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1. INTRODUCTION 

Since  the  exac t  t h e o r y  of c a v i t a t i n g  h y d r o f o i l s  i s  r a t h e r  c o m p l i c a t e d  fo r  f luid 
bod ies ,  a l i n e a r  t h e o r y  wi l l  be  deve loped  which  i s  a s s u m e d  to be a p p l i c a b l e  to the  
b o d i e s  of s m a l l  t h i c k n e s s  r a t io ,  such  as  p r o p e l l e r  b l a d e s  o r  t h in  hydrofo i l ,  which  p r e -  
va i l  in  m o s t  a p p l i c a t i o n s  in nava l  a r c h i t e c t u r e .  

In p a r t i c u l a r  the  c a s e  of a n o n u n i f o r m  m o t i o n  i s  c o n s i d e r e d  h e r e ,  wh ich  is  i m -  
p o r t a n t  for  v i b r a t i n g  m o t i o n  a s  wel l  a s  fo r  the  m o t i o n  of a hyd ro fo i l  in a n o n u n i f o r m  
f ie ld  of flow, 

The  u n d e r l y i n g  a s s u m p t i o n s  can  be s t a t e d  as  fo l lows:  

(a) The  m o t i o n  i s  t w o - d i m e n s i o n a l ,  the  h y d r o f o i l s  move  wi th  v e l o c i t y  U in the  
d i r e c t i o n  of the  n e g a t i v e  x -ax i s .  

(b) The  f luid i s  c o n s i d e r e d  i n c o m p r e s s i b l e  and  n o n v i s c o u s  a s  long as  the  p r e s -  
s u r e  e x c e e d s  the  v a p o r  p r e s s u r e  Pv" If it r e a c h e s  t h i s  va lue ,  the  dens i t y  a b r u p t l y  
fa l l s  off to ze ro ,  t h u s  c a u s i n g  a cav i ty ,  on the s u r f a c e  of which  the  p r e s s u r e  h a s  the  
va lue  pv, c o r r e s p o n d i n g  to vapor .  

(c) The  m o t i o n  of the  hydro fo i l  c a u s e s  a s m a l l  d i s t u r b a n c e .  H e r e  bo th  the  t h i ck -  
n e s s  r a t i o  of the  h y d r o f o i l  a s  wel l  a s  the  a m p l i t u d e  of i t s  n o n s t e a d y  m o t i o n  a r e  of the  
s a m e  ( sma l l )  o r d e r  of magn i tude .  

(d) The  m o t i o n  of the  f lu id  i s  i r r o t a t i o n a l  ou t s i de  the  hydro fo i l  and  i t s  wake,  
which  ex t ends  a long  the  p a r t  of the  x - a x i s  which  l i e s  b e h i n d  the hydrofo i l .  

I t  i s  f u r t h e r  a s s u m e d  tha t  the  d i s t u r b a n c e  c r e a t e d  by the  hydro fo i l  d i e s  out a t  
in f in i ty ,  excep t  e v e n t u a l l y  in the  wake.  T h i s  m e a n s  t h a t  the  p r e s s u r e ,  which  i s  con-  
t i nuous  in the  wake,  m u s t  v a n i s h  at  in f in i ty .  

B a s e d  on t h e s e  a s s u m p t i o n s  the  m a t h e m a t i c a l  p r o b l e m  can  now be f o r m u l a t e d .  
The  hydrofo i l  i s  a s s u m e d  to ex tend  a long  the  s e g m e n t  -~ _~ x g +~ of the  x -ax i s .  
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I t s  m o t i o n  is  g iven  by 

C a v i t a t i n g  H y d r o f o i l s  i n  N o n s t e a d y  F l o w  

y h+(×. t )  -4  < × < +4 u p p e r  s i de  _-- _-- .: 

y h-(x ,  t )  . l o w e r  s i de  

The  cav i ty  i s  a s s u m e d  to ex t end  only o v e r  a p a r t  of u p p e r  s i de  of the  hydro fo i l ,  
ex t end ing  f r o m  x = -4 to  x = +c. Along  t h i s  p a r t  t he  p r e s s u r e  h a s  the  c o n s t a n t  v a l u e  
Pv. On the  r e m a i n i n g  p a r t  of the  h y d r o f o i l  c o n t o u r  t he  f lu id  w e t s  the  s u r f a c e .  S ince  
v i s c o s i t y  i s  neg lec t ed ,  t he  b o u n d a r y  cond i t i on  i s  s i m p l y  t ha t  the  t o t a l  n o r m a l  v e l o c i t y  
of the  f lu id  m u s t  be  equal  to the  n o r m a l  v e l o c i t y  of the  hydro fo i l .  

The  m o v i n g  hyd ro fo i l  c r e a t e s  a d i s t u r b a n c e  f i e ld  wi th  v e l o c i t y  c o m p o n e n t s  (u,v) .  
The  l i n e a r i z e d  cond i t i on  t hen  g i v e s  on the  w e t t e d  p a r t  of the  hyd ro fo i l  

v = h t + Uh x = w ( x , t ) ,  (I.i) 

w h e r e  w(x, t )  i s  a known func t i on  of × and  t. ( S u b s c r i p t s  d e n o t e  p a r t i a l  d i f f e r e n t i a t i o n . )  

In o r d e r  to d e r i v e  the  b o u n d a r y  cond i t i on  on  the  cav i ty  in  t e r m s  of the  ve loc i ty ,  
we r e m a r k  t ha t  the  f low is  a s s u m e d  to be  i r r o t a t i o n a l  ou t s i de  the  hydro fo i l  and  the  
wake.  T h e n c e  a v e l o c i t y  p o t e n t i a l  ~ e x i s t s  which  i s  r e l a t e d  to the  p r e s s u r e  by 
B e r n o u l l i ' s  law. 

1 P¢o 
~t +~-{(U+u) 2 + v 2} +--P =IU2 + - -  , (1.2) 

p 2 p 

which,  in  the  l i n e a r i z e d  t h e o r y  t a k e s  the  f o r m  

pQo--!O 
~t + Uu - (1.3) 

P 

The v e l o c i t y  p o t e n t i a l  s a t i s f i e s  in an  i n c o m p r e s s i b l e  f lu id  L a p l a c e ' s  equa t i on  

~ = 0 ( 1 . 4 )  

and, s i n c e  Eq. (1.3) i s  l i n e a r ,  we can  i n t r o d u c e  a p r e s s u r e  o r  a c c e l e r a t i o n  p o t e n t i a l  ~. 

equa l ly  s a t i s f y i n g  

pc~-'p 

P 

A~ = 0. (1.6) 

Now the  b o u n d a r y  va lue  p r o b l e m  can  be  p o s e d  fo r  the  v e l o c i t y  p o t e n t i a l  ~ o r  fo r  
the  a c c e l e r a t i o n  p o t e n t i a l  ~. S ince  the  l a t t e r  i s  r e g u l a r  in the  c o m p l e t e  p l a n e  o u t s i d e  
t he  hyd ro fo i l  (the p r e s s u r e  i s  c o n t i n u o u s  in the  wake) ,  i t  i s  s o m e w h a t  e a s i e r  in  the  
f i r s t  s t age  of the  p r o b l e m  to f o r m u l a t e  the  p r o b l e m  fo r  the  a c c e l e r a t i o n  po ten t i a l .  It 
i s ,  h o w e v e r ,  to  be r e m a r k e d  h e r e ,  tha t  fo r  an  u n s t e a d y  m o t i o n  the  l eng th  of the  c a v i -  
t a t i o n  bubb le  depends  on the  t i m e .  The  a c c e l e r a t i o n  p o t e n t i a l  ~0 i s  r e l a t e d  to the  
v e l o c i t y  p o t e n t i a l  ~ by 

~0 = ~t + U ~x. (1.7) 
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F r o m  the  cond i t ion  f o r  the  v e l o c i t y  v = ~y we f ind on the  w e t t e d  p a r t  of t he  
hyd ro fo i l :  

c < x < ~, y = +G, 

-~ < x < ~, y = -0,  

C~y = d~ty + l |  ~ x y  -- Wt + IrWx' (1.8) 

On the  c a v i t y - ~  < x < c, y : +0, the  p r e s s u r e  i s  the  v a p o r  p r e s s u r e  and  h e n c e  

Pm-Pv 
: - -  : ~ ,  (1.9) 

w h e r e  ~ h a s  a c o n s t a n t  p o s i t i v e  va lue .  

