ¢ + 2 dimensions. The stream function of such a flow obeys the equation

€ .
1pzz + ‘,’yy - —-II/!I = O) (19)
Y .
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Figure 5.

where x is the axial and y the radial coordinate in the meridian plane. One can now

formulate the problem of jet flow in terms of ¢; namely, a curve T'(¢) (Fig. 5) and a

stream function ¢(x, y; ¢) are sought such that ¢y — O on the axis of symmetry,
19

¢ = const. on the bounding streamline C + T, and — a—l’b = 1 on I. Of course,
v& on

¢ = 1 corresponds to axially symmetric flow and is the case of immediate physical

interest. The contraction coefficient as a function of ¢ is C.(¢) = (7(1;)/Y)1+‘S where

Y and Y are the orifice and jet radii (cf. Fig. 5). If it were indeed true that C (1)
= C.(0) = =/(x + 2), one might conjecture that C.(¢) remains constant, and hence
that C’, (¢)e-, = 0. However, this quantity can be accurately computed and is equal
to —.057. Garabedian arrives at his estimate C,(1) = .58 by cubic interpolation,

using the exact values of r = 7/Y at ¢ = —1, 0, and o where r = 0, n/(+ + 2),
d _

and 1, respectively, and the computed quantity —d—(Y/Y),S:o = .243. Even without
€

the latter figure, interpolation gives C.(1) — .586, an indication that .58 is probably
accurate.

Turning to the relaxation method, we recall that the procedure here is to cover
the flow region with a rectangular mesh and to replace the differential equation by an
appropriate difference equation. In the problem at hand, the free streamline must be
chosen so that the velocity computed by finite differences is constant on the curve.
This requires a trial and error procedure which finally yields a curve on which the
computed speed variation is considered sufficiently small. Unfortunately, it is not
entirely clear what should be considered “sufficiently small” in a free boundary problem,
especially since the computed velocity fluctuation can be insensitive to relatively large
displacements of the free streamline. That this should be so can be anticipated for
theoretical reasons, but is also confirmed by specific calculations which compare an
exact solution for plane Riabouchinsky flow with one computed by the finite difference
method [12]. The speed variations on the free streamline in the latter calculation were
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considerably smaller percentagewise than the error in the computed height above the
separation point. The principal source of error in finite difference calculations is
probably the infinite curvature of the free streamline at separation, for small errors in
shape here are reflected in relatively large errors in the downstream position of the
free streamline—without necessarily incurring large velocity fluctuations downstream.
Good accuracy at detachment requires careful refinement of the mesh or special han-
dling of the flow at separation. The importance of truncation error has still to be
clarified.

Although several approximate methods have been applied to cavity flows with
axial symmetry [13], calculations based on exact theory are quite rare. Recently, using
the scheme of dimensional interpolation outlined above, Garabedian obtained the value
C, — .827 for the drag coefficient of the circular disk in infinite cavity flow. The
extrapolated experimental data favors a value between .80 and .81, but its spread
includes .827 at the upper end. In his treatment of the Riabouchinsky cavity, for which
the preceding method is unsuitable, Garabedian [14] has developed an iteration pro-
cedure based on linearization of the original boundary value problem. Namely, he
shows that on any curve I' which is displaced normally by an amount §n from the
free streamline, the correct stream function satisfies the condition

e (20)

within an error of the order (§n)2, where k is the curvature of I'. An approximate
solution of the filow problem is thus provided by a stream function y satisfying (20)
on the starting approximation I'; the next approximation to the free streamline—and
the starting point of the next cycle—is the curve on which y — 0. In,the calculation
of flow past a disk, Garabedian finds C,(¢) /(1 + o) = .865 when ¢ = .2235. This
is a few percent higher than the experimental value, but confirms the observed increase
in slope of the C (o) curve. His figure 2.30 for the ratio of cavity to disk diameter
at this value of ¢ is in close agreement with observation.

