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The linearized theory for infinite depth is applied todesign two new 
low-drag supercavitating hydrofoils. The linearized solution for the 
characteristics of supercavitating hydrofoils operating at zero cavitation 
number at finite depth is also accomplished. The effects of camber 
determined fromthe linear theory are combined with the exact nonlinear 
flat-plate solution to produce nonlinear expressions for the character- 
istics of arbitrary sections. The resulting theoretical expressions are 
corrected for aspect ratio by conventionalaeronauticalmethods. Agree- 
ment between theory and experiment is found to be good for the lift 
coefficient, drag coefficient, center of pressure, and location of the 
upper cavity streamline. The theory is used to compare the maximum 
lift/drag ratios obtainable from various cambered sections of equal 
strength. At an aspect ratio of 3 and a depth of l chord, a five-term 
section with C L d = 0.1 has a maximum L/D of 10.5. However. the 
maximum L/Dis'not greatly dependent on the type of camber since a 
circular arc suction of C L d = 0.I has a maximum L/D of about 9.5. It 
is concluded from the analy'sisthat for operation at a depth greater than 
about l chord, a lift/drag ratio of about I0 is close to the maximum 
value that can ever be attained on a single hydrofoil supported with one 
strut and operating at zero cavitation number. 

INTRODUC TION 

One of the miss ions  of the Hydrodynamics Division of the National Aeronautics  
and Space Administrat ion is to find means of improving the takeoff and landing peT- 
formance of seaplanes,  par t icular ly  in rough water .  The des i rabi l i ty  of using an 
auxil iary lifting surface such as a hydro-ski  for reducing seaplane hull loads and 
improving rough water  per formance  has been established. It is possible that hydro- 
foils with higher aspect rat io and thus higher eff ic iencies  could be super ior  to the 
hydro-ski ;  however, only the low-aspec t - r a t io  planinghydro-ski  has so fa rbeen  suc-  
cessful ly applied as landing gear  to modern high-speed a i rcraf t .  This is because the 
conventional hydrofoil presents  problems not exper ienced by a hydro-ski .  
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As  a h y d r o f o i l  n e a r s  the  f r e e  s u r f a c e  (dur ing  a takeof f  r un )  the  low p r e s s u r e  s ide  
of the  foi l  a l m o s t  a l w a y s  b e c o m e s  v e n t i l a t e d  f r o m  the  a t m o s p h e r e .  T h i s  p h e n o m e n o n  
r e s u l t s  in  a s e v e r e  and  u s u a l l y  a b r u p t  l o s s  in  l i f t  and  r e d u c t i o n  in the  l i f t / d r a g  r a t i o .  
F o r  c o n v e n t i o n a l  a i r f o i l  s e c t i o n s  the  l o s s  in  l ift  m a y  e x c e e d  75 p e r c e n t .  The  s p e e d  
at  the  i n c e p t i o n  of v e n t i l a t i o n  d e p e n d s  o n t h e  ang le  of a t t a c k  and  dep th  of s u b m e r s i o n ;  
but ,  e x c e p t  f o r  v e r y  s m a l l  a n g l e s  of a t t a c k  and  r e l a t i v e l y  low takeof f  s p e e d s ,  the  
i n c e p t i o n  s p e e d  i s  u s u a l l y  we l l  be low the  t akeof f  s p e e d  of the  a i r c r a f t .  

E v e n  if the  v e n t i l a t i o n  p r o b l e m  is  o v e r c o m e  by  u s i n g  s m a l l  a n g l e s  of a t t a c k  and  
i n c o r p o r a t i n g  " f e n c e s "  o r  o t h e r  d e v i c e s  f o r  s u p p r e s s i n g  v e n t i l a t i o n ,  the  o n s e t  of 
c a v i t a t i o n  p r e s e n t s  a s e c o n d  d e t e r r e n t  to  the  u s e  of c o n v e n t i o n a l  h y d r o f o i l s  a t  h igh  
s p e e d s .  The  l o s s  in l i f t  a c c o m p a n y i n g  c a v i t a t i o n  of c o n v e n t i o n a l  a i r f o i l  s e c t i o n s  i s  
not a b r u p t ,  bu t  the  u l t i m a t e  r e d u c t i o n  in l i f t  and  l i f t / d r a g  r a t i o  is  c o m p a r a b l e  to t ha t  
of v e n t i l a t e d  flow. E v e n  t h i n  a i r f o i l  s e c t i o n s  of s m a l l  d e s i g n l i f t  c o e f f i c i e n t  e n t e r  t h i s  
c a v i t a t i n g  r e g i m e  of p o o r  l i f t / d r a g  r a t i o s  at  s p e e d s  in e x c e s s  of abou t  80 kno t s .  

S ince  the  t akeof f  s p e e d  of s u p e r s o n i c  a i r c r a f t  m a y  be  in  the  r a n g e  of 150 to 200 
k n o t s ,  l i f t ing  s u r f a c e s  wi th  c a v i t a t i n g  o r  v e n t i l a t i n g  c h a r a c t e r i s t i c s  s u p e r i o r  to  t h o s e  
of c o n v e n t i o n a l  a i r f o i l  s e c t i o n s  a r e  d e s i r a b l e .  F o r t u n a t e l y  the  t h e o r e t i c a l  w o r k  of 
T u l i n  and  B u r k a r t  ( i )  h a s  s h o w n  tha t  s u p e r i o r  c o n f i g u r a t i o n s  do ex i s t ,  and  t hey  have  
s e l e c t e d  a c a m b e r e d  c o n f i g u r a t i o n  f o r  o p e r a t i o n  in c a v i t a t i n g  o r  v e n t i l a t e d  f low which  
h a s  t w o - d i m e n s i o n a l  l i f t / d r a g  r a t i o s  at  i t s  d e s i g n  ang le  of a t t a c k  and  z e r o  c a v i t a t i o n  
n u m b e r  abou t  s ix  t i m e s  t ha t  of a f la t  p l a t e .  If s u c h  a c a m b e r e d  fo i l  c an  be  induced  to 
v e n t i l a t e  at  v e r y  low s p e e d s ,  wh i l e  the  a i r c r a f t  hu l l  s t i l l  s u p p o r t s  m o s t  of the  load,  a 
s t a b l e  and  e f f i c i en t  t akeof f  r u n  m a y  b e  p o s s i b l e .  T h i s  new p h i l o s o p h y  is  to  d e s i g n  
fo__r o p e r a t i o n  wi th  a cav i ty ;  w h e r e a s  in  the  p a s t  the  p h i l o s o p h y  h a s  b e e n  to t r y  to 
avo id  c a v i t a t i o n  and  v e n t i l a t i o n .  The  s i t u a t i o n  i s  v e r y  d e f i n i t e l y  one of, "If  you c a n ' t  
b e a t  i t ,  j o i n  i t . "  

The  p r e s e n t  p a p e r  i s  c o n c e r n e d  wi th  s o m e  t h e o r e t i c a l  and  e x p e r i m e n t a l  work  on 
s u p e r c a v i t a f i n g  h y d r o f o i l s  w h i c h  h a s  b e e n  c a r r i e d  out  d u r i n g  the  l a s t  few y e a r s  at  the  
L a n g l e y  R e s e a r c h  C e n t e r ,  L a n g l e y  Fie ld ,  V i r g i n i a ,  of the  N a t i o n a l  A e r o n a u t i c s  
and  Space  A d m i n i s t r a t i o n .  A l a r g e  p e r c e n t a g e  of the  i n f o r m a t i o n  c o n t a i n e d  in t h i s  
p a p e r  h a s  b e e n  p r e v i o u s l y  p u b l i s h e d  as  Refs .  2 and  3. Howeve r ,  s i n c e  t h e s e  r e p o r t s  
have  on ly  r e c e n t l y  b e e n  d e c l a s s i f i e d ,  the  p r i n c i p a l  r e s u l t s  c o n t a i n e d  in t h e m  a r e  
r e v i e w e d ,  a l t hough  in s o m e  p l a c e s  d e t a i l s  a r e  omi t t ed .  The  p u r p o s e  of the  i n v e s t i -  
ga t ion  h a s  b e e n  to d e t e r m i n e  the  c h a r a c t e r i s t i c s  of p r a c t i c a l  s u p e r c a v i t a t i n g  h y d r o -  
fo i l s ;  t h e r e f o r e  the  e f f e c t s  of a s p e c t  r a t i o ,  dep th  of s u b m e r s i o n ,  and  hyd ro fo i l  t h i c k -  
n e s s  a r e  s u b j e c t s  of p a r t i c u l a r  i n t e r e s t .  The  t h e o r e t i c a l  p o r t i o n  m a k e s  f r e q u e n t  u s e  
of the  l i n e a r i z e d  t h e o r y f o r  c a v i t a f i n g f l o w s  d e v e l o p e d  in  Ref .  I and  e x t e n d s  t h i s  t h e o r y  
to i nc lude  the  p r o b l e m  of h y d r o f o i l s  wh ich  o p e r a t e  in  a v e n t i l a t e d  cond i t i on  n e a r  the  
f r e e  s u r f a c e .  C o n v e n t i o n a l  a e r o n a u t i c a l  c o r r e c t i o n s  fo r  f in i t e  s p a n  a r e  employed .  
The  t h e o r e t i c a l  r e s u l t s  o b t a i n e d  a r e  c o m p a r e d  wi th  a v a r i e t y  of e x p e r i m e n t a l  da ta  
o b t a i n e d  in  the  towing  t a n k s  of the  NASA. T h e s e  t a n k s  i nc lude  the  new h i g h - s p e e d  
f a c i l i t y  w h i c h  i s  p r e s e n t l y  c a p a b l e  of s p e e d s  up to  175 fps  and  wh ich  wi l l  soon  b e  
c a p a b l e  of s p e e d s  n e a r i n g  260 fps .  