Since ~ m u s t  be a h a r m o n i c  func t ion ,  t h e r e  a r e  d i f f e r e n t  m e t h o d s  a v a i l a b l e  f o r  
the  s o l u t i o n  of t h i s  p r o b l e m ,  e .g . ,  M u s h k e l i s h v i l i ' s  m e t h o d  of s i n g u l a r  i n t e g r a l  e q u a -  
t i o n s .  In t h i s  p a p e r  a f u n c t i o n  of G r e e n  i s  i n t r o d u c e d ,  w h i c h  c a n  be  u s e d  to f ind  a 
s o l u t i o n  to t h i s  b o u n d a r y  v a l u e  p r o b l e m .  

2. REGULAR SOLUTION TO THE BOUNDARY VALUE 
PROBLEM FOR THE PRESSURE POTENTIAL 

Recapitulating the boundary value problem for the pressure potential: 

= cr -~ < x < c, y = +0, 

~ y  : W ( X , t )  C < X < ~,  - ~  < x  < +~, y = - 0 ,  

and 

(2.1) 

G i s  r e g u l a r  at  inf in i ty .  

c o n d i t i o n s  

Gp 

~Gp 

= 0, -~ < x c, y = +0, 

- 0 ,  c < x ~ ,  y = + 0 ,  

-~ < x 4), y = -0. (2.3) 
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Aq~ = 0. 

We c a n  s o l v e  t h i s  p r o b l e m  by the  i n t r o d u c t i o n  of  a G r e e n ' s  f u n c t i o n  

Gp (x ,y ;  Xp,yp).  

T h i s  f unc t i on  i s  a s o l u t i o n  of  the  n o n h o m o g e n e o u s  e q u a t i o n  

A Gp = ~(Xp,yp) (2.2) 

( w h e r e  ~(xp,yp)  i s  D i r a c ' s  s - f u n c t i o n  f o r  the  p lane ) ,  w h i c h  s a t i s f i e s  t he  b o u n d a r y  



C a v i t a t i n g  H y d r o f o i l s  in Nonsteady F l o w  

Then ,  a p p l y i n g  G r e e n ' s  t h e o r e m  to the  o u t e r  r e g i o n  of the  hydrofo i l ,  we ob ta in  

% 2--~ ~ - ~p ~ /  

, 4  
(2.4) 

If we a s s u m e  tha t  both G, bG/bn, ~ and  b~/bn v a n i s h  a t  in f in i ty  of s u f f i c i e n t  h igh  o r d e r ,  
t he  point  at  in f in i ty  g i v e s  no con t r i bu t i on .  Hence ,  once  the  G r e e n ' s  func t ion  i s  known, 
the  s o l u t i o n  i s  ob ta ined .  T h i s  e x p r e s s i o n  fo r  the  p r e s s u r e  po ten t i a l ,  h o w e v e r ,  i s  not  
un ique  s i n ce ,  a t  t he  s i n g u l a r  p o i n t s  -4, +4, and  +c the  b o u n d a r y  c o n d i t i o n s  a r e  not  
spec i f i ed .  If we put  the  point  P of the  G r e e n ' s  func t ion  in one  of t h e s e  po in t s ,  we 
ob ta in  a s o l u t i o n  of the  h o m o g e n e o u s  equa t ion ,  wh ich  i s  r e g u l a r  o u t s i d e  the  hyd ro fo i l  
and  d o e s  not  a l t e r  the  b o u n d a r y  cond i t i ons .  T h u s  we m a y  a s s u m e  fo r  the  to t a l  
so lu t i o n  

~p = ¢Preg + AIGI + A2G2 + A3G3' (2.5) 

w h e r e  A1, A2, and  A 3 a r e  i n d e t e r m i n a t e  c o n s t a n t s  w h i c h  m u s t  be d e t e r m i n e d  by add i -  
t i ona l  co n d i t i ons .  Since  the  d i f f e r e n t i a l  e qua t i on  i s  L a p l a c e ' s  equat ion ,  G r e e n ' s  
func t ion  c a n  e a s i l y  be found by c o n f o r m a l  m a p p i n g  (Fig.  1). At f i r s t  t he  p h y s i c a l  
p l ane  z = x+iy i s  m a p p e d  on a Z = X+iY p lane .  

~ -  z ( 2 . 6 )  Z= ~ .  

T h e n  the  h y d r o f o i l  -4 < x < +4 p a s s e s  into the  x - a x i s ,  and  the  o u t e r  r e g i o n  p a s s e s  
into the  l o w e r  ha l f  p lane .  The  o u t e r  r e g i o n  p a s s e s  in to  the  lower  ha l f  p l a ne  Y < 0 and  
point  z = aointo Z = i .  On the  hyd ro fo i l  we w r i t e  z = x = -4 cos 8, the  i n t e r v a l o <  ~ <Tr 
c o r r e s p o n d i n g  to the  u p p e r  s ide ,  and  n < ~ < 2 n t o  the  l o w e r  s ide .  If c = -4  cos ~,, 
t h i s  poin t  p a s s e s  into c = cot ~/2. F o r  x > c the  b o u n d a r y  cond i t ion  i s  G = 0, fo r  x < c 
it i s  ~G/~n = 0. By a s e c o n d  m a p p i n g  

= ~ + iV = Z -  cot ~ . (2.7) 

Th e  Z -p l an e  i s  m a p p e d  into a E-p lane .  W h e r e  the  o u t e r  r e g i o n  now o c c u p i e s  the  
f o u r t h  q u a d r a n t ,  c p a s s e s  i n t o t h e  o r i g i n  and  B into the  poin t  v = - ~ c~ot 1/2 ~,. G r e e n ' s  
f u n c t i o n  i s  c o n s t r u c t e d  by a r e f l e c t i o n  of the  pole  P wi th  r e s p e c t  to the  a x i s  ~ > 0, 
v = 0 an d  v < 0, ~ = 0. Since  on the  f i r s t  a x i s  the  b o u n d a r y  cond i t ion  i s  C, = 0, we m u s t  
add  a pole  wi th  n e g a t i v e  s i g n  in P- = ~p - i %  and s i n c e  on the  s e c o n d  the  cond i t i on  i s  
~ G / ~  = 0 we add  h e r e  a pole  with p o s i t i v e  s ign .  T h i s  g i v e s  the  r e s u l t i n g  c o m p l e x  
p o t en t i a l  

Gp + i Hp = 4n (~_~p)(~+~) (2.8) 
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-2, A ~0n= w(x,t) b_GG_ 
~ n -  0 

F i g u r e  1 

A 

1 
cot ~ y  

~G 
- 0 ]( ) 

~n B [C G = 0 

I 
-i 

F i g u r e  2 

-p 

-- C 

-p 

B 

~G 
--=0 

P 

:2_"_'_"_'_I 
P 

Figure 3 

In the  f o r m u l a  for  the  r e g u l a r  so lu t i on  we need  only the  v a l u e  fo r  G r e e n ' s  func t ion  
on the  hydrofo i l  c o n t o u r  

x = -~ cos ~, Xp = -~ cos 0p, 

1 1 
Z = co t  --2 8, Zp = c o t  ~ 6p, 

- c o t  3' ~p = co t  ~ -  - c o t - -  . = c o t  ~ 2 ' 2 

The  c o n t r i b u t i o n  of the  f i r s t  p a r t  in the  i n t e g r a l  in Eq. (2.4) c an  be  e v a l u a t e d  
e a s i l y  by the  u se  of the  C a u c h y - R i e m a n n  equa t i ons  

bGp _ ~Hp 
. . . .  (2.9) 
By ~x 
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since Gp and Hp are conjugate harmonic functions. This gives 

l i e  ~Gp cr f. e ~Hp o- 
c~ • - -  • dx . . . .  dx = - -  [H(-6)-H(c)]  = c~. (2.10) 

by 2~r 6 ?x 27r 

Hence,  we ob ta in  the  r e s u l t i n g  r e g u l a r  so lu t i on  

q0p reg  = cr + ~ J (wt+UWx) • Gp " s i n  8 dO. (2.11) 

Y 

The a d d i t i o n a l  s i n g u l a r  s o l u t i o n s  can  be  found f r o m  the  e x p r e s s i o n s  fo r  Gp in 
the  n e i g h b o r h o o d  of the  s i n g u l a r  p o i n t s C  ~ = 0, A ~ = %  B = ~ = i ~ ~/2.  N e a r  

= 0, we put  ~ = ie ,  i .e . ,  we l e t  P - A a long  t he  u p p e r  s ide  of the  con tour .  