COMPARISON METHODS

A fruitful source of qualitative results has been the comparison method that
was initiated by Lavrentieff and later extended by Gilbarg and Serrin [15]. This method
features simple geometric arguments in the physical plane, which are often equally
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Figure 7.

effective in axially symmetric and compressible flow problems. Basic to the approach
are certain comparison theorems, of which the following is an important example.

Let D and D be flow regions of two (plane or axially symmetric) flows having
uniform velocities g,, g, at infinity, where g, = q,. Let D and D be bounded by the
streamlines y and y, extending to infinity in both directions. If D C F, and if y and
v have a point P in common (Fig. 6), then the respective flow speeds q and 'q satisfy
at P the inequality E{(P) = q(P), and furthermore, when q(P) =£ O the equality
holds 1f and only if D = D and the two flows are identical.

As illustrative consequences that are useful in cavitation we mention the
following:

1. In plane symmetric or axially symmetric infinite cavity flow, let T, and T,
be obstacles in the upper half plane having the same endpoint 4, and suppose that T,
lies above (or touches) T,; then the relative positions of the corresponding free stream-
lines detaching from A are reversed. This implies that the shape factor C in (18) is
larger for T, than for T, and hence the cavity drag of T, exceeds that of T,. Because
of the formula (16) we may infer a similar inequality for small positive ¢. The same
idea can be used to obtain simple bounds on the drag of an obstacle. Indeed, let the
latter be a curve denoted by C extending from (0, 0) to (a, b). It is assumed that
the infinite cavity flow, which may detach from any point on C, is physically acceptable
in the sense of the previous discussion. Then the drag on C is bounded from below
by the drag on E,, and from above by that on E., where E, and E, are the following
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Figure 8.

curves: E, consists of a vertical segment L erected at the origin and of an arc of the
free streamline in the cavity behind it, the length of L being such that the endpoint
of the arc is at (a, b); E, is the vertical segment x = q,0 =< y < b.

2. In plane or axially symmetric Riabouchinsky flow past a convex obstacle,
the length of the cavity and the ratio of length to width are monotonically decreasing
functions of the cavitation number. This result is a simple consequence of the above
comparison theorem, and for sake of illustration of the technique we carry out the
details of proof.

Let Fig. 7a indicate a typical configuration of two Riabouchinsky flows with
the same incident velocity past the obstacle C, in which C,, C, and T'; T, are the
respective image obstacles and free streamlines. If T'; lies below T', then direct applica-
tion of the comparison theorem at the separation point P shows that the smaller of
the two cavities has the larger cavitation number, as required. On the other hand,
if T, intersects I',, as in Fig. 7a, a suitable similarity contraction takes C + I'; + C,
into a curve C'4 1Y, -4 C’; lying within the cavity C + I, + C, and such that IV,
has a point of contact with T, (Fig. 7b). Under this contraction the flow speed at
corresponding points can be preserved. It follows by the comparison theorem that the
speed on IY,, and hence on I';, exceeds that on I',. This proves the monotonicity of
the cavity length. The monotonicity of the length-width ratio is proved similarly. Let
the cavity with the smaller cavitation number be contracted to have the same length
as the other. It suffices now to prove its width smaller. Suppose this were not so; then
a typical configuration of the two flows would be as in Fig. 8a. Another contraction
of the flow with the smaller cavitation number would bring it into a position where
its free streamline lies below the other, and at one point is in contact with it (Fig. 8b).
The comparison theorem is now applicable, and provides an evident contradiction,
thereby establishing the required monotonicity property.

291



10.

11.

12.

13.

14.

15.

REFERENCES

Comprehensive surveys can be found in G. Birkhoff and E. Zarantonello, Jets, Wakes,
and Cavities, New York, Academic Press 1957, and in D. Gilbarg, Jets and Cavities,
Encyclopedia of Physics, vol. 9 (to appear).