SYMBOLS 

A 

An. Ao 

a s p e c t  r a t i o  

c o e f f i c i e n t s  of s i n e - s e r i e s  e x p a n s i o n  of v o r t i c i t y  d i s t r i b u t i o n  on e q u i v a -  
l en t  a i r f o i l  s e c t i o n ,  t h a t  i s ,  

D(x) = 2V o cot } ÷ A 1 s in  8 + A 2 s i n  20 " ' "  A n s i n  n 
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w h e r e  : - 

An = ~ ~x cos n8  dO 

1 I" d~ _ 
w 

A° : - ~ 'Jo ~ d 0  ÷ a = a +  A o 

An,h,Ao,h c o e f f i c i e n t s  of s i n e - s e r i e s  e x p a n s i o n  of v o r t i c i t y  d i s t r i b u t i o n  on h y d r o -  
foi l  s e c t i o n  

d i s t a n c e  f r o m  e q u i v a l e n t  a i r f o i l  l e ad i ng  edge to c e n t e r  of p r e s s u r e  in  
c h o r d s  

Bn,B 0 

b 

CD 

Cf 

C L 

eL 

CL. 1 

CL, c 

C m 

am 

am, 3 

C N 

CN. f 

Cn,C 0 

Cp 

C 

c o e f f i c i e n t s  of c o s i n e  s e r i e s  de f in ing  l o c a t i o n  of i m a g e  v o r t e x  in a i r f o i l  
p l a n e  u s i n g  Z = -¢-Z t r a n s f o r m a t i o n  

p a r a m e t e r  de f in ing  l o c a t i o n  of s p r a y  at  i n f in i ty  in  t p l a n e  ( see  Ref.  4) 

t o t a l  d r a g  coe f f i c i en t ,  D/qS 

s k i n - f r i c t i o n  d r a g  coe f f i c i en t ,  Df/qS 

t o t a l - l i f t  coe f f i c i en t ,  L/qS . 

t o t a l - l i f t  coe f f i c i en t  of e q u i v a l e n t  a i r f o i l  s e c t i o n ,  E / ~  

l i f t  coe f f i c i en t  e x c l u s i v e  of c r o s s f l o w ,  L1/qS . 

c r o s s f l o w  l i f t  coe f f i c i en t ,  L c / q S .  

p i t c h i n g - m o m e n t  c o e f f i c i e n t  (about  the  l ead ing  edge) ,  ~t/qSc 

p i t c h i n g - m o m e n t  coe f f i c i en t  of e q u i v a l e n t  a i r f o i l  s e c t i o n  (about  the  l e ad ing  
edge),  ~t/qSc 

t h i r d - m o m e n t  coe f f i c i en t  of e q u i v a l e n t  a i r f o i l  s e c t i o n  (see  Ref.  1), M3/qSc 4 

r e s u l t a n t - f o r c e  coe f f i c i en t  on a r b i t r a r y  s e c t i o n ,  F/qS 

r e s u l t a n t - f o r c e  coe f f i c i en t  of f la t  p l a t e ,  F/qS 

c o e f f i c i e n t s  of s i n e - s e r i e s  e x p a n s i o n  of v o r t i c i t y  d i s t r i b u t i o n  off e q u i v a l e n t  
a i r f o i l  s e c t i o n  at  a r b i t r a r y  dep th  u s i n g  z = - ¢Z t r a n s f o r m a t i o n  

p r e s s u r e  coe f f i c i en t ,  (p - p=)/~ 

c h o r d  

D to t a l  d r a g  f o r c e  

Df d r a g  f o r c e  due to sk in  f r i c t i o n  

d l e ad ing  edge dep th  of s u b m e r s i o n  
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% 

$ 

U 

v 

V 

X,Y 

X 

X c  . p .  

{X 

(X c 

E 

F 

f 

acce le ra t ion  due to gravi ty  

L total lift force 

L c lift force due to cr0ssf low 

L 1 lift force exclusive of crossflow, L - L c 

perpendicular  distance f rom hydrofoil 
s t reaml ine  

M moment about leading edge 

M3 third moment about leading edge, 2 J0 p(R) R3 dR 

m = CL/• 

p p r e s s u r e ,  lb / sq  ft 

Pc p r e s s u r e  within cavity, lb / sq  ft 

Po p r e s s u r e  at mean depth of hydrofoil,  lb / sq  ft 

Pv fluid vapor p r e s s u r e ,  lb / sq  ft 

q f r e e - s t r e a m  dynamic p r e s s u r e ,  1/2 pV 2 

R cavity ordinate - aspect  ra t io  cor rec t ion  factor 

s area,  sq ft 

span, ft 

per turbat ion velocity in X-direction 

speed of advance, fps 

per turbat ion veloci ty in Y-direct ion 

coordinate axes 

distance f rom leading edge along X-axis 

V. E. Johnson, Jr. 

Jones '  edge correc t ion ,  ra t io  of s e m i p e r i m e t e r  to span (see Ref. 5) 

resul tant  force  

distance f rom hydrofoil  leading edge to stagnation point in chords 

re fe rence  line to upper cavity 

distance f rom leading edge to center  of p r e s s u r e  of hydrofoil  

geomet r ic  angle of at tack measured  f rom re fe rence  line radians 
unless otherwise specif ied 

angle-of-a t tack  inc rease  due to camber ,  radians unless otherwise specif ied 

induced angle of attack, radians unless otherwise specif ied 
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a ° ang le  b e t w e e n  h y d r o f o i l  c h o r d  l ine  and  r e f e r e n c e  l ine ,  p o s i t i v e  when  
c h o r d  l ine  i s  be low the  r e f e r e n c e  l ine ,  r a d i a n s  u n l e s s  o t h e r w i s e  s p e c i f i e d  

a '  ang l e  of a t t a c k  m e a s u r e d  f r o m  h y d r o f o i l  c h o r d  l ine ,  a '  = a + a o, r a d i a n s  
u n l e s s  o t h e r w i s e  s p e c i f i e d  

V c i r c u l a t i o n ,  s t r e n g t h  of s i n g l e  v o r t e x  

~. c e n t r a l  ang l e  s u b t e n d i n g  c h o r d  of c i r c u l a r . a r c  hydro fo i l  

S s p r a y  t h i c k n e s s  at  in f in i t e  d i s t a n c e  d o w n s t r e a m  

e d e v i a t i o n  of r e s u l t a n t  f o r c e  v e c t o r  f r o m  n o r m a l  to hyd ro fo i l  r e f e r e n c e  l ine  

c o m p l e x  a i r f o i l  p lane ,  ~-~  p l a n e  

o r d i n a t e  in  the  ~ p l a n e  

p a r a m e t e r  de f in ing  d i s t a n c e  a long  a i r f o i l  cho rd ,  ~ = ~/2 (1 - cos e) 

m a s s  d e n s i t y ,  l b - s e c 2 / f t  4 

a b s c i s s a  in  the  ~ p l a n e  

c a v i t a t i o n  n u m b e r ,  (Po - Pc)/q 

c a v i t a t i o n  n u m b e r  a t  i n c e p t i o n  

c o r r e c t i o n  f a c t o r  fo r  v a r i a t i o n  f r o m  e l l i p t i c a l  p l an  f o r m  

ang le  b e t w e e n  s p r a y  and  h o r i z o n t a l  

v o r t i c i t y  

i n d i c a t e s  " f u n c t i o n  of ,"  f o r  e x a m p l e ,  CN{a} = CN, f{a + a c} a l s o  () 
s o m e t i m e s  u s e d  

Z = X + i Y  ' 

% 
= t a n ' l  CLL = a + e  

S u b s c r i p t s  

e 

0 

t 

co 

c . p .  

c 

A o 

e f f e c t i v e  

z e r o  dep th  of s u b m e r s i o n  

t o t a l  

in f in i t e  dep th  of s u b m e r s i o n  

c e n t e r  of p r e s s u r e  

due to c a m b e r  

due to A o 

B a r r e d  s y m b o l s  r e f e r  to  e q u i v a l e n t  a i r f o i l  s e c t i o n  and  u n b a r r e d  s y m b o l s  r e f e r  
to  the  s u p e r c a v i t a t i n g  h y d r o f o i l  s ec t i on .  
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DESCRIPTION OF SU PE R CA V I T A T I N G  FLOW 