T h e n  

( i e - { p ) ( i e + ~ p )  ( 1 - i e / ~ p ) ( l + i ~ / ~ p )  

Gp + iHp: ~n ( i e -~p) ( i~+{p)  - ~n ( 1 - 1 ~ / - p ) ( l + i E / { p )  

\ 4 .  - - 5 -  - + " " " " 
(2.12) 

T h i s  g i v e s  a n  in f in i t e  n u m b e r  of s i n g u l a r  s o l u t i o n s  of i n c r e a s i n g  o r d e r ,  e a c h  of 
w h i c h  h a s  a z e r o  v a l u e  on the  cav i ty  and  a z e r o  n o r m a l  d e r i v a t i v e  on the  we t t ed  p a r t  
of the  hydro fo i l .  T he  h i g h e r  s i n g u l a r i t i e s  m u s t  be  exc luded  by a n o t h e r  p h y s i c a l  con -  
d i t ion ,  v iz . ,  t he  cond i t ion  t ha t  the  p r e s s u r e  m u s t  be  i n t e g r a b l e  o v e r  the  hydrofo i l .  
On t he  s e g m e n t  CB we have  ~p = -i~?p and  

dx dz dZ 
d v dZ d~ 

1 
8 ~ % ( c o t  ~- 

1 2~2] 2 " 

F u r t h e r ,  t he  f i r s t  of the  p o t e n t i a l s  i s  

and the i n t e g r a l  

2 
q~l = -  , ~p 

1 

{ , "~ l+(cot  ~ T-~? 2 
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wi l l  ex i s t ,  whi le  for  the  h i g h e r  s o l u t i o n s  i t  b e c o m e s  d i v e r g e n t .  T h e r e f o r e  the  s ingu-  
l a r  so lu t ion  c o r r e s p o n d i n g  to the  poin t  C i s  

q)l = 2  - c2 + ~p 7) 2 

In order to derive the second singular solution we put vp 

Gp + i H  = ~n 
( - i / E - ~ p ) ( - i / ~ + ~ p )  

(-i/~--~p) ( -i./~ + ~p) 

: -- Ii/~. 

m -  2iE Frp-T1 L~ ~p j - --~- [~D ~p]2183 3---3 + . . . . 

Here  the  i n t e g r a b i l i t y  cond i t ion  does  not g ive  a un ique  s i n g u l a r  so lu t ion ,  s i nce  
bo th  ~ and 7 3 g ive  an  i n t e g r a b l e  e x p r e s s i o n .  It i s  shown by Wu, however ,  t ha t  only P }, 
the  f i r s t  t e r m  wil l  g ive  a p r e s s u r e  f ield,  wh ich  i s  h i g h e r  than  the  v a p o r  p r e s s u r e .  
Hence  the  s e c o n d  s i n g u l a r  so lu t ion  is  

~2 - 2 - 7)p, (2.14) 

and the  t h i r d  i s  

- < 3  ~2_~] .  qJ3 - 2 

T h i s  s i n g u l a r  so lu t ion ,  c o r r e s p o n d i n g  to the  t r a i l i n g  edge B wi l l  g ive  a p r e s s u r e  
which  i s  in f in i t e  at  t h i s  point .  T h i s  i s  exc luded  by the  Kut ta  cond i t ion  which  r e q u i r e s  
the  p r e s s u r e  to  be  f in i t e  at  t h i s  point .  T h u s  we a r e  lef t  w i th  the  fo l lowing  e x p r e s s i o n  
for  the  p r e s s u r e  p o t e n t i a l :  

27T 

~Op -- C ~ + ~ I i  {wt+ItWx} Gp • s i n  O dO 

+ A 1 i - + A 2 i (~p--~p). (2.15) 

We f u r t h e r  r e m a r k  t ha t  the  d i s t u r b a n c e  p r e s s u r e  m u s t  v a n i s h  at  inf in i ty .  S ince  
in the  ~-p lane  the  poin t  a t  in f in i ty  c o r r e s p o n d s  to 

I 1 e i ( 7 / 4 - n / 2 )  i e 17/4 
~P =-i ' -c°t-2 T = ~ = ~ /  - c ~  ~ ' ' -  ' ~ T  

we ob ta in  the  cond i t ion  

I• c ~  1 cos(~/4)_ cr + ~ (wt+UWx)G ~ s in  8 d8 + A 1 2 cos(7 /4)  ~- T + A 2 ~ 0. (2.16) 
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N e a r  the  t r a i l i n g  edge B we put  ~ = - i  Vcot 1/2 y - i8 wh ich  g ives  

Gp + iHp = /,n 
( - i  4cot ~/2-iS-~p)(-i 4cot ~/2-i8+~p) 

(-i ~cot ~/2-is-[,)(-i ~ v2-i~%) 

( - - - )  + i f f  l 1 = + 

L - i  ~ 3"/2-~p - i  ~-~ ~/2+~p 

1 _ 1 ] =  
- i  ~ ~/2-(p - i  ~ ~/2+(p J 

• F -2¢~ +2~ ] .  
=,~n (--)+tSLcot y/2+~2 + +cot V2q~J 

The  f i r s t  s i n g u l a r  so lu t i on  iS 

~4 = i - =i . . . . .  
L(C+~2-~72) + 2i{~7 (C+~2-~72) - 2i{~ 

-4i ~2 v +2iv(C+~2-V 2) 4~2V -2v(C+~2-~ 2) 
= i  

= -2CV +2V(~2+V 2) 

C 2 + 2C(~2-V 2) + (~2+V2)2 

C 2 + 2C(~2-V 2) + (~2+V2)2 

3. D E T E R M I N A T I O N  OF THE C O M P L E T E  SOLUTION 

F o r  the  d e t e r m i n a t i o n  of the  unknown f u n c t i o n s  of the  t i m e  A 1 ( t ) ,  A 2 ( t ) ,  and  y ( t ) ,  
two a d d i t i o n a l  c o n d i t i o n s  a r e  n e c e s s a r y .  T h e s e  a r e  found by  f i r s t  r e m a r k i n g  t h a t  up 
to now the  p r o b l e m  h a s  on ly  b e e n  s o l v e d  fo r  the  a c c e l e r a t i o n  po ten t i a l ,  w h e r e b y  only  
the  d i f f e r e n t i a t e d  f o r m  of t he  b o u n d a r y  cond i t i on  (1.8) i s  used .  In the  o r i g i n a l  p r o b -  
lem,  h o w e v e r ,  not  only  the  n o r m a l  v a l u e  of t he  a c c e l e r a t i o n ,  but  a l s o  the  v e l o c i t y  i s  
g iven  wh ich  c o n t a i n s  m o r e  i n f o r m a t i o n .  In fac t ,  once  m o r e  it  c a n  be  s e e n  t h a t  any  
so lu t ion ,  s a t i s f y i n g  the  v e l o c i t y  cond i t i on  (1.1) s a t i s f i e s  a l s o  (1.8), but  the  s i n g u l a r  
so lu t ions ,  wh ich  do not  a f fec t  (1.8) m u s t  be added  in s u c h  a way t h a t  (1.1) i s  s a t i s f i e d .  
A n o t h e r  cond i t ion  i s  t ha t  the  c a v i t a t i o n  b u b b l e  m u s t  be  c losed .  

In o r d e r  to  e x p r e s s  t h e s e  two c o n d i t i o n s  in  a m a t h e m a t i c a l  f o r m u l a t i o n ,  i t  i s  
n e c e s s a r y  to d e r i v e  an  e x p r e s s i o n  f o r  the  v e l o c i t y  p o t e n t i a l  ~ in  t e r m s  of the  a c c e l -  
e r a t i o n  p o t e n t i a l  ~0. T h i s  c a n  be  found by s o l u t i o n  of the  d i f f e r e n t i a l  equa t ion  

~t + U ~x = ~" (1.7) 
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C o n s i d e r i n g  t h a t  t h e  v e l o c i t y  p o t e n t i a l  m u s t  v a n i s h  a t  i n f i n i t y  u p s t r e a m  to  t h e  
h y d r o f o i l ,  t h i s  e x p r e s s i o n  i s  

t t 

i (- J_ = 1 ' , y , t  - d x '  = • ( x , y , t )  ~ ? ~0(x-g( t - t  ' ) ,y) t ' ) d t  ' (3.1) 
co co 

S u b s t i t u t i o n  of  (2.15) a n d  (2.16) g i v e s  

I [~ dx' • -~ cos 8, t - sin kb(x)y, t )  = 8(Gp-G~)d8 
J_ 

_ cos ~/4 ~ d x ' .  