A more refined theory of the wake, which employs the experimentally observed base
pressure, provides better agreement with drag observations; see A. Roshko, A new
hodograph for free streamline theory, NACA Tech. Note 3168 (1954), and R. Eppler,
Beitrige zu Theorie und Anwendung der unstetigen Stréomungen, J. Rational Mech.
Anal. 3, 591-644 (1954).

This follows immediately from the irrotationality condition in the form :g + ng = O,
on
where 1 denotes the streamline normal and « its curvature.

The essentials of a proof in the axially symmetric case have been given by P. Garabedian,
Calculation of axially symmetric cavities and jets, Pac. J. Math. 6, 611-684 (1956);
the same proof can be carried over to plane flows.

See Garabedian, preceding footnote.

N. Levinson, On the asymptotic shape of the- cavity behind an axially symmetric nose
moving through an ideal fluid, Ann. of Math. 47, 704-730 (1946); M. Gurevich, Flow
past an axi-symmetrical semi-body of finite drag, Prikl. Mat. Mekh. 11, 97-104 (1947);
(in Russian with English summary).

J. Leray, Sur la validité des solutions du probléeme de la proue, Volume du Jubilé de
M. Brillouin, Paris, Gauthier-Villars 1935, 246-257.

See R. N. Cox and J. W. Maccoll, Recent contributions to basic hydro-ballistics. in this
volume, pp. 215-233.

E. Trefftz, Uber die Kontraktion kreisformiger Fliissigkeitsstrahlen, Z. Math. Phys. 64,
34-61 (1916).

R. Southwell and G. Vaisey, Fluid motions characterized by ‘free’ streamlines. Philo.
Trans. Roy. Soc. (A) 240, 117-161 (1948); H. Rouse and A. Abul-Fetouh. Charac-
teristics of irrotational flow through axially symmetric orifices, J. Appl. Mech. 17,

- 421-426 (1950).

P. Garabedian, Calculation of axially symmetric cavities and jets. Pac. J. Math. 6, 611-
684 (1956).

D. Young, L. Gates, R. Arms, D. Eliezer, The computation of an axially symmetric free
boundary problem on NORC, Naval Proving Ground Rep. No. 1413 (1955).

Cf. R. N. Cox and J. W. Maccoll, Recent contributions to basic hydroballistics. in this
volume, pp. 215-233.

P. Garabedian, The mathematical theory of three-dimensional cavities and jets. Bull.
Amer. Math. Soc. 62, 219-245 (1956).

For references and a survey of the comparison method, see D. Gilbarg, Jets and Cavities,
Encyclopedia of Physics, vol. 9 (to appear).

DISCUSSION

J. D. Nicolaides

I wonder if the speaker would care to comment on the efforts that I mentioned

yesterday, of attempting to determine the transient development of the cavity, using
the NORC computer?

D. Gilbarg

No. I think—well, I will say something. Because of the difficulties around the

singular point, I would say the finite difference method would give a useful answer
only if you are not too concerned with accuracy.

However, if they are pressed to their limits of capability, these machines may
292



give pretty good answers. The likelihood is, from what we know, you will get useful
information, which is not too accurate, whatever that happens to mean.

C.J]. Cohen

I would just comment that one could do this matter by systematically reducing
the size of the mesh, so one would at least get a bound-under answer and you would
know where you stand.

D. Gilbarg
Yes, I think that should be done, definitely.

C.J. Cohen and L. D. Gates, Jr.

Professor Gilbarg stated in his paper that the relaxation solution of the
Riabouchinsky problem at Dahlgren indicated that the method was ill-suited for cavi-
tational flow problems because although the spread in the computed velocities along
the free boundary was of the order of one per cent, the error in the maximum cavity
width was of the order of 10 per cent.

During the Symposium, one of us, (C. J. Cohen) commented from the floor
that to his recollection the 10 per cent error in maximum boundary width had been
mostly eliminated by applying corrections at the outer boundaries of the flow. (These
outer boundaries had been introduced to allow a difference system solution, and the
outer boundary values for the stream function were at first taken to be those for
undisturbed flow.)