The p a r a m e t e r  de f in ing  c a v i t y  flow is ~ = (Po - P c  ) / q  w h e r e  Po i s  the  p r e s s u r e  
at the  m e a n  depth ,  Pc i s  the  p r e s s u r e  w i th in  the  cav i ty ,  and  q is  the  d y n a m i c  p r e s s u r e .  
The  m a g n i t u d e  of a f o r  the  cond i t ion  at  w h i c h  c a v i t a t i o n  is  i n c i p i e n t  i s  de f ined  by  the  
p a r t i c u l a r  va lue  cq. If c~ i s  r e d u c e d  be low a l .  c a v i t a t i o n  b e c o m e s  m o r e  s e v e r e ;  t ha t  
i s ,  the  c a v i t a t i o n  zone  ex t ends  o v e r  a l a r g e r  a r e a .  When  a h y d r o f o i l  o p e r a t e s  a t  su f -  
f i c i e n t l y  low v a l u e s  of c~, the  cav i ty  f o r m e d  m a y  c o m p l e t e l y  e n c l o s e  the  u p p e r  o r  s u c -  
t ion  s u r f a c e  and  e x t e n d  s e v e r a l  c h o r d s  d o w n s t r e a m  as  shown in Fig.  l a .  The  
r e - e n t r a n t  f low f o r m e d  at  the  r e a r  of the  c a v i t y  is  c a u s e d  by the n e c e s s i t y  fo r  c o n s t a n t  
p r e s s u r e  a long  the  cav i ty  s t r e a m l i n e .  When  the  c a v i t y  i s  s u f f i c i e n t l y  long so  t ha t  the  
r e - e n t r a n t  f low is  d i s s i p a t e d  wi thou t  i m p i n g i n g  on the  body  c r e a t i n g  the  c a v i t y  a s  
s h o w n  in Fig.  l a ,  the  f low is  de f ined  as  s u p e r c a v i t a t i n g .  T h e o r e t i c a l l y ,  if  t he  c a v i -  
t a t i o n  p a r a m e t e r  i s  r e d u c e d  to z e r o  the  cav i ty  f o r m e d  wi l l  e x t e n d  to in f in i ty .  

Low v a l u e s  of c a v i t a t i o n  n u m b e r ,  and  thus  s u p e r c a v i t a t i n g  flow, m a y  be  ob t a ined  
b y  i n c r e a s i n g  e i t h e r  v e l o c i t y  o r  c a v i t y  p r e s s u r e  o r  both .  At  a c o n s t a n t  d e p t h  and  
w a t e r  t e m p e r a t u r e ,  ~ f.or n o r m a l  v a p o r - f i l l e d  c a v i t i e s  i s  d e p e n d e n t  on ly  on the  
ve loc i t y ,  s i n c e  Po  - P c  i s  t h e n  Po - Pv and  is  c o n s t a n t .  

If p a r t  o r  a l l  of the  b o u n d a r y  l a y e r  of a c o n f i g u r a t i o n  is  s e p a r a t e d ,  the  eddying  
f lu id  in  the  s e p a r a t e d  r e g i o n  can  be  r e p l a c e d  by  a c o n t i n u o u s  f low of l i g h t e r  f lu id  s u c h  
as  a i r  (6,7). R e g u l a t i o n  of the  a m o u n t  of a i r  s u p p l i e d  wi l l  c o n t r o l  the  c a v i t y  p r e s s u r e  
and  thus  the  l e n g t h  of the  cav i ty  f o r m e d .  If the  q u a n t i t y  of a i r  s u p p l i e d  is  v e r y  l a r g e ,  
the  c a v i t y  p r e s s u r e  wi l l  a p p r o a c h  the  a m b i e n t  p r e s s u r e  Po and  a v e r y  long  c a v i t y w i l l  
r e s u l t  e v e n  a t  low s t r e a m  v e l o c i t i e s .  

The  v e n t i l a t i o n  of s u r f a c e - p i e r c i n g  h y d r o f o i l s  i s  t h e r e f o r e  a s u p e r c a v i t a t i n g  
f low due to l a r g e  q u a n t i t i e s  of a i r  supp l i ed  f r o m  the  a t m o s p h e r e  to s e p a r a t e d  f low on 
the  s u c t i o n  s u r f a c e  of the  foil .  S u p e r c a v i t a t i n g  f low as  a r e s u l t  of v e n t i l a t i o n  a l s o  
o c c u r s  when  a n o n - s u r f a c e - p i e r c i n g  h y d r o f o i l  of m o d e r a t e  a s p e c t - r a t i o  o p e r a t e s  
n e a r  the  f r e e  s u r f a c e  (Fig.  Ib) .  As  p o i n t e d  out  in  Ref.  8, a i r  i s  e n t r a i n e d  in the  
t r a i l i n g  v o r t i c e s  and  d r a w n  to the  s u c t i o n  s i de  of the  foil ,  c a u s i n g  a long t r a i l i n g  
c a v i t y  to c o m p l e t e l y  e n c l o s e  the  foi l  u p p e r  s u r f a c e  and  e x t e n d  f a r  d o w n s t r e a m .  The  
v e n t i l a t e d - t y p e  c a v i t y  d e s c r i b e d  in Ref.  8 d i f f e r s  in  s h a p e  f r o m  t h o s e  f o r m e d  in deep ly  
s u b m e r g e d  f l o w b e c a u s e  of the  p r o x i m i t y  of the  f r e e  s u r f a c e .  It i s  s i m i l a r  to p l an ing ,  
wi th  the  s p r a y  f o r m i n g  the  u p p e r  s u r f a c e  of the  cav i ty .  S ince  the  c a v i t y  p r e s s u r e  is  

v 
Po 

(a) 

V S WATER 
PO ~ ~ O S P H E R E  

(b) 
Fig. 1 - Definition sketch: (a) supercavitating flow at finite 
cavitation number (or > 0), (b) supercavitating or ventilated 
flow near the free surface (or -~ O) 
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a p p r o x i m a t e l y  the  s a m e  as  the amb ien t  p r e s s u r e  (at s m a l l  dep ths  of s u b m e r s i o n ) ,  
the cav i t a t ion  n u m b e r  fo r  th is  type flow is  n e a r l y  z e r o .  The p r e s e n t  p a p e r  i s  con-  
c e r n e d  with the t h e o r e t i c a l  p r e d i c t i o n s  of the c h a r a c t e r i s t i c s  of p r a c t i c a l  hyd ro fo i l s  
ope ra t i ng  in the ven t i l a t ed  or  z e r o - c a v i t a t i o n - n u m b e r  r e g i m e .  

FORCES AND MOMENTS 

T w o - D i m e n s i o n a l  T h e o r y  

Fla t  P la t e ,  Infini te  Dep th - -The  c h a r a c t e r i s t i c s  of a t w o - d i m e n s i o n a l  inc l ined  f lat  
p la te  in an inf ini te  fluid, ope ra t i ng  at z e r o  cav i t a t ion  n u m b e r ,  have b e e n  obta ined  by 
Kirchof f  and Rayle igh  (9). The r e s u l t a n t  f o r c e  on the p la te  is  g iven by the  we l l -known  
equat ion 

2~  s i n  a 
Cn,f - 4 + ~ s in a '  (1) 

\ 

Flat  P la t e ,  F in i te  D e p t h - - S i m i l a r  work  was  p e r f o r m e d  by A. E. G r e e n  (4,10) to 
include the e f fec t  of the f r e e  s u r f a c e  (but neg lec t ing  gravi ty) .  The so lu t ion  is  n e c e s -  
s a r i l y  ob ta ined  in t e r m s  of s p r a y  t h i c k n e s s  ~ r a t h e r  than the m o r e  use fu l  dep th  of 
s u b m e r s i o n  and is  g iven  as  two p a r a m e t r i c  equa t ions  in t e r m s  of the  p a r a m e t e r  b: 

2 ( b  - b ~ -  1) s in a cos a (2a) 
C L = CN. f cos a = D - ma 

b - cos 
~/c = D (2b) 

w h e r e  

o:  E co o, o 1 

This  r e s u l t  i s  p lo t t ed  as  the v a r i a t i o n  of m with b/c for  v a r i o u s  ang les  of a t tack  
in Fig. 2. 

Although g rav i ty  is  n e g l e c t e d  in G r e e n ' s  so lu t ion ,  the f o r c e s  on the p la te  can  
s t i l l  be  ob ta ined  in t e r m s  of ~/c f r o m  Eq. (2) if the F roude  n u m b e r  V2/gc is  l a rge .  
On the o the r  hand, the r e l a t i o n s h i p  b e t w e e n  the s p r a y  t h i c k n e s s  and the ac tua l  leading 
edge depth of s u b m e r s i o n  cannot  be d e t e r m i n e d  f r o m  G r e e n ' s  t w o - d i m e n s i o n a l  
ana lys i s .  However ,  in the p r a c t i c a l  c a s e ,  at  s m a l l  ang les  of a t tack  the depth  of sub -  
m e r s i o n  and s p r a y  t h i c k n e s s  may  be taken  as  iden t ica l  even  at r e l a t i v e l y  sha l low 
dep ths .  F r o m  Fig. 2 it may  be s e e n  that  fo r  dep ths  g r e a t e r  than about l cho rd  the 
depth  and s p r a y  t h i c k n e s s  may  be c o n s i d e r a b l y  d i f f e r en t  without  a f fec t ing  the value 
of m. Thus at  dep ths  g r e a t e r  than about 1 chord  the a s s u m p t i o n  t h a t  d/c = ~/c is  
adequate  in d e t e r m i n i n g  the f o r c e s .  However  at l a r g e  ang les  of a t tack  and sha l low 
dep ths  a b e t t e r  r e l a t i o n s h i p  is  needed  b e t w e e n  d/c and ~/c if adequate  a c c u r a c y  is  to 
be main ta ined .  No t h e o r e t i c a l  so lu t ion  for  the r e l a t i o n s h i p  has  b e e n  obta ined.  How- 
e v e r ,  to give an idea  of the r e l a t i o n s h i p  b e t w e e n  t h e s e  v a r i a b l e s ,  e x p e r i m e n t a l l y  
obta ined l ines  of cons tan t  d/c for  an a s p e c t  r a t i o - I  f lat  p la te  a r e  shown in Fig.  2. 
E x p e r i e n c e  has  ~:hown that  t h e s e  l i nes  a r e  su f f i c i en t ly  a c c u r a t e  for  d e t e r m i n i n g  the 
value of m for  m o d e r a t e  a spec t  r a t i o s .  The l ines  of cons t an t  d/c w e r e  f a i r ed  to a 
value of a = 90 d e g r e e s  ob ta ined  f r o m  the equat ion  