d X  ' + 

(3.2) 

A f t e r  c o m p l i c a t e d  c a l c u l a t i o n s ,  w h i c h  a r e  g i v e n  in  t h e  A p p e n d i x ,  t h e  e x p r e s s i o n  
f o r  t h e  v e l o c i t y  on t h e  h y d r o f o i l  t a k e s  t h e  f o r m  g i v e n  in  Eq .  ( A 1 0 ) o f  t h e  A p p e n d i x .  
A p p l y i n g  t h i s  r e s u l t  to  a p o i n t  o f  t h e  w e t t e d  s u r f a c e ,  we  d e r i v e  

x - x '  (I+C2) 2 
o .-= - -4, u d x '  • w , t = 9 ~ ' ~ y + ( 9 o ~ ° ~ y + ~ 3 ~ y )  = - - c  ~ ° 2 ~ Y  

co 

+ -- ~04~O~y s i n  8 d~) - A 1 • t - • - -  dx '  - A 2 t - dx '  

- V w-codx' • w 8, t - 9)2 ~ • s i n (2~ /2 )  ---~ 

S i n c e  t h e  f i r s t  t e r m  g i v e s  t h e  s o l u t i o n  to  t he  b o u n d a r y  v a l u e  p r o b l e m  w h e r e  t h e  
v e l o c i t y  on t h e  w e t t e d  p a r t  h a s  t he  g i v e n  v a l u e  w, t h i s  f i r s t  t e r m  c a n c e l s  a g a i n s t  t h e  
l e f t - h a n d  m e m b e r .  C o n s i d e r i n g  now t h e  i n t e g r a l s  w i t h  r e s p e c t  to  x ' ,  t h e y  a g a i n  c a n  
be  s i m p l i f i e d ,  r e m a r k i n g  tha t  t h e  s i n g u l a r  p o t e n t i a l s  9o i a r e  a l l  i m a g i n a r y  p a r t s  of 
c o m p l e x  f u n c t i o n s .  A p p l y i n g  t h e  C a u c h y - R i e m a n n  e q u a t i o n s ,  

~o i e¢i 

~y ~x 
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¢1 = ~ ( l / ~ )  = _ _  
~2 + ?72 

¢2 = Re ~ = ~, 

~3 = Re ~3 = ~(~2-3V2), 

~4 = Re(E/Z) = ~(C+~2+~2) 

We can r e d u c e  (3.3) by p a r t i a l  i n t eg ra t ion ,  r e m a r k i n g  that  the we t t ed  s u r f a c e  c o r r e -  
sponds  to  the l ine  ~ = 0 in the  ~ plane.  In t roduc ing  

2w 

we obta in  

= 1 3C%bl'Wl+~3Wl+~blW3 - (1+C2)2 ~b2 w2 + C ' ~ 4  w4 o ~- ~ 

+ A f t  " ¢ I  d x '  + A 2 t  " •2 clx' - dx  . . . .  

dx'  

It should  be noted that  ¢i = 0 fo r  ~ = 0. T h e r e f o r e  the  only p a r t  of the  i n t e g r a t i o n  
which  c o n t r i b u t e s  to the  r e s u l t  i s  the p a r t  of the  x - a x i s  ex tend ing  f r o m  -co to -~. The 
i n t e g r a t i o n  a long the l o w e r  p a r t  of the  hydrofo i l ,  which  c o r r e s p o n d s  to  the v - a x i s  in 
the ~ -p lane ,  g ives  a v a n i s h i n g  con t r ibu t ion .  A point  on the we t t ed  uppe r  s u r f a c e  
be tween  B and C is  r e a c h e d  f r o m  the t r a i l i n g  edge.  Taking the  con tour  a l o n g t h e  uppe r  
edge of the hydrofo i l ,  i . e . ,  a long the  r e a l  ax i s  in the  ~ = ~ + i v p l a n e ,  we get  an add i -  
t ional  con t r ibu t ion  f r o m  the cav i t a t ion  bubble.  Hence,  it i s  obvious  that  behind  th i s  
bubble ex tends  a l ine of d i scon t inu i ty  in v. 

The last equation for A I and A 2 is furnished by the closure condition. If the con- 
tour of the hydrofoil and the cavitation bubble is represented by 

y = h ( x , t ) ,  

w h e r e  h i s  only given on the we t t ed  pa r t .  The n o r m a l  ve loc i ty  is  

~ h  ~ h  
v = - - + U  - . 
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In order to derive the contour of the bubble, we consider this as a partial differential 
equation 

= = 1  x x - x ' ~  
h h 4 -- f v ( x ' , t  dx'. 

" J_ 4 \ 
u /  

T h e n  t h e  c l o s u r e  c o n d i t i o n  i s  

c 

= v ',t - dx'. h - h_4 F & 

T h e  v e l o c i t y  v s a t i s f i e s  a s i m i l a r  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n  

a -- V t + V V x ,  

w h e r e  a i s  t h e  n o r m a l  a c c e l e r a t i o n .  T h i s  g i v e s  i n  a s i m i l a r  w a y  

= v ',t - dx'. v ( x , t )  - v ( - 4 ,  t )  ~ -  "~ 

H e r e  v ( - £ )  i s  t h e  g i v e n  n o r m a l  v e l o c i t y ,  c o r r e s p o n d i n g  t o  t h e  m o t i o n  o f  t h e  l e a d i n g  
e d g e .  S u b s t i t u t i o n  g i v e s  

h c - h .~ = v 4 , t  - d x '  + - -  dx a ' , t  d x '  = 
J -4  u2 4 4 u 

c c x i f ( _  i;_ v 4, t - dx + ~-~ dx a 
U _~ -4  4 

,t _ ~ )  d x  ' = 

Ex > i  c c(_ x 
U j_£  U2 J -£  ~ - 4  

U2 - 4  

_f, o ~(_ ~)d~+ -~ ~ ~-~, _ ~  
= 4, t - ! ' , t - - - - ~ -  d x ' -  x a , t  d 

U j_ 4 \ U2 3-4 ~ 4 

= - -  v 4,  t - dx + - -  ( . c - x ) a  , t  - dx = h c - h_ 4.  
U J-4 u2 -4  
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S u b s t i t u t i o n  g i v e s  t h e  t h i r d  r e l a t i o n :  

I ; h ( g - x )  • wt+UWx } . h_.__GG . s i n  8 d8  • dx + 1 (c- -x)A 1 t - ¢ P l ( x , t )  
U-2 -g "7 3yp U 2 g 

dx + 

1 ; ( c-x) (x c x) 1 ~.~v ( c-x) 
+-- (c-x)A 2 t - ~ ~22 , t  - ~ dx = h c - h_g - U  -g , t  - - -~  dx. 

U 2 g • _ 

4. SOLUTIONS FOR SPECIAL CASES 

Owing to the time-dependence of yon t, the equations for At, A2, and ~ are dif- 
ficult to solve. For this reason only special cases can be considered. 

T h e  S t e a d y  C a s e  

A s  a c h e c k  o n  t h i s  t h e o r y  w e  c o n s i d e r  t h e  s t e a d y  c a s e .  T h e  p r e s s u r e  p o t e n t i a l  i s  

~2 w 

3' 

w h e r e  A I a n d  A 2 a r e  c o n s t a n t s .  T h e  f i r s t  c o n d i t i o n  n o w  r e a d s :  

,2W 
+ g u j3, w x • G® sin 8 • d8 + A 1 2 cos(3,/4) ~ + A 2 • 

cos(3,/4) = 0.  

In  t h e  s e c o n d  c o n d i t i o n  a l l  t h e  q u a n t i t i e s  w i v a n i s h  a n d  w e  o b t a i n  

-g  - g  

0 = At • f ~bl " dx' + A2 " ~_=~b2 " dx'. 
-aa 

The third condition gives: 

-~ (g-x) w x • -- • sin 8 d~ ~l(X) 
3Yp U 2 

+-- (c-x) • cP2(x ) dx = h c - h_g - • v(-g). 
U 2 _g 
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For a flat plate the formulas simplily considerably. The pressure potential is 

q)p = # ÷ A1 i(~p -~p)+ A2 i (~p-~p)' 

and the three conditions are 

cr + A 1 2 cds()'/4) " ~cos(~/2) + A 2 " 

0 .= A I ",.~'=~b I " dx + A 2 • 

cos(~/4) _ 

~2 " dx,  

0, 

A 1 (c-x) CPl(X ) dx + A 2 (c-x) cP2(x ) dx = U 2 hc-h_ ,  ~ - ---~ v(-~) . 