Dr. Cohen’s recollection was in error although we feel that the large error in
cavity width noted by Professor Gilbarg was in fact due to the original crude condi-
tions imposed on the outer boundaries.

Perhaps a more serious failure of the difference method was revealed when a
trial boundary for plane flow computed from the analytical plane flow solution was
tested using corrections to the outer boundary conditions. The observed velocity varia-
tion was of the order of 5 per cent, which was felt to be rather large and due to
truncation error. The average velocity was about 2 per cent above the true velocity.
This latter figure represented an improvement over previous data obtained without
the outer boundary correction. This was what prompted Dr. Cohen’s remark.

M. D. Van Dyke .

1 should like to ask whether there is any doubt that locally, just at the edge of
the disk, the singularity has the same nature as in the two-dimensional free streamline
flow.

D. Gilbarg
No, there is no doubt about that.

T.Y. Wu

In Professor Gilbarg’s lecture the re-entrant jet model seems to be preferred
as the “only non-artificial model” for the irrotational cavity flows. Actually there
are many other mathematical models, e.g., Riabouchinsky’s image model and Roshko’s
dissipation model; and they are all, at least in my opinion, more or less artificial. I
like to discuss these models by pointing out their physical basis and certain limitations,
hoping that a better understanding of these models may help to clarify some unsolved
problems.

In the real fluid flow past a bluff body with a separated flow region in the
wake, experimental observations indicate that the discontinuous surfaces in the flow,
or free streamlines, are actually thin shear layers, into which the vorticity is fed from
the boundary layer in front of the separation point. The shear layers in general do not
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continue smoothly far downstream. but roll up to form vortices which in turn diffuse
and eventually are dissipated in the wake. Consequently, when the hydrodynamic
force exerted on the body is calculated by integrating the local pressure over the body,
the flow may be assumed to be irrotational provided the dissipative wake can be
represented by an equivalent, properly chosen, potential flow model. This argument, I
believe, should provide the physical justification of any workable mathematical model
for cavity flows. A model is satisfactory as long as it gives a good description of the
flow near the body; and it is artificial in the sense that it fails to describe the wake far
downstream.

Consider a two-dimensional flat plate set normal to a uniform stream of
velocity U. The image model introduces an image plate, of the same size as the real
plate, to be put at a certain distance downstream of the real plate, the pair of plates
being joined by free streamlines. From the potential theory, the force exerted on the
mmage is then equal and opposite to the drag D on the real plate. In a coordinate
system where the fluid at infinity is at rest, the force holding the moving image plate
does a negative work equal to (—DU), which should be removed from the flow field
if the resulting flow is assumed to be potential. An estimate of this amount of work
corresponds approximately to the energy dissipated in the wake. Along the same line
of reasoning, the jet momentum of the reentrant jet model carried away from the
first mathematical sheet should be associated physically with the wake dissipation. For
even though the jet can often be observed, it is quite weakened by the turbulent mixing;
certainly its observed width is much smaller than its theoretical value (0.22 (1 4 ¢)
X plate width). In the dissipation model the viscous dissipation is assumed to take place
within a strip in the wake, aligned parallel to the free stream; the detailed mechanism
as to how the flow is dissipated is rather immaterial. All these models have in their
mathematical formulations one free parameter (such as the location of the image, the
jet width, or the starting point of the dissipation zone), which can be expressed in
terms of the cavitation number ¢. Perhaps for this reason they yield about the same
value of C,. For small values of ¢, the first two models give

27 g’
Cple) x —— ;1 “+ o + ———$ (21)
T+ 4 8(w + 4)

whereas the coefficient of o2 is [6(x + 4)]* for the dissipation model. Other than
this one parameter, no freedom is left elsewhere to adjust the models. For example,
there is no solution of the potential flow when the image plate is different in size from
the real one.