8/c = d/c + f /c  (3) 
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Fig.  2 - G r e e n ' s  solut ion for the l i f t - c u r v e  slope of a two-  
d i m e n s i o n a l  f lat  p la te  (with a p p r o x i m a t e  l ines  of cons t an t  
d/c  ) 

w h e r e  f /c  is  the d i m e n s i o n l e s s  d i s t a n c e  f r o m  the l ead ing  edge to the s t agna t ion  l ine.  
The d i s t a n c e  f / c  can  be ob ta ined  f r o m  G r e e n ' s  work  and fo r  a = 90 d e g r e e s  is  

: [b ÷ % (4) 
c ~(b - ~ -  1) + In \b - 11 

w h e r e  b has  b e e n  p r e v i o u s l y  de f ined  in Eq. (2). Equat ion  (3) is  b a s e d  on the a s s u m p -  
t ion that  the s t agna t ion  l ine fo r  the condi t ion  a = 90 d e g r e e s  is  p a r a l l e l  to the  u n d i s -  
t u rbed  w a t e r  s u r f a c e .  

L i n e a r i z e d  Solut ion fo r  C a m b e r e d  Sec t ions  at  Inf ini te  Dep th - -The  c a s e  of c a m -  
b e r e d  s u r f a c e s  at  inf in i te  dep th  can  t h e o r e t i c a l l y  be an a l y zed  in two d i m e n s i o n s  by 
the me thod  of L e v i - C i v i t a  (10). However ,  l ike many  c o n f o r m a l  mapp ing  p r o b l e m s  the 
me thod  is  v e r y  d i f f icul t  to apply to a p a r t i c u l a r  con f igu ra t ion  and only a few s p e c i f i c  
so lu t ions  h a v e b e e n  obta ined.  A m o n g t h e s e  is  t h e w o r k  of R o s e n h e a d  (11) and Wu (12). 
Although the so lu t ion  of Wu is app l i cab le  in p r i n c i p l e  to a r b i t r a r y  s e c t i o n s ,  it has  b e e n  
c a r r i e d  out only fo r  the c i r c u l a r  a r c .  A p a r t i c u l a r  advan tage  of Wu ' s  so lu t ion  is  tha t  
it inc ludes  the e f f e c t s  of n o n z e r o  cav i t a t ion  n u mb er .  

The m o s t  usefu l  t r e a t m e n t  of c a m b e r e d  s u r f a c e s  is  the l i n e a r i z e d  t h e o r y  of Tulin 
and B u r k a r t  (1) which is  r e ad i l y  app l i cab le  to any s u r f a c e  con f igu ra t i on  (with p o s i t i v e  
l ower  s u r f a c e  p r e s s u r e s )  as  long as  the angle  of a t t ack  and c a m o e r  a r e  s m a l l .  The 
p r i n c i p a l  r e s u l t s  of th i s  l i n e a r i z e d  t h e o r y  a r e  s u m m a r i z e d  be low.  

The s u p e r c a v i t a t i n g  hydrofo i l  p r o b l e m  in the z p l ane  is  t r a n s f o r m e d  into an a i r -  
foi l  p r o b l e m  in the Z plane  by the r e l a t i o n s h i p  z = -/2.7.. Denot ing  p r o p e r t i e s  of the 
equ iva len t  a i r fo i l  with b a r r e d  s y m b o l s  and those  of the hydrofo i l  wi th  u n b a r r e d  
s y m b o l s ,  the fol lowing r e l a t i o n s h i p s  a r e  de r ived :  
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dy dy (~) = (~2) (5) 
Jx  ~xx 

6 (~) = u(,~ 2) (6) 

CL : Crn : 2 Ao + A1 - ( 7 )  

C D :  1 / 8 ~ ( ~ 2 )  : ~ .  o + . (8) 

- -  77 
Cm = Cm, 3 = 3 2  ( 5 A o  + 7 A 1  - 7A2 * 3 A 3  - A 4 / 2 )  • (9) 

T h e  c o e f f i c i e n t s  A a r e  t h e  t h i n  a i r f o i l  c o e f f i c i e n t s  in  t h e  s i n e  s e r i e s  e x p a n s i o n  of t h e  . . . .  .n . . 
a i r f o i l  v o r t m l t y  d ~ s t r l b u t l o n  

f i (x)  = 2V o co t  ~ + A n s i n  n (10a)  
n = l  

w h e r e  

1 x = ~ ~ (1 - cos  8) (0 < 8 _< 77) 

a n d  c a n  be  f o u n d  f o r  a g i v e n  c o n f i g u r a t i o n  f r o m  t h e  f o l l o w i n g  e q u a t i o n s :  

(10b) 

7r 

i f 0  d,2 A ° = - ~ ~ d3 + a = a + A' ° ( l l a )  

A n : ~ ~ c O S  n(~ d ~ ? .  (llb) 

T h e  f i r s t  t e r m  in  e q u a t i o n  (10a) ,  t h a t  i s ,  t h e  A o t e r m ,  i s  t h e  v o r t i c i t y  due  to  a n g l e  
of  a t t a c k  a n d  t h e  s e c o n d  t e r m  i s  t h a t  due  to  c a m b e r .  In o r d e r  to  i s o l a t e  t h e  e f f e c t s  of  
c a m b e r ,  Ao wi l l  be  c o n s i d e r e d  z e r o .  A n y  s e c t i o n  p r o f i l e  d e r i v e d  on  t h i s  b a s i s  w i l l  
a l s o ,  f o r  c o n v e n i e n c e ,  b e  o r i e n t a t e d  w i t h  r e s p e c t  to  t h e  ~ - a x i s  in  s u c h  a m a n n e r  t h a t  
A' = 0 .  F r o m  Eq.  (9a)  t h e s e  c o n d i t i o n s  r e q u i r e  t h a t  a a l s o  b e  e q u a l  to  z e r o .  T h u s ,  
tt~e d e r i v e d  o r i e n t a t i o n  i s  d e f i n e d  a s  t h e  z e r o - a n g l e - o f - a t t a c k  c a s e .  

W h e n  A i s  s e t  e q u a l  [o z e r o ,  t h e  h y d r o f o i l  l i f t / d r a g  r a t i o  f o r  a g i v e n  l i f t  c o e f f i -  o 
c i e n t  i s  o b t a i n e d  f r o m  E q s .  (7) a n d  (8) a s  f o l l o w s :  

( C L 1 - A2~ 
A V4 4 2C--L' (12) 

O b v i o u s l y ,  f o r  m a x i m u m  l i f t / d r a g  r a t i o ,  -A2/A 1 m u s t  be  a s  l a r g e  a s  p o s s i b l e .  H o w -  
e v e r ,  if t h e  a s s u m e d  c o n d i t i o n  t h a t  a c a v i t y  e x i s t s  o n l y  on  t h e  u p p e r  s u r f a c e  i s  to  b e  
r e a l ,  t h e  v o r t i c i t y  d i s t r i b u t i o n  g i v e n  b y  Eq.  (8) m u s t  b e  p o s i t i v e  in  t h e  i n t e r v a l  
0 < (? < ~;  t h a t  i s ,  t h e  p r e s s u r e  on  t h e  h y d r o f o i l  l o w e r  s u r f a c e  m u s t  be  p o s i t i v e  o v e r  
t h e  e n t i r e  c h o r d ,  o t h e r w i s e  a c a v i t y  w i l l  e x i s t  o n  t h e  l o w e r  s u r f a c e .  T h u s -  f o r  
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maximum hydrofoil lift/drag ratio,-A2/A x must be as large as possible and still 
satisfy the condition 

co 

f2(~) = 2V .~--i= A sin n8 _-> 0 (0 =< 8 <_- zr). (13) 

Tulin-Burkart Section--With the stipulation that the vorticity distribution is 
defined by only two terms in Eq. (13), Ref. 1 finds the optimum relationship between 
A I and A 2 as -A2/A 1 = I/2. This results in a hydrofoil configuration given by the 
equation 

c -  + ] (x) - 4  . (14) 

F r o m  Eq .  (7) the des ign  lift  coe f f i c i en t  (that is ,  fo r  a = 0) fo r  th is  s ec t ion  is  

5~A I 
CL,d : 8 (15) 

and the l i f t / d r a g  r a t i o  fo r  th is  condi t ion  as  obtained f r o m  Eq. (12) is  

L 25 I~_L 1 . 
5 : 4 -  (16) 

Since Tr/2C L represents the lift/drag ratio of a flat plate, the configuration given by 
Eq. (14) has a lift/drag ratio 25//4 times as great as that of the flat plate. When the 
hydrofoil given in Eq. (14) is operated at an angle of attack, the lift/drag ratio becomes 

2 
L a +~CL. d 

~ =  a +~-~4"~'L,d/ 2' (17) 

In Ref.  1 it  is  po in tedou t  that  conf igura t ions  s u p e r i o r  to the one g iven  by Eq. (14) a r e  
p o s s i b l e .  In Ref.  2 two such  s u p e r i o r  conf igura t ions  a r e  s e l ec t ed .  