H a r m o n i c  O s c i l l a t i o n s  About  a C e r t a i n  S teady  Mot ion  

We c o n s i d e r  f u r t h e r  t he  c a s e  t h a t  t he  hyd ro fo i l  p e r f o r m s  h a r m o n i c  o s c i l l a t i o n s  
abou t  a c e r t a i n  s t e a d y  mot ion .  Owing to  the  d e p e n d e n c e  of the  f o r m u l a  on  the  p a r a m -  
e t e r  ~ w e  a s s u m e t h a t  t he  a m p l i t u d e  i s  so  s m a l l ,  t ha t  the  t i m e  d e p e n d e n c e  of 5, i s  a l s o  
s m a l l .  

5, : 5,0 + ~ " e iVt"  

T h e n  we i n t r o d u c e  a =second  l i n e a r i z a t i o n , "  expand ing  a l l  q u a n t i t i e s ,  c o n t a i n i n g  
5, in to  p o w e r s  of 5,1. T h i s  g i v e s  r i s e  to  a s e t  of e q u a t i o n s  fo r  the  d e t e r m i n a t i o n  of the  
a m p l i t u d e s  Ap A2, and  5,1- T he  p r e s s u r e  p o t e n t i a l  t a k e s  the  f o r m ,  (if w = ~* e i~t  + Wo) 

~WWx ~2~ 
~ p  = G + L U • Gp s i n  0 dO + L (~ w*+Uw~)Gp s i n  ~ dO + 

7 0 7 0 

~ = ~Gp 
+ ~ w x • - ~ y  " s i n  0 aS 7~ e i v t  + 

- o  

~ 2  3~2 
+ A1 " 3T " 70 e i u t  + A~ e i v t  • ~2 + fil-~--~ " To eivt" 

The  c o n d i t i o n s  fo r  AI,  A2) and  5,x a r e  d e r i v e d  in a s i m i l a r  way. T h i s  g ives  t h r e e  
n o n h o m o g e n e o u s  l i n e a r  e q u a t i o n s  fo r  the  t h r e e  a m p l i t u d e s .  It would  be  of i n t e r e s t  to  
s tudy  t he  c a s e ,  w h e r e  t he  d e t e r m i n a n t  of t h i s  s y s t e m  v a n i s h e s .  T h i s  would m e a n  
t h a t  fo r  t he  c o r r e s p o n d i n g  s t e a d y - s t a t e ,  s p o n t a n e o u s  o s c i l l a t i o n s  of the  cav i ty  can  
o c c u r .  
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4. CONCLUSIONS 

The general  theory, laid down in this paper, is based on ra ther  crude assump-  
tions on the behavior of cavitat ing flow. Considering the underlying hypothesis, the 
assumption of potential flow is not sufficient to r ep resen t  detai ls  of format ion and 
decay of cavi t ies .  On the other  hand, it is well  known that for steady-flow, resu l t s  
f rom potential flow agree  reasonably well with exper iments .  The fur ther  s impl i f ica-  
tion, introduced by the l inearizat ion,  seems,  in the case  of a f ree  h'ydrofoil, suffi- 
ciently accura te  for thin hydrofoils at smal l  incidence. In a channel, however,  this 
s implicat ion might be the cause of considerable  e r ro r ,  owing to blockage effects.  
This phenomenon is analogous to the behavior of l inear ized  theory for t ransonic  flow 
in wind tunnels, where the nonlinear approximation is necessary .  

As regards the special additional assumptions, introduced to describe the non- 
steady behavior, the condition is that in the cavitation bubble evaporation occurs 
instantly, as soon as the pressure has reached the cavitation pressure, which is con- 
stant. However, every other hypothesis which must be based on more detailed physi- 
cal considerations will greatly involve the calculations. As regards the introduction 
of free sources and sinks, somewhat more explanation is necessary.* 

The concept is completely analogous to the concept of f ree  vo r t i c e s  in nonsteady 
airfoi l  theory, which a l ready goes back to Birnbaum (1923). 

Calculation of forces ,  based on this assumption, yields reasonably good ag ree -  
ment with exper iments .  In l inear ized  theory the c i rcula t ion around the a i r foi l  is  
defined by 

I v • d s  = f u  • d x ,  

where u is re la ted  to the p r e s s u r e  potential by 

q) = i~ t + U dP x o r  Cpx = u t + U u x ,  

which means that 

~Px d x  = 3 t  u d x  + U u x dx  + U ~x  d x .  

If we suppose that ~o is a regular  function outside the airfoil ,  including infinity, 
f ~0 x dx = 0 for any contour enclosing the airfoil ,  and we find that 

- -  u d x  = u d x  = - ( u + - u _ ) .  
3t 

If in the wake the veloci ty  u is discontinuous, we find that the t ime rate  of the c i r cu -  
lation around the airfoi l  is equal to the strength of the discontinuity at the t ra i l ing  
edge, which is the vor t ic i ty  in the wake. For  a motion star ted at a definite moment 

This explanation was found in a discussion between the author and Mr. J. A. Geurst. 
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" . , , . , 

dx = - ( ~  

in the pas t ,  the wake is  f i n i t e a n d  t h e ' t o t a l  c i r c u l a t i o n  a round  a con tour  enc lo s ing  the  
a i r fo i l  and the wake v a h i s h e s .  A s i m i l a r  c o n s i d e r a t i o n  c a n  be app l i ed  to  the  i n t e g r a l  

V = f h dx 

if the con tour  is  given by y = h(x),  which  r e p r e s e n t s  the  to ta l  vo lume  e n c l o s e d  by the  
contour .  Since 

v : ' h  t + U h x ,  

we have,  fo r  a c l o sed  contour ,  

v dx = 8t 

which e x p r e s s e s  that  the t i m e  r a t e  of change  of the  vo lume  by the  con tour  is  equal  
to the con tour  i n t e g r a l  of the funct ion  v. 

F o r  i n e o m p r e s s i b l e  flow we have s i m p l y  

~ v dx = - ~+ + ~_, 

w h e r e  ~ i s  the s t r e a m  funct ion and v = -~x fo r  i n c o m p r e s s i b l e  flow. If ~ i s  r e g u l a r  
ou t s ide  the  hydrofo i l ,  we have  ~+ = ~ and the vo lume  e n c l o s e d  by the con tour  is  a 
cons tan t ,  a s  was  p o s e d  by Wu. 

We have s e e n  p r e v i o u s l y  that  f r o m  our ca l cu l a t ion  i t . fo l lows  tha t  a ' s h e e t  of d i s -  
cont inui ty  in v ex t ends  beh ind  the  cav i t a t ion  bubble.  Th i s  g ives  r i s e  to  a s h e e t  of d i s -  
cont inui ty  in the ~. Hence,  c o n s i d e r i n g  a con tour  which  l i e s  a long the bubble  and the  
we t t ed  p a r t  of the hydrofo i l ,  t h e r e  is  a d i scon t inu i ty  at  the  end of the  bubble.  The 
s t r e n g t h  of the d i scon t inu i ty  is  g iven by the  change  in vo lume  of the  bubble.  Since,  in 
l i n e a r i z e d  t h e o r y  the  p r e s s u r e  is  a cont inuous  func t ion  ou t s ide  the hydrofo i l  , the  d i s -  
cont inui ty  A~ in the wake s a t i s f i e s  

(h~)t + U(a~)x = 0, 

which m e a n s  that  th i s  d i scon t inu i ty  is  p r o p a g a t e d  with the  ve loc i ty  u. 
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Since  a d i s c o n t i n u i t y  in  v c o r r e s p o n d s  to  a s o u r c e  d i s t r i b u t i o n ,  the  s i n g u l a r i t i e s  
a r e  deno ted  a s  " f r e e  s o u r c e s  ~ in ana l ogy  to t he  f r e e  v o r t i c e s  c o n s i d e r e d  b e f o r e .  The  
t h e o r y  o p e n s  a p o s s i b i l i t y  of an  e x p l a n a t i o n  of the  o s c i l l a t i o n s ,  wh ich  a r e  o b s e r v e d  
fo r  a s t e a d y  cav i ty  of f in i t e  ex ten t .  The  e n t r a i n m e n t  p r o c e s s  a t  the  end of the  c a v i t y  
d u r i n g  wh ich  s m a l l  v o l u m e s  of the  g a s  p h a s e  a r e  c a r r i e d  d o w n s t r e a m  with  the  fluid,  
a s  the  c a v i t y  v o l u m e  d e c r e a s e s ,  m i g h t  c o r r e s p o n d  to the  c r e a t i o n  of the  f r e e  s o u r c e s .  