Furthermore, the application of these models to more general cases, such as
a cavitated lifting surface, must be carried out with care. For instance, the image of a
lifting surface could be made symmetric with respect to either a central plane or only
a certain point. To make sure that the formulation of any model is correct and com-
patible with the potential theory, I would believe that nothing else could serve as a
better guide than the physical significance underlying the model itself. Compared
with this point, the relative simplicity of the mathematical details involved in the
analysis of each model is rather a minor matter. To name one example, the cavitated
lifting surface with the cavity length equal approximately to the body length presents
a difficult . mathematical problem; apparently the difficulties could not be removed
without a thorough understanding of the physical features of the flow near the rear
of the cavity. Therefore it seems fruitful to devote some effort to the investigation of
the physical basis of the cavitv models; such an investigation would undoubtedly benefit
future research in this field.

M. P. Tulin

1 know that time prevented Dr. Gilbarg from discussing aspects of this rich
subject which now have important implications for the design engineer, so permit
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me to supplement his fine presentation with a brief discussion of certain currently
important cavity flow problems.

Flows involving lifting surfaces of one configuration or another are now
especially of interest. For two-dimensional foils with sharp edges (which fix the cavity
separation), adequate, although approximate, theory for the prediction of lift, drag,
pitching moment, and cavity shape exist. In practice, however, supercavitating or
ventilating foils will often be operating with time varying angles of attack, as wings
of finite aspect ratio, and often in the proximity of free surfaces; implied is the possible
use of supercavitating foils for propellers, for alighting gear on water based aircraft,
and for sustention of high speed hydrofoil boats.

In an excellent earlier talk, Mr. John Parkinson of the NACA has given us
some idea of trends in water based aircraft alighting gear development. We can sur-
mize from his remarks that designers of water based aircraft in addition to hydrofoil
boat designers would like to know how the loads on a ventilated (or supercavitating)
foil fluctuate during operations in a seaway, and whether, even in smooth water, these
foils might flutter; they would also like to be able to predict effects of finite span and
free surface proximity. Ability to design high speed foils which won’t suffer large
changes in lift due to free surface effects is obviously essential.

Water tunnel research people, working to provide needed experimental informa-
tion, would like to know how the presence of solid walls or a free jet influence the
flow over a supercavitating foil, particularly for low cavitation numbers when the cavity
becomes very large. The usefulness of their information depends upon adequate
knowledge of interference effects.

The current problems indicated above together with those mentioned by Dr.
Maccoll, Mr. Parkinson and Mr. Nicolaides in their earlier talks and discussions are
few in number compared to those which designers will have to face in the future as
speeds of ships, aircraft, and underwater ordnance vehicles increase. The demands of
technology in the field of cavity flows deserve to be met and influenced by pertinent
mathematical treatments.

1. Imai

T would like to point out one thing about the determination of the free-streamline
separation point on the body. Professor Gilbarg told us that there are three possibilities
for the free streamline curvature at the separation point, that is, negative (inward)
curvature, positive (outward) infinite curvature, and finite curvature. He ruled out the
negative curvature from the geometrical viewpoint and the positive infinite curva-
ture by an intuitive argument to avoid “infinity”, concluding that the finite curvature is
the only possibility.

However, I think that the same conclusion could be drawn most naturally by
considering the separation phenomenon on the basis of the boundary layer theory. If
we assume that the streamline leaves the body at a certain point with infinite curvature,
it can be proved by the inviscid potential flow theory that the pressure gradient there
should be infinite. This in turn means on the boundary layer theory, that the separa-
tion should have occurred earlier somewhere upstream of that assumed separation
point. This is a contradiction. Therefore, on the basis of the boundary layer theory
we can determine the separation point as such a point that the free streamline leaves
the body with finite curvature. It can also be shown by the inviscid flow theory that
the condition of finite streamline curvature necessarily leads to the conclusion that the
finite curvature of the free streamline should be equal to the curvature of the body
at the separation point.
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