Three-Term Section--If the vorticity distribution given by Eq. (10) is assigned 
three terms, it is shown in Ref. 2 that the optimum vorticity distribution for low drag is 

1 f}(~) = 2V A 1 ( s in  O - s in  28 + ~ sin 38) . (18) 

The shape of the hydrofo i l  c o r r e s p o n d i n g  to Eq. (18) is  

Y A I I  3/2 2 5/21 : 1-0 5 (x) _ 20 (x) + 80 (c) -64 (c) ' 

By using Eq. (7), the lift coefficient of this hydrofoil becomes 

CL= ~ + 

(19) 

(20) 

or for a = 0 the design lift coefficient is 

3vrA 1 
CL,d : 4 (21) 
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The  fo l lowing  d r a g  coe f f i c i en t  m a y  be  ob t a ined  by  u s i n g  Eq. (8): 

CD = 2 ~ + = 2 + 3~ / " ( 2 2 )  

F o r  ~ = 0, the  l i f t / d r a g  r a t i o  i s  

= q • "' ' - ( 2 3 )  

T h i s  v a l u e  is  n ine  t i m e s  a s  l a r g e  a s  t h a t  f o r  a f l a t  p l a t e  and  1.44 t i m e s  a s  l a r g e  a s  
the  va lue  fo r  the  hyd ro fo i l  of Ref.  1 w h e r e  L I D  = 25/4 (~/2CL).  The  fo l lowing  l i f t / d r a g  
r a t i o  m a y  b e  ob t a ined  fo r  f in i t e  a n g l e s  of a t t a c k  by  d iv id ing  Eq. (20) by  Eq. (22) 

2 
L cL +~CL, d 

a+ 3~r / 

F i v e - T e r m  S e c t i o n - - A n o t h e r  h y d r o f o i l  s e c t i o n  wh ich  t h 6 o r e t i e a l l y  h a s  l o w e r  
d r a g  t h a n  e i t h e r  of the  p r e v i o u s l y  d i s c u s s e d  p r o f i l e s  c a n  b e  o b t a i n e d  b y  a s s i g n i n g  t he  
fo l lowing  v a l u e  to Eq. (10) 

fl(~) = 2V A 1 ( s i n  0 - 4/3 s in  2B + 4/3 s in  30 - 2/3 s in  40.+ 1/3 s in  5 0 ) .  (25) 

The  s h a p e  of the  hyd ro fo i l  c o r r e s p o n d i n g  to Eq. (25) i s  

Y A I  I 5/2 : -  ~ - , 1 2 . o o o  ( i )  - 3 0 9 , 2  (x) 

3 7/21 (26) 
+ 35,840 (c )  - 15,360 (x )  . 

By u s i n g  Eq. (7), the  l i f t  coe f f i c i en t  of t h i s  h y d r o f o i l  m a y  be  g i v e n  as  

CL = 2 + (27) 

or  fo r  a = 0 the  d e s i g n  l i f t  coe f f i c i en t  i s  

5 ~ A  1 
eL, d = ~ "  (28) 

The following drag .coefficient is obtained by using Eq. (8): 

~ (29) CD=- ~ + = ~ + 

and for a = 0 the l i f t /drag  ratio is 

D -  9 • ( 3 0 )  

Thi s  l i f t / d r a g  r a t i o  is  about  11 t i m e s  as  l a r g e  a s  the  va lue  fo r  a f la t  p l a t e  a n d n e a r l y  
twice  a s  e f f i c i en t  a s  the  conf igu ra{ ion  of Ref.  1. 
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F o r  f in i te  ang l e s  of a t tack ,  

2 
L a + -  -- = 7TCL,  d 

D (a 3 ) 2 "  (31) 
+ ~ C L , d  

C i r c u l a r - A r c  S e c t i o n - - B e c a u s e  of the  g e o m e t r i c a l  s i m p l i c i t y o f  the  c i r c u l a r - a r c  
p r o f i l e ,  it  i s  d e s i r a b l e  to inc lude  i t s  c h a r a c t e r i s t i c s  so that  the c i r c u l a r  a r c  may  be 
c o m p a r e d  wi th  the  o the r  l o w - d r a g  s e c t i o n s .  Denot ing  the c e n t r a l  angle  sub tending  
the  c h o r d  a s  y and us ing  the  c h o r d  l ine a s  the r e f e r e n c e  ax is ,  the c o e f f i c i e n t s  for  the 
c i r c u l a r  a r c  d e t e r m i n e d  f r o m  the l i n e a r i z e d  t h e o r y  a r e  

A' 7 
o - - 8 (32a) 

A1 -- ~ (32b) 

A2 : - ~ (32c) 

A n = 0 (n > 2). (32d) 

Since  fo r  the  r e f e r e n c e  axis  used ,  A' o is  nega t ive ,  p o s i t i v e  l o w e r - s u r f a c e  p r e s -  
s u r e s  cannot  p o s s i b l y  be r e a l i z e d  n e a r  the l ead ing  edge u n l e s s  the angle  of a t tack is  
i n c r e a s e d  at l e a s t  to the point  w h e r e  a -  y/~ = 0. B e c a u s e  A n = 0 fo r  V > 2 and 
A 1 s in  ~ + A 2 s in  28 is  e v e r y w h e r e  p o s i t i v e  in the  i n t e r v a l  0 < ~ _-< ~, the  condi t ion  
a - y/8 = 0 is  su f f i c i en t  to s p e c i f y  p o s i t i v e  p r e s s u r e s  ove r  the e n t i r e  c h o r d  of the 
hydrofo i l .  A conven ien t  way of t r e a t i n g  the  c i r c u l a r - a r c  s e c t i o n  to make  it c o m p a r a b l e  
to the o t h e r  l o w - d r a g  s e c t i o n s  is  to r e o r i e n t  i t s  r e f e r e n c e  l ine an angle  :~/a above the  
c h o r d  l ine so that  fo r  th i s  o r i e n t a t i o n  A'o = 0 and a = 0. Us ing  th i s  new r e f e r e n c e  
l ine the lift  coe f f i c i en t  of the c i r c u l a r - a r c  s e c t i o n  is  

CL = ~ + Y (33) 

o r  fo r  a = 0 the  d e s i g n  l if t  coe f f i c i en t  is  

CL. d 
977 

= ~ Y. (34) 

The fol lowing d r a g  coe f f i c i en t  is  ob ta ined  by us ing  Eqs .  (8) and (34): 

C D : ~ -- ~ a + CL,  d 

and fo r  a = 0 the l i f t / d r a g  r a t i o  is  

(35) 

L 81 
D -  16 2 ~  (36) 

Th is  l i f t / d r a g  r a t i o  is  about 5 t i m e s  as  l a r g e  as  the value fo r  a f lat  p l a t e  and 
a l m o s t  as  g r e a t  as  the T u l i n - B u r k a r t  s ec t ion .  
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For finite angles of attack 

2 
g = a + ~ C L , d  

a + ~ C L ,  

Comparison of Sect ions--The shape of the four sect ions discussed in thepreceding  
paragraphs  are  shown for comparison in Fig. 3a, The p r e s su re  distribution on these 
sect ions is presented  in Fig. 3b, It may be noted that the location of maximum p r e s -  
sure moves r ea rward  with increase  in the rat io -A2/A 1, 

The l i f t /d rag  rat io given by Eqs. (17), (24), (31), and (37)are  compared in Fig. 4. 
The great  improvement  over  the L/D of a flat plate offered by posi t ively cambering 
the lower surface and operating at the design angle of attack is most encouraging. 
However, : :a~co~parison at what amounts to a fictional design angle of  attack is not 
justified. It is obvious f rom a s t ruc tura l  standpoint that hydrofoils with any strength 
must be operated at finite angles of attack (corresponding to the dashed lines in Fig. 
4). Thus the maximum l i f t /d rag  rat io for any section depends on the minimum angle 
at which it can be operated with a cavity f rom the leading edge. A meaningful com- 
par ison of the hydrofoil sect ions just d iscussed is not possible  unless the influence 
of the upper surface of the hydrofoil  is also included, for it is this surface which 
controls  the maximum l i f t /d rag  rat io of the section. Assuming infinite speed and thus 
ze ro  cavitation number,  it is c lear  that if any port ion of the upper surface becomes 
wetted, the lift wil l  decrease  and the drag increase .  Thus, a knowledge of the profi le  
of the given hydrofoil upper surface combined with the location of the upper cavity 
s t reaml ine  at var ious  angles of attack w i l l pe rmi t  the predict ion of the angle of attack 
at which the maximum l i f t /d rag  rat io will occur. Only on the basis  of maximum 
l i f t /d rag  rat io  can the best  supercavitat ing hydrofoil be selected.  A comparison of 
the var ious  sect ions based on calculated cavity s t reaml ine  locations and hydrofoil 
thickness is presented  in the last  sect ion of this paper. 

CL, d O~ 

- - .2  ! 