Only q u a n t i t a t i v e  c a l c u l a t i o n s  of the  o c c u r r i n g  f r e q u e n c i e s  and  l eng th  of the  
s t e a d y  s t a t e  bubb le  would  c o n f i r m  w h e t h e r  o r  not  even  t h i s  p o t e n t i a l l y  t h e o r e t i c a l  
a p p r o a c h  c a n  a c c o u n t  f o r  t h i s  c o m p l i c a t e d  p h e n o m e n o n .  

NOTE ADDED IN PROOF:  F r o m  d i s c u s s i o n  of the  a u t h o r  wi th  M e s s r s .  G e u r s t ,  Tul in ,  
and  E i s e n b e r g  (Oc tobe r  1959) a s l i gh t ly  d i f f e r e n t  e x p l a n a t i o n  of the  " f r e e  s o u r c e s "  
concep t  a r o s e .  In th i s  concep t  they  a r e  l o c a l i z e d  in the r e e n t r a n t  j e t .  Hence ,  for  a 
c l o s e d  con tou r ,  i nc lud ing  the  s t a g n a t i o n  poin t  beh ind  the r e e n t r a n t  j e t ,  the vo lume  is 
c o n s t a n t .  The v o l u m e  e n c l o s e d  by  the  f r e e  s u r f a c e  v a r i e s  and  i s  c o m p e n s a t e d  by 
" f r e e  s o u r c e s "  on the  s econd  b lade  of the  R i e m a n n  s u r f a c e .  Th i s  t h e o r y  g ives  con-  
s i s t e n t  c o n d i t i o n s  and  is  w o r k e d  out  by Mr .  G e u r s t .  (To be p u b l i s h e d  in A r c h l y  for  
Ra t iona l  M e c h a n i c  s.) 

A P P E N D I X  

REDUCTION OF THE FORMULA F O R  THE V E R T I C A L  
V E L O C I T Y  ON THE HYDROFOIL 

T h e  f o r m u l a  fo r  the  v e l o c i t y  c o m p o n e n t  v is :  

U ~_~ t 

s; i  O/x s in  8 dO + ~ d x '  • 0 cos 0, t - • ~y  ' , - ' ~ c o s  0; t - U~ dO 
a o  t - 

- ~y  (t  aX' ~IA 2 - ~ 2  - d x ' . - ~ y  (A1) 
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We c a n  r e d u c e  t h e  f i r s t  two  t e r m s  by p a r t i a l  i n t e g r a t i o n  

' . ? G ( 7 )  
Xdx' w t O,t - ~y sin 8 dO = U x' w x, 8, t - ~ sin O dO 

= U w(8, t ) ~ y  • s i n  0 dO - U x '  w O,t - • ~ - - ~  s i n  0 dO 

® ..-.~- • % t  - U ] ~y 7 -  U 8, t - ~ - ~  s i n O d 8  

and  

x 2~ 

L:x' Ii Wo (O,t - x--~t) ~G ' t I-( 
~ Y ~  

-J~_:x' ff~w ( 0't -'~)~-~2G • d0,  

A p p a r e n t l y  we h a v e  to  c a l c u l a t e  t he  e x p r e s s i o n  

~y~x ' ' ' ' ' 'W  ~y'~0 ~Y L ~x ~ " 

F r o m  the  de f in i t i on  

G + iH = ,~n ( ~ - ~ ' ) ( ~ + ~ ' )  ( ~ _ ~ )  ( ~+~ ,) (A3) 
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we see that 

~G 3G { d  3 3 } 
3x-- + 3x ---7 = Re ~ (G+LH) + ~ z '  (G+iH) + " ~  (G+IH) 

~(G+IH) d~ + 3(G+iH) d~ '  ~(G+iH) d~7~ 
= Re ~ 3~ " d-~" " 3~' " dz ----~ + 3 ~  " dz' J 

{(  1 1 i __~) d~ ( -1 i ) d~' 
=Ro i ' ~+~' + ~ + ~ ' - ~  ~ +  ~ ~;i' d,' 

+ + ' / - ~  "d-T " 
(A4) 

Since ~ = ¢ ~ - c ,  where C = cot(T/2) a n d  Z = ¢ ~  - z / g  + z 

we have 

d~ d~ dZ 1 d -~-"-- _(~+z2) 2 _ _  = _ _  ° _ _  = __ • _ - _ 

d z  dZ dz 2~ dz + z ~Z~ 

Substitution g i v e s  

1 {~2_~I 2 ~' (1+Z2)2 ~ (1+Z'2)2~ 
- - ~  R~ ~ z ~' zl / 

- - - - - i  R~ 1-..2__i . 
Z1 (ZI--C)( I+Z2)2 (Z-C)(I+~)Z2 

4.~ [ ~ 1  (z-z l )zz i  

, . : l 
~ 1  ( Z-ZI ) ZZI J 

= __.11 Re [_.l._l . +(Z+ZI)(Z2Z2"-I)- C (-I+2ZZI+ZI Z3"+Z2Z2+zZ3) 
4~ L ~ I  ZZ 1 
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( Z + Z I )  (Z2ZZI2-1) - C (-I+2ZZI+ZIZ3+Z2Z2+~3)- ] 
_= ] zz 1 

Re 1 1 _ 1 1 

+ T \ q  - q /  

-CT~ - -2c  T - 

We can  e x p r e s s  t h i s  into the four  s i ngu l a r  po t en t i a l s  

~ = i (~-T~), 

% = (~3_~3), 

and the c o r r e s p o n d i n g  quan t i t i e s  f o r  P. 

At f i r s t  we r e m a r k  that  

- i  - C ' 

- i  - = ~o 3 + 2C¢~1 + C2cp2. 

This  g ives :  

p P 

~G + ~G 1 cP2-~4 ~2"-~4 Tp + (~p3+2C(P1+C2~o2)(cpp~2) 
? x  ~x p zl~ 2 C C 

+ ( ~ 1 + C ~ 2 ) ( ~ + 2 C ~ + C 2 ~ )  + - 2c~2~ 
c 

(A5) 

(A6) 
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" 1 aG _ C(~3+2C71+C2~2)? ~ _ C ( ~ + 2 C ~ + C 2 ~ ) ~ 2  _ C ( ~ 1 ~ 2 ) ( ~ + C ~ )  
3x  

F u r t h e r  

F P- P 1 _ 1 %~°4-'~2~°2 + ( ~ o 3 , ~ y ~ o ~ )  + c ( ~ - 2 % , ~ y )  - ¢ % 2 ' ~  
4~ L C 

1 I ( 1 )  1 ] , = ~  ~ o ~  + ( ~ + % ~ 0  0 - + .2c ,c~  '~2~2 ÷ ~ 4 ' ~  p • 

3G = 3G dC : _ I hG 
• _ _  o 

39/ 3C d T 2 sin 2 )/2 

(A7)  

(A8) 

3 (G+IH)_  
3C 3C 

( z,/z,/z,/z,/z,/z,/~ - z v ,  z ,~)( ,v-~-c + z,,,"~7-e,-c) ~n ( ~.~--~ - ~./~_~)( ~,/-~ +v,~,-o) 

= 1 1 ~  1 (" Z~ -  Z.V~--I~ ) 2 - Z,V'~-l~l~ - * zqzqzqzqzqzqzqzqzqz~ 

z,,/-z,,/-z,,a~ - z,V,-~-~, ~ 

2 

' ~ ~ )  + m  

1) , )] + 1 

H e n c e  

[ ,  , , ÷ j  '(-,, ~) 1 ' ~ 1  = 
: ÷ - -  

2 ~ i  ~ i  + - " 

'°-' (~-~-)(~-~,) :- ~ ~,~. 
3C 2 

(A9)  

Substitution of these results into Eq. (AI) gives: 

v(x,0,t) = ,C w(8, t) • 3G sin 8 d8 -1 39' w t x sin 
3~ u__® 3~ ' --- W 

y 

'y 

_ " - ~  a~ ~q '~ '+ (qhq '~3~° i ' )  

(1+C2)  2 ~°2~P~ + 1 '~1 
C "-C ~4~ 
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( ~ 2 ~ )  " - -  
s i n  2 ~ / 2  

• __b7 s in  0 dO 
bt  

b~°l • d x '  + t - - - ~  b y  + 1 t - " b--y- 2 " - -  " 

DISCUSSION 

L. L a n d w e b e r  

One usua l ly  th inks  of G r e e n ' s  func t ions  in connec t ion  with e x i s t e n c e  t h e o r e m s  or  
n u m e r i c a l  m e t h o d s  in which the G r e e n ' s  funct ion is  obta ined as  the so lu t ion  of an 
i n t eg ra l  equat ion.  In P r o f e s s o r  T i m m a n ' s  p a p e r ,  howev e r ,  a G r e e n ' s  funct ion which 
y i e lds  the so lu t ion  of a t i m e - d e p e n d e n t  p r o b l e m  in potent ia l  t h eo ry  is  exp l ic i t ly  d i s -  
p layed .  I be l i eve  that  the sub j ec t  of cav i t a t ing  hydro fo i l s ,  which has  y ie lded  a 
r e m a r k a b l e  s u c c e s s i o n  of e l egan t  p a p e r s ,  ha s  a t t r a c t e d  so many m a t h e m a t i c i a n s  as  
much  for  i t s  a e s t h e t i c  appeal  as  fo r  i t s  p r a c t i c a l  f r u i t f u l n e s s .  

I would u rge  the au thor  to a s s u m e  l e s s  m a t h e m a t i c a l  e rud i t ion  on the p a r t  of the 
r e a d e r  and to inc lude  m o r e  de t a i l s  of h is  m a t h e m a t i c a l  d e v e l o p m e n t s .  F o r  ex amp l e ,  
I would have l iked a d e m o n s t r a t i o n  that  the e x p r e s s i o n  fo r  the a c c e l e r a t i o n  po ten t ia l  
in t e r m s  of the G r e e n ' s  funct ion,  Eq. (5), s a t i s f i e s  the boundary  condi t ion  on the 
a c c e l e r a t i o n  potent ia l •  

A condi t ion  not  c o n s i d e r e d  in the p r e s e n t  p a p e r  is  that  the p r e s s u r e  should  be a 
m i n i m u m  within the cav i ta t ion  bubble  -~ < x < c, y = +0. It i s  known in the s t eady  
c a s e ,  fo r  example ,  that  th i s  l a t t e r  condi t ion  is  n e c e s s a r y  in o r d e r  to d e t e r m i n e  a 
unique solu t ion .  Th is  r a i s e s  the ques t ion  c o n c e r n i n g  the un iquenes s  of the  so lu t ion  
in the uns teady  c a s e .  

M. Tulin (Office of Naval R e s e a r c h )  

F i r s t  I would l ike  to c o m m e n t  on the ques t ion  of the l ead ing  edge s ingu la r i t y  
which o c c u r s  in the l i n e a r i z e d  theo ry  of l i f t ing  cavi ty  flow. When I f i r s t  did the l i n -  
e a r i z e d  theo ry  for  z e r o  cav i ta t ion  n u m b e r  f lows p a s t  l i f t ing fo i l s ,  I c o m p a r e d  the  
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resul t  for  the fiat plate with the expansion (in powers of the angle of attack) of Ray- 
le igh ' s  exact solution and I ver i f ied  that the l inear ized  theory solution, which had a 
-1 /4  s ingular i ty  at the leading edge, was identical with the f i r s t  t e rm in that expan- 
sion. That was, of course ,  sufficient ver i f icat ion that the l inear ized  solution was c o r -  
rec t .  Then, when I worked out the case of the finite cavity flow past  the lifting flat 
plate I noticed that it was possible  to se lec t  more  than one solution to the boundary 
value problem; only one of these solutions had a -1/4  singulari ty at the leading edge 
and I naturally assumed that that one was the proper  solution. I never  thought that it 
could be any other way- in  view of the information provided by the infinite cavity case.  
In order ,  however,  to "prove" the validity of the present  l inear ized  theory solution 
for finite cavi t ies ,  may I suggest  that some interes ted persons  ca r ry  out an expansion 
(in powers of the angle of attack) of the Gi lbarg-Ser r in ,  r e -en t r an t  jet, exact theory 
solution of the fiat plate problem.  The resu l t  would also confirm the a lmost  cer ta in  
conjecture that the l inear ized  theory for finite cavi t ies ,  as I f i r s t  formulated it, is in 
fact a l inear ized  vers ion  of r e -en t ran t  jet theory.  

Now may I comment  on P r o f e s s o r  T imman ' s  model for the unsteady cavity f l ow-  
which includes some sources  or  sinks in the flow field t ra i l ing behind the cavity. 
F i rs t ,  I don't  understand the physical  basis  for  this model, I don't  see  how the flow 
field in the wake of the cavity can contain the postulated sources  or sinks. Second, I 
don't  see the mathematical  necess i ty  for the model. It is cer ta inly  true that a cavity 
of changing volume would imply, according to incompress ib le  theory, that the p r e s -  
su res  become unbounded at infinity, but it is also true that p r e s s u r e  waves a re  propa-  
gated with finite speed, even in water,  and that as a resul t  the effects  of c o m p r e s s i -  
bility a l ter  these p r e s s u r e  waves at la rge  distances f rom a source  (or cavity of 
changing volume) and cause the p r e s s u r e s  at infinity to remain unchanged. I think 
that even acoust ic  theory applied to the problem of the flow field at some distance 
f rom a cavity of changing volume would revea l  the true nature of the p r e s s u r e  field 
there  and would dispel the need for both P r o f e s s o r  T imman ' s  model with dis tr ibuted 
sources  and sinks outside the cavity, and P ro fe s so r  Wu's model -which  cal ls  for a 
cavity of unchanging volume. I bel ieve that the solution of the unsteady cavity prob-  
lem which proper ly  takes into account the boundary and dynamical conditions on the 
body and cavity will produce, in general ,  a cavity of changing volume without sources  
and sinks distr ibuted in the wake. 

W. G. Cornel l  (General E lec t r i c  Company) 

I cer ta inly  hope that some of the techniques that have been shown can be applied 
to the problems of unsteady, separated aerodynamic flows which, so far,  have been 
t reated by what one may call  quas i - s teady-s ta te  methods. I r e fe r  to problems such 
as rotating stal l  and propagating stall  in cascades .  

I would like to hear  some ,comments about the use of the Kutta condition when one 
has an unsteady flow. 

B. Parkin (California Institute of Technology) 

lwould appreciate  it very much if P ro fe s so rWu would indicate the bearing of the 
p r e s su re  gradient  at infinity on the values of the coefficients which he quoted f rom 
Karman ' s  work. 
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R. T i m m a n  

P r o f e s s o r  L a n d w e b e r  a sked  w h e t h e r  I did ve r i f y  tha t  a cons t an t  p r e s s u r e  on the 
cavi ta t ion  bubble  was  ac tua l ly  the m i n i m u m  p r e s s u r e  in the f ie ld .  I m u s t  again con -  
f e s s  I was  a bi t  c a r e l e s s  and did not ve r i f y  tha t .  

With r e s p e c t  to the Kutta condi t ion,  if the cavi ty  ex t ends  n e a r l y  the whole  of the 
upper  s u r f a c e ,  I ha rd ly  be l i eve  tha t  a Kutta condi t ion  could be val id .  On the o the r  
hand, as  long as  the cavi ty  is  s m a l l  I don ' t  s e e  why the Kutta condi t ion  should be 
d a n g e r o u s :  Also,  t h e r e  is  a lot  of e x p e r i m e n t a l  ev idence  in the use  of the nons teady  
flow theo ry .  Of c o u r s e ,  they all gave i m p e r f e c t  a g r e e m e n t  with theory ;  they don ' t  
even a g r e e  comple t e ly  in the s t eady  c a s e .  In the s t eady  c a s e  you know the Kutta con -  
di t ion,  ye t  you p r e d i c t  110 p e r c e n t  of the actual  va lue s ,  so  why should you expec t  in a 
nons teady  t heo ry  the a g r e e m e n t  to be b e t t e r ?  So as  f a r  as  I can see ,  as  long as  the 
cavi ty  does  not ex tend  too c l o s e  to the t r a i l i ng  edge,  the Kutta condi t ion  is  jus t  as  bad 
o r  as  good as  it is  in all  the h y d r o d y n a m i c a l  t h e o r i e s .  