THREE TE RM.~.~ 

TULIN- BURKART ~ /C I  R C U L A ~  
I I ] I I I I I I I 

(a) 

3['- " THREE TE R M ~Z..,,,.,-, ~ 
/ / -  FIVE TERM-~---~ / /  

Cp 2r / FTULIN- B U R K A R T ~  '~ 

0 2 4 6 8 1.0 
.~X 
C (b) 

Fig. 3 - Shape and pressure distribution of four low-drag 
supercavitating hydrofoils; a = 0; infinite depth: (a) lower 
surface profile, (b) pressure distribution 
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Fig .  4 -  L i f t / d r a g  r a t i o s  for  l o w - d r a g  h y d r o f o i l s  c a l c u l a t e d  
f r o m  t w o - d i m e n s i o n a l  l i n e a r i z e d  t h e o r y  

The  p r a c t i c a l  u s e  of the  f o r m u l a s  p r e s e n t e d  in  the  p r e c e d i n g  d i s c u s s i o n  i s  a l s o  
l i m i t e d  by  the  a s s u m p t i o n s  m a d e  in t h e i r  d e r i v a t i o n .  In fac t ,  t he  r e s t r i c t i o n s  i m p o s e d  
by  the  a s s u m p t i o n s  of the  l i n e a r i z e d  t h e o r y  p r e v e n t  i t s  u s e  in  the  c a l c u l a t i o n  of the  
c h a r a c t e r i s t i c s  of h y d r o f o i l s  s u i t a b l e  f o r  u s e  a s  a i r c r a f t  l and ing  g e a r .  H e r e ,  b e c a u s e  
of the  h igh  h y d r o f o i l  l oads  on  n e c e s s a r i l y  t h i n  h y d r o f o i l s  the  a s p e c t  r a t i o  m a y  be  a s  
low as  I o r  2. A l so  the  hyd ro fo i l  m u s t  o p e r a t e  n e a r  the  f r e e  w a t e r  s u r f a c e  and  in 
s o m e  i n s t a n c e s  a t  l a r g e  a n g l e s  of a t t ack .  Thus ,  the  e f f e c t s  of t h e s e  v a r i a b l e s  on the  
c h a r a c t e r i s t i c s  of s u p e r c a v i t a t i n g  h y d r o f o i l s  ( p a r t i c u l a r l y  of c a m b e r e d  s e c t i o n s ) i s  
needed .  Much  of t h i s  i n f o r m a t i o n  c a n  be  o b t a i n e d  by  a d d i t i o n a l  a p p l i c a t i o n  of the  
l i n e a r i z e d  t h e o r y  c o m b i n e d  wi th  c e r t a i n  m o d i f i c a t i o n s  to  the  t w o - d i m e n s i o n a i  t h e o r y  
d i s c u s s e d  in p r e c e d i n g  p a r a g r a p h s .  

M o d i f i c a t i o n s  of Inf in i te  Depth  T h e o r y  

N o n l i n e a r  E q u a t i o n  fo r  Lif t  a t  In f in i te  D e p t h - - l f  (I = 0 r e f e r s  to  the  r e f e r e n c e  l ine  
which  m a k e s  A 0 = 0 ,  t h e n  Eq. (7) m a y  be  w r i t t e n  a s  

CL = -~ + AI - = ~ ((1 + % )  (38) 

w h e r e  =c i s  the  e f f e c t i v e  i n c r e a s e  in ang le  of a t t a c k  due to c a m b e r  (At - A2/2) .  Thus ,  
the  s o l u t i o n  fo r  c a m b e r e d  h y d r o f o i l s  i s  m e r e l y  the  f l a t - p l a t e  l i n e a r i z e d  s o l u t i o n  
~=/2 wi th  = r e p l a c e d  by  = + =c" T h i s  i s  exac t l y  a n a l o g o u s  to the  i n f l uence  of c a m b e r  
on  a i r f o i l s  in  an  in f in i t e  f lu id  w h e r e  t h e r e  i s  an  e f f e c t i v e  i n c r e a s e  in ang le  of a t t a c k  
due to the  c a m b e r .  By c a r r y i n g  t h i s  p r o c e d u r e  f u r t h e r ,  and  by  app ly ing  it  to  the  
r e s u l t a n t  f o r c e  r a t h e r  t h a n  the  l if t ,  the  n o n l i n e a r  s o l u t i o n  of Ray l e igh  b e c o m e s  a p p l i -  
c ab l e  to  a r b i t r a r y  c o n f i g u r a t i o n s  s i m p l y  by  r e p l a c i n g  ~ by  ~ + ~c ; t h a t  i s ,  

CN ~ 2~7 sin (= + %) 
4 + ~ s in  (~ + % ) "  (39) 
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The l if t  wi l l - then  be  

2n sin (a.+ ac) fl (40) 
CL ~ 4 + n sin (a + ac) cos . 

InEq .  (40), fi = a + E, w h e r e  e deno te s  the dev ia t ion  of the  r e s u l t a n t - f o r c e  v e c t o r  
f r o m  the n o r m a l  to the hydro fo i l  r e f e r e n c e  l ine.  F o r  l a rge  i, a lues  of a, e is  s m a l l  
c o m p a r e d  wi th  = and cos /3 ~ cos =. When a is  v e r y  s ma l l ,  e is  a m a x i m u m  and wil l  
a l m o s t  a lways  be l e s s  than  about  3 d e g r e e s ,  for  which the cos ine  is  v e r y  n e a r l y  1 or  
co s ine  (a + E) Y cos a ~ 1. T h e r e f o r e ,  cos /3 in equat ion  (38) may  be  r e p l a c e d  by 
cos a wi th  l i t t le  l o se  in a c c u r a c y  and g r e a t  gain  in s i m p l i c i t y .  Equat ion  (40) t hen  
b e c o m e s  

2~ sin ( a  + Cc) 
CL ~ 4 + ~ s in  (a + ac) cos a .  (41) 

For  a c i r c u l a r - a r c  hydrofo i l  of c e n t r a l  angle  y,  it  has  b e e n  shown in Eq. (33) 
tha t  a c = (9/15) 7. It has  a l so  b e e n  shown that  for  the c i r c u l a r  a r c  the  r e f e r e n c e  
l ine  mus t  be c h o s e n  at  an angle ~/8 to the cho rd  l ine so tha t  A' o = o .  The r e s u l t  
ob ta ined  by subs t i tu t ing  % = (9/15) 3~ into Eq. (41) is  c o m p a r e d  in Fig.  5 wi th  the  
l i n e a r  so lu t ion  of Tulin and B u r k a r t  (Eq. 38) and the  non l inea r  so lu t ion  of Wu (12) fo r  
two c i r c u l a r - a r c  p r o f i l e s .  The a g r e e m e n t  of Eq. ( 3 9 ) w i t h  the m o r e  exac t  so lu t ion  
of Wu is  good o v e r  the e n t i r e  r ange  of angle  of a t tack  f r o m  0 to 90 d e g r e e s .  S i m i l a r  
a g r e e m e n t  is  expec t ed  fo r  any conf igura t ion  of s m a l l  c a m b e r .  

The s u c c e s s f u l  mod i f i ca t ion  of the Rayle igh  equat ion to inc lude  c a m b e r e d  con-  
f i g u r a t i o n s  l eads  at once  to a s i m i l a r  mod i f i ca t ion  of the so lu t ion  of Green .  However ,  
in th i s  c a s e  the a r g u m e n t  fo r  r e p l a c i n g  a by ~ + a c is  v e r y  weak u n l e s s  the s e c t i o n  
c o e f f i c i e n t s  which d e t e r m i n e  a¢ a r e  known as  a funct ion  of the dep th  of s u b m e r s i o n .  

CENTRAL ANGLE, 
DEG . - . . . .  EXACT 

i 6 LINEAR THEORY 

. 5  

. 4  

CL .3 

.2 

.I 

I I i I I I 
0 IO 20 30 40 50 60 70 80 90 

a,DEG 

Fig. 5 - Two-dimensional theories for the lift coefficient of 
a circular-arc hydrofoil at infinite depth 
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L i n e a r i z e d  So lu t ion  f o r  Lif t  of C a m b e r e d  Sec t i ons  a t  F in i t e  D e p t h - - A n  e x a m i n a -  
t i on  of the  l i n e a r i z e d  e x p r e s s i o n s  fo r  the  l i f t  coe f f i c i en t  of a r b i t r a r y  fo i l s  a t  i n f in i t e  
dep th  and  a t  z e r o  dep th  r e v e a l s  t ha t  bo th  the  l i f t - c u r v e  s lope  and  the  i n c r e a s e  in ang le  
of a t t a c k  due to c a m b e r  do change  wi th  dep th  of s u b m e r s i o n .  At in f in i t e  dep th  the  
l i n e a r i z e d  e x p r e s s i o n  f o r  l i f t  coe f f i c i en t  i s  g i v e n  by  Eq. (33). At z e r o  dep th  the  l i f t  
coe f f i c i en t  m u s t  b e  o n e - h a l f  the  fu l ly  w e t t e d  v a l u e  o b t a i n e d  f r o m  t h i n - a i r f o i l  t h e o r y  
as  po in t ed  out  in  Ref.  13; t ha t  i s ,  

w h e r e  A 0 h and  A 1 h a r e  the  t h i n - a i r f o i l  c o e f f i c i e n t s  of the  s e c t i o n  in  the  hyd ro fo i l  
p l a n e  and  a r e  give'n by  the  e x p r e s s i o n s  

l dy 
Ao. h - 3 ~x d8 (43a) 

2 dy 
A1, h = ~ ~xx cos  ~ d ~ .  (43b) 

F o r  the  T u l i n - B u r k a r t  s e c t i o n  a t  z e r o  ang le  of a t t a c k  t h e s e  v a l u e s  m a y b e  d e t e r m i n e d  
a s  

AO, h = 0 . 2 2 7  A 1 (44a) 

AI, h = 1.151 A 1 . (44b) 

Thus ,  f r o m  Eqs .  (38) and  (42) i t  i s  s e e n  t ha t ,  fo r  a f l a t  p l a t e  at  s m a l l  ang l e s ,  the  l i f t  
coe f f i c i en t  goes  f r o m  ha /2  a t  in f in i t e  dep th  to na  at  z e r o  dep th  (as g i v e n  by  Green ) ,  
w h e r e a s  fo r  the  T u l i n - B u r k a r t  s e c t i o n  a t  z e r o  ang le  of a t t a c k  t h e s e  v a l u e s  a r e  
Tr(1.25 A 1 ) / 2  at  in f in i t e  dep th  and  77(O.8O2 A1) a t  z e r o  depth .  Al though  the  f l a t - p l a t e  
l i f t  coe f f i c i en t  d o u b l e s  in  going  f r o m  in f in i t e  to z e r o  depth ,  the  r a t i o  i s  on ly  1.28 fo r  
the  c a m b e r e d  s e c t i o n .  The  i m p o r t a n t  po in t  to note  i s  t ha t  the  va lue  of a c for  the  
T u l i n - B u r k a r t  s e c t i o n  c h a n g e s  f r o m  1.2S A1 to 0.802 A I .  

It i s  now d e s i r a b l e  to d e t e r m i n e  ~c fo r  f in i t e  d e p t h s  of s u b m e r s i o n .  T h i s  c a n  b e  
a c c o m p l i s h e d  by  mod i fy ing  the  l i n e a r i z e d  t h e o r y  of Ref.  1 to inc lude  the  e f f ec t s  of 
the  f r e e  w a t e r  s u r f a c e .  

R i g o r o u s  S o l u t i o n - - T h e  e f fec t  of the  f r e e  w a t e r  s u r f a c e  m a y  be  ob t a ined  by  
f ind ing  the  t r a n s f o r m a t i o n  which  wi l l  map  the  f r e e  w a t e r  s u r f a c e ,  the  hydro fo i l ,  and  
the  cav i ty  s t r e a m l i n e s  into the  r e a l  ax i s  of an  a u x i l i a r y  or  e q u i v a l e n t  a i r f o i l  p l a n e  
deno t ed  as  the  ~ p l a n e  to d i s t i n g u i s h  f r o m  the  Z p l a n e  u s e d  at  in f in i t e  depth .  The  
t r a n s f o r m a t i o n  r e q u i r e d  i s  

d 
Z : ~ (~ - ln~ - 1) (45) 

w h e r e  d is  the  dep th  of s u b m e r s i o n  of the  l ead ing  edge ,  o r  m o r e  e x a c t l y  the  s p r a y  
t h i c k n e s s  $. The  z p l a n e  and i t s  t r a n s f o r m a t i o n  in the  ~ p l a n e  a r e  s h o w n  in Fig.  6. 
In the  l i n e a r i z e d  t h e o r y  d e v e l o p e d  in Ref.  1 p o i n t s  of c o r r e s p o n d i n g  p e r t u r b a t i o n  
v e l o c i t i e s  u and  v r e m a i n  c o n s t a n t  in  the  t r a n s f o r m a t i o n ;  t h e r e f o r e ,  the  b o u n d a r y  
cond i t i ons  shown in the  z p l a n e  a r e  s h o w n  in the  ~ p l a n e  in t h e i r  c o r r e s p o n d i n g  l o c a -  
t i o n s .  The  p o t e n t i a l  f low p r o b l e m  shown  in the  ~ p l a n e  is  e x a c t l y  the  t h in  a i r f o i l  
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Fig.  6 - T r a n s f o r m a t i o n  of hydrofo i l  at f in i te  dep th  to 
e q u i v a l e n t  a i r f o i l  

p r o b l e m .  It i s  we l l  known tha t  the  t h in  a i r f o i l  p r o b l e m  can  be  s o l v e d  by  d i s t r i b u t i n g  
v o r t i c e s  a long  the  c h o r d  so  tha t  the  cond i t ion  ~ = (d,)/dR)V i s  s a t i s f i e d  (14). The  
d e s i r e d  d i s t r i b u t i o n  of v o r t i c i t y i s  ~(R) a s  g i v e n  in Eq. (8). Wi th  fi(~) known,  G(~) and  
~(~) a r e  known.  T h e s e  v a l u e s  of n and  ~ on the  a i r f o i l  a r e  e x a c t l y  the  s a m e  as  the  
v a l u e s  of u and  v on the  hyd ro fo i l  if the  r e l a t i o n s h i p  b e t w e e n  x and  ~ s a t i s f i e s  the  
equa t i on  

x : ~ x  - In (I + ~ (46) 

Equation (46)is obtained directly from Eq. (45)by noting that ~ = i + ~. Dividing Eq. 
(46) through by c gives 

× 1 d [~ In (1 + ~ ) ]  (47)  - -  = - _ _ 

c ~ c  

x 
W h e n  c = l ,  ~ = ~, t h e r e f o r e  

d _ 

c ~ - I n  ( l  + ~ )  " (48) 

Using  Eqs .  (47) and  (48) the  r e l a t i o n s h i p  b e t w e e n  x/c and  %/e m a y  be  d e t e r m i n e d  fo r  
b o t h p o s i t i v e  and  nega t i ve  v a l u e s  of ~/~.  It c an  b e  s e e n  in Fig.  6b t h a t  n e g a t i v e  v a l u e s  
of ~/~ c o r r e s p o n d  to p o i n t s  in  f r o n t  of the  a i r f o i l  wh ich  in t u r n  a r e  r e l a t e d  to p o i n t s  
on  the  u p p e r  cav i ty  s t r e a m l i n e .  The  r e l a t i o n s h i p  b e t w e e n  ~/6 and  x/c is  p r e s e n t e d  in  
Fig.  7. Wi th  the  a id  of Fig.  7 and  a knowledge  of t h i n - a i r f o i l  t h e o r y t h e  s o l u t i o n  t o t h e  
s u p e r c a v i t a t i n g  hyd ro fo i l  p r o b l e m  at  f in i t e  d e p t h  i s  e a s i l y  d e t e r m i n e d .  The  w o r d  
e a s i l y  r e f e r s  to  the  c o m p r e h e n s i o n  of the  so lu t ion ;  the  a c t u a l  l a b o r  i s  c o n s i d e r a b l y  
i n v o l v e d  b e c a u s e  of the  n e c e s s i t y t o  f r e q u e n t l y  r e s o r t  to  p lo t t i ng  c u r v e s  and  e m p l o y i n g  
a p l a n i m e t e r .  
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F i g .  7 - T he  i n f l u e n c e  of  d e p t h  of s u b m e r s i o n  on  t h e  r e l a t i o n -  
s h i p  b e t w e e n  p o i n t s  in  h y d r o f o i l  a n d  e q u i v a l e n t  a i r f o i l  p l a n e s  

The  p r o c e d u r e  fo r  d e t e r m i n i n g  the  p r e s s u r e  d i s t r i b u t i o n  and  t hus  the  f o r c e s  and  
m o m e n t s  on  a h y d r o f o i l  a t  a r b i t r a r y  dep th  i s  a s  fo l lows:  

1. The  s h a p e  of the  h y d r o f o i l  i s  known a s  y = y(x) and  thus  

d y _  dy d y ( x )  
dx dx (x)  or  ~x ~ " 

2. The  s lope  of the  e q u i v a l e n t  a i r f o i l  a t  t he  po in t  ~ i s  e x a c t l y  the  s a m e  as  the  
s lope  of the  h y d r o f o i l  ~.y/~x(x/c) w h e n  x/c and  ~/~ a r e  r e l a t e d  as  s h o w n  in Fig.  7. 
Thus  dy /d~(~ /e )  i s  found. 

3. The  v o r t i c i t y d i s t r i b u t i o n  on the  a i r f o i l  i s  t hen  o b t a i n e d  f r o m  Eqs .  (8) and  (9). 

4. The  p e r t u r b a t i o n v e l o c i t y  5 in t e r m s  of the  v o r t i c i t y  fl i s  g i v e n  b y t h e  e q u a t i o n  

1 x 

Thus  the  v e l o c i t y  ~(r¢/~) i s  d e t e r m i n e d  a t  e v e r y  po in t  a long  the  a i r f o i l .  

5. The  p e r t u r b a t i o n  v e l o c i t y  u (x / c )  on the  hyd ro fo i l  i s  e x a c t l y  the  s a m e  a s  the  
v e l o c i t y  ~(~/~)  if ~¢/~ and  x/c a r e  r e l a t e d  as  s h o w n  in Fig.  7. T h u s  the  v e l o c i t y  
u (x / c )  i s  d e t e r m i n e d .  

6. Step 5 a l s o  d e t e r m i n e s  the  l i n e a r i z e d  p r e s s u r e  coe f f i c i en t  s i n c e  cp i s  g i v e n  
by  the  e q u a t i o n  

P - P~ u • 
Cp q V 

o r  
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Cp = A: co t  ~ + ' Z  An s i n  nO 

w h e r e  0 is  r e l a t e d  to x/c by Eq. (lOb) and Fig.  7. 

(s0) 

7. With a knowledge  of C o ( x / c ) t h e  l i f t ,  d rag ,  and m o m e n t  c o e f f i c i e n t s  a r e  
d e t e r m i n e d  as  

i 

c :f c° 
0 

(51a) 

o 

f C m : C, c c • (51c) 
o 

A p p r o x i m a t e  So lu t ion- -The  ca l cu l a t ions  by the  r i g o r o u s  me thod  out l ined  above 
w e r e  so c u m b e r s o m e  that  the so lu t ion  by th i s  me thod  w a s  abandoned  when  an a p p r o x i -  
m a t e  m e thod  was  d i s c o v e r e d .  The a p p r o x i m a t e  me thod  con t inues  wi th  the s i m p l e  
t r a n s f o r m a t i o n  2 = - ¢~ used  in Ref. 1. The advan tage  of the  s i m p l e r  t r a n s f o r m a t i o n  
is  tha t  if the v o r t i c i t y  d i s t r i b u t i o n  in the p r e s e n c e  of the w a t e r  s u r f a c e  can be 
d e t e r m i n e d  in the  Z p lane ,  the s i m p l e  Eqs .  (7) and (9) fo r  the lift  and m o m e n t  coe f f i -  
c i en t  wi l l  s t i l l  be  app l icab le .  It i s  shown in Ref. 3 tha t  the  inf luence  of the f r e e  s u r -  
f ace  o n t h e  equiva len t  a i r fo i l  i n t h e  2 p lane  c a n b e  a p p r o x i m a t e d  by  loca t ing  a s i n g u l a r  
v o r t e x  in the p o s i t i o n  shown in Fig.  8. The s t r e n g t h  of t h i s  v o r t e x  r i i s  equiva len t  to 
the  to ta l  c i r c u l a t i o n  about  the  a i r fo i l .  Us ing  the mode l  shown in Fig.  8 and equat ing 

l----ac +c ~F~-" T- --a~'--- I /-CENTER OF PRESSURE 

~x 
TRANSFORMED 
FREE SURFACE/J'~ 

f i . O ~ \  \ 

Fig.  8 - L i n e a r i z e d  mode l  for  ca lcu la t ing  the ef fec t  of depth 
of s u b m e r s i o n  on the vo r t i c i t y  d i s t r i b u t i o n  of the equiva len t  
a i r fo i l  s ec t ion  us ing the Z = - ¢ ~  t r a n s f o r m a t i o n  
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t he  a i r f o i l  s l ope  a t  the  po in t  g to the  s t r e a m l i n e  s l o p e s  i nduc e d  by  the  s u m  of the  
a i r f o i l  v o r t i c i t y  and  the  i m a g e  v o r t e x ;  the  a i r f o i l  v o r t i c i t y  w a s  d e t e r m i n e d  i n  

Ref.  3 a s  

fl(~) : 2v o cot 5 + c ,  s in  n0 (52) 
n=l  

w h e r e  

Ao(4+B I) + AIB ° 
Co : 4 + B 1 - 2B o (53a) 

2AI (2 -B  o) - 2AoB 1 
CI : 4 + B I - 2B ° (53b) 

( 2 A °  + AI)Bn (53C) 
Cn = An 4 + B 1 - 2B ° " 

Th e  B c o e f f i c i e n t s  a r e  g i v e n  in  Fig .  9 in t e r m s  of the  c e n t e r  of p r e s s u r e  l o c a t i o n  
a~ w h e r e  a i s  g i v e n  by  the  e q u a t i o n  

C 2 
I C° + c I  2 

a - 4 C 1 ( 5 4 )  
C o + - ~  

Th e  A c o e f f i c i e n t s  (Eqs .  53) a r e  the  s e c t i o n  c o e f f i c i e n t s  f o r  in f in i t e  depth .  

Th e  c c o e f f i c i e n t s  a r e  c o m p u t e d  by  i t e r a t i o n ;  tha t  i s ,  a v a l u e  of a i s  a s s u m e d ,  
the  B c o e f f i c i e n t s  a r e  ob t a ined  f r o m  Fig .  9, a nd  the  C c o e f f i c i e n t s  d e t e r m i n e d  f r o m  
Eqs .  (53). If the  va lue  of a d e t e r m i n e d  f r o m  Eq. (54) d o e s  not  a g r e e  wi th  the  o r i g i n a l  
a s s u m p t i o n ,  the  p r o c e d u r e  s h o u l d  be  r e p e a t e d .  

If the  C c o e f f i c i e n t s  a r e  d e t e r m i n e d  for  the  c a s e  of a o r  A o : 0, t he  r a t i o  of the  
l i f t  c o e f f i c i e n t  due  to c a m b e r  a t  f in i t e  dep th  to the  l if t  c o e f f i c i e n t  due  to c a m b e r  a t  
i n f in i t e  d ep th  m a y  be  d e t e r m i n e d  f r o m  the  fo l lowing  equa t ion :  

C 2 

~=o A s - ~-  

Th e  v a l u e s  o f  (CL/CL ~ ) a =  0 g i v e n  by  Eq. (55) f o r  the  four  s e c t i o n s  of i n t e r e s t  a r e  
p r e s e n t e d  in  Fig.  10. 

Th e  t r u e  l i n e a r i z e d  l i f t - c u r v e  s l ope  m fo r  f in i t e  d e p t h s  of s u b m e r s i o n  in the  e q u a -  
t i on  C L = m.~ + ~e" i s  t ha t  s h o w n  in Fig.  2 fo r  ~ = 0. T h e r e f o r e ,  the  e f f e c t i v e  a ng l e  J 
of a t t a c k  due  to c a m b e r  ~c i s  ob t a ined  f r o m  the  fo l lowing  r e l a t i o n s h i p :  

- , ,  • ( 5 0 )  
-2- G,c, co ~=0 
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Fig. 9 - The B coefficients (a) B o andB I, (b)B 2 , B 3 , 
" and B 4 

ac _ ~ CL 

a c . ~  2m(a=o) CL,m 

V a l u e s  of a t ~ a t  ~ a r e  p l o t t e d  a g a i n s t  d / c  in  F i g .  11 f o r  t h e  T u l i n - B u r k a r t ,  t h e  
c i r c u l a r - a r c ,  a n d  t h e  t h r e e - t e r m  a n d  f i v e - t e r m  s e c t i o n s .  
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F ig .  10 - Inf luence  of depth  of s u b m e r s i o n  on the  lift  coe f f i -  
c i en t  of c a m b e r e d  sect, ions  o p e r a t i n g  at the d e s i g n  angle  of 
a t t a ck  (a = 0). 
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c 

Fig .  11 - I n f l u e n c e  of depth  of s u b m e r s i o n  on the e f fec t ive  
ang le  of a t t ack  a of c a m b e r e d  s e c t i o n s  o p e r a t i n g  at the 
d e s i g n  angle  of a t t ack  (a--O) 

Equation (57) is obviously limited by the linearizing assumptions made in its 
derivation. An important limitation is due to the assumption that the free surface is 
always horizontal and thus ~/c = d/c. At small depth/chord ratios and particularly 
for large magnitudes of camber the free water surface is not horizontal and ~/c ~ d/c. 
Thus, for small values of d/c and large magnitudes of camber the values of %/%,= 
given in Fig. 11 are probably too low. 

N o n l i n e a r  E q u a t i o n  fo r  Li f t  a t  F in i t e  D e p t h - - W i t h  a knowledge  of the a ng l e  of 
a t t a c k  due  to c a m b e r  % a t  f in i te  d e p t h s  of s u b m e r s i o n ,  G r e e n ' s  s o l u t i o n  i s  now m o d i -  
f ied  to  i n c lu de  c a m b e r  b y t r e a t i n g  the  e f f ec t i ve  a ng l e  of a t t a c k  a s  ~ + % ,  w h e r e  % i s  
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obtained f rom Fig. 11. This is exactly the method used in modifying the Rayleigh 
equationto obtain the nonlinear approximation for the lift  coefficient at infinite depth. 
With this assumption, the resu l tan t - force  coefficient for a cambered hydrofoil  at any 
posit ive depth of submers ion is obtained in t e r m s  of the spray thickness 8/c f rom 
Eqs.  (2) as 

CN{~} = CN.f{a + %}. (58) 

Equation (58) states that the resul tant  force on a cambered section is  approximated 
by replacing a in Green ' s  solution for a flat plate by the effective a n g l e  of attack 

+ % .  It will  be shown that the resul tant  force will  deviate only slightly f rom the 
normal  (as previously pointed out for the condition of infinite depth) and there fore  

CL{CL } = CN, f{ct + ac} cos a ,  (59) 

Three-Dimensional Theory at Finite Depth--Lift--The flow about a supercavitating 
hydrofoil may be constructed by a suitable combination of sources and vortices. The 
vortices contribute unsymmetrical velocity components an d lift; the sources con- 
tribute symmetrical components which provide thickness for the, cavity but no lift. 
For a finite span the vortices cannot end at the tips of the foil, and a system of hot. se- 
shoe vortices must be combined with the sources to describe the flow. If it is 
assumed that the influence of finite span on the two-dimensional lift coefficient is due 
to the effects of the trailing vorticity, then the resulting effect of aspect ratio is 
exactly the same as for a fully wetted airfoil. Jones (15) gives