T. Wu (Ca l i fo rn ia  Ins t i tu t e  of Technology)  

In rep ly  to Dr.  P a r k i n ' s  ques t ion ,  it  i s  t r u e  tha t  the wake flow g e n e r a t e d  by a f ia t  
p la te  a c c e l e r a t i n g  b r o a d w i s e  th rough  the f luid which is  o t h e r w i s e  at  r e s t  in an i n e r -  
t ia l  f r a m e  is  a p r o b l e m  d i f f e r en t  f r o m  that  t r e a t e d  by K a r m a n .  In th is  c a s e  you may 
take a coo rd ina t e  s y s t e m  f ixed with r e s p e c t  to the f luid at  infini ty so  that  at  inf ini ty 
the ve loc i ty  is  z e r o  and the p r e s s u r e  is  equal  to r~,  a cons tan t .  Then the Pla te  will  
be  moving with a c c e l e r a t i o n  a. 

If the shape  of the f r e e  boundary  is  s t i l l  a c o n s t a n t  in t i m e ,  then when the co n d i -  
tion of cons tan t  p r e s s u r e  is  appl ied  on the moving  boundary ,  you will  have a d i f f e r e n t  
e x p r e s s i o n  fo r  the p r e s s u r e  equat ion .  

Next,  I wish  to supply  a u n i q u e n e s s  p roo f  with r e s p e c t  to the  l ead ing  edge s i n g u -  
l a r i t y ,  z -3/4 or  z - * / 4 .  The f i r s t  t i m e  I looked at  the 3 /4  s i ngu l a r i t y  I thought  th is  
s ingu la r i t y  may be ru l ed  out by the a r g u m e n t  that  the  en e rg y  is  not i n t e g r a b l e  at  the 
l ead ing  edge.  Though th i s  s t a t e m e n t  is  t rue ,  I w a s n ' t  too happy with th is  a n s w e r .  
Then I looked fo r  o t h e r  p h y s i c a l  r e q u i r e m e n t s  and found a s a t i s f a c t o r y  one.  I i m p o s e d  
ano the r  condi t ion,  name ly  that  the p r e s s u r e  ou t s ide  of the so l id  body a n d t h e  cavi ty  
wake m u s t n o t  be l e s s  than the p r e s s u r e  in the cavi ty .  That  is ,  u .= R~ w = -1/2 Cp _< 0 
in the flow f ie ld .  Suppose  the so lu t ion  of w has  in the ne ighborhood  of the l ead ing  edge 
the expans ion  

w = i~ Z "3/4 + iB Z - I /4  + 0(ZI /4) ,  

w h e r e  A, B a r e  two r e a l  coe f f i c i en t s  so  that  u = 0 on the cavi ty .  Then,  with Z = r e 18, 
we have n e a r  T = 0 

38 8 
u = A ~-3/4" s in  - -  + B ~-1/4 s in  - + 0(~1/4~... 

4 4 

F r o m  th is  r e s u l t ,  we no t i ce  that  the t e r m  s i n ( 3 8 / 4 )  will  change  s ign,  w h e r e a s  the 
t e r m  s i n ( 8 / 4 )  will  not,  as  ~ changes  f r o m  0 to 2n. S ince  the f i r s t  t e r m  v i o l a t e s  th is  
phys ica l  condi t ion  on the m i n i m u m  p r e s s u r e ,  we m u s t  t h e r e f o r e  haveA = 0 .  
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My own v i ewpo in t  wi th  r e s p e c t  to the  e x i s t e n c e  of the  f low s o u r c e  i s  a s  fo l lows .  
Suppose  we t ake  a t w o - d i m e n s i o n a l  c y l i n d e r ,  and  le t  i t  p u l s a t e  wi th  i t s  r a d i u s  re a s  a 
func t ion  of t in a u n i f o r m  s t r e a m  of v e l o c i t y  u, t hen  the  v e l o c i t y  p o t e n t i a l  is  

~0(7,8, t )  = U + cos ~ + l~  log 7, 

s o  t ha t  we h a v e  a s o u r c e  of s t r e n g t h  2nl~ which  d e p e n d s  on the  r a t e  of c h a n g e  of the  
c r o s s  s e c t i o n  o r  the  r a d i u s .  In the  p r o b l e m  of u n s t e a d y  cav i ty  f lows ,  h o w e v e r ,  i t  
s e e m s  t h a t  the  p h y s i c a l  r e q u i r e m e n t  m u s t  be  i m p o s e d  t h a t  the  p r e s s u r e  be  f in i t e  a t  
in f in i ty .  O t h e r w i s e ,  we would r e q u i r e  an  in f in i t e  a m o u n t  of ene rgy ,  and  h e n c e  an  
in f in i t e  t i m e ,  to c r e a t e  s u c h  a flow. 

Thus  the  q u e s t i o n  a r i s e s :  why d o n ' t  we l e t  the  cav i ty  v o l u m e  grow and  h a v e  an  
in f in i t e  p r e s s u r e  a t  i n f i n i t y ?  At the  f i r s t  s i g h t  i t  s e e m s  to m e  tha t  the  a f f i r m a t i v e  i s  
not  the  c a s e .  One flow m o d e l  which  a v o i d s  the  f low s o u r c e  a t  in f in i ty  is  tha t ,  when  
the  v o l u m e  of the  cav i ty  n e a r  the  body c h a n g e s ,  t h e r e  wil l  be  a wake  which  b e c o m e s  
t h i n n e r  o r  f a t t e r  fn the  oppos i t e  s e n s e .  

In r e g a r d  to the  p h i l o s o p h i c a l  q u e s t i o n  abou t  the  p h y s i c a l  b a c k g r o u n d  of t h e s e  flow 
m o d e l s  and  t h e i r  a g r e e m e n t  wi th  e x p e r i m e n t s ,  I h a v e  the  fo l lowing  po in t  of v iew:  We 
r e a l i z e  t ha t  a l l  the  wake  f low is  the  end p r o d u c t  of the  r e a l  f lu id  e f fec t .  But  in o r d e r  
to  s o l v e  the  p r o b l e m  in an  e a s y  way we wan t  to keep  the  p o t e n t i a l  p r o b l e m  as  a p o s -  
s i b l e  a p p r o x i m a t i o n b y  m a k i n g  s o m e  m a t h e m a t i c a l  a s s u m p t i o n s ,  which  we ca l l  m a t h e -  
m a t i c a l  m o d e l s .  If any m a t h e m a t i c a l  m o d e l  g i v e s  a good a p p r o x i m a t i o n  of the  flow 
q u a n t i t i e s  n e a r  the  so l i d  body,  so  t ha t  we can  p r e d i c t  v e r y  a c c u r a t e l y  the to ta l  h y d r o -  
d y n a m i c  f o r c e s  on the  body,  then ,  a s  f a r  a s  I a m  c o n c e r n e d ,  the  m o d e l  shou ld  be  qu i te  
a c c e p t a b l e .  Howeve r ,  we shou ld  not  e x p e c t  t ha t  the  s i m p l e  m o d e l  i s  a l so  c a p a b l e  to  
p r o v i d e  a good d e s c r i p t i o n  of the  c o m p l i c a t e d  wake  f low d o w n s t r e a m .  The  p r o b l e m  
of the  wake  flow in the  wake  i s  e n t i r e l y  d i f f e r e n t  f r o m  t h o s e  c o n s i d e r e d  h e r e  and  I 
b e l i e v e  one  c a n n o t  ob ta in  a g o o d  r e s u l t  w i thou t  c o n s i d e r i n g  the  v i s c o u s  e f fec t ,  v o r t e x  
s h e d d i n g ,  the  t u r b u l e n t  m i x i ng ,  and  so  f o r t h .  

S e v e r a l  e x p e r i m e n t a l  r e s u l t s  h a v e  b e e n  a v a i l a b l e  f o r  a few s p e c i a l  c a s e s  of cav i ty  
f low p a s t  a f i a t  p l a t e  i n c l i n e d  a t  a s m a l l  ang le .  T h e s e  r e s u l t s  g ive  s u b s t a n t i a l  s u p p o r t  
to  t h e s e  m a t h e m a t i c a l  m o d e l s .  With  r e s p e c t  to the  p r e s e n t  l i n e a r i z e d  m o d e l ,  t h e r e  
a r e  c e r t a i n  f e a t u r e s  which  a r e  d i f f e r e n t  f r o m  the  n o n l i n e a r  c a s e s .  H e r e ,  again~ the  
p h i l o s o p h i c a l  way to a n s w e r  t h i s  q u e s t i o n  i s  to e x a m i n e  if i t  g i v e s  a f a i r l y  a c c u r a t e  
d e s c r i p t i o n  of the  flow n e a r  the  body,  s o  a s  to d e t e r m i n e  if i t  i s  a c c e p t a b l e .  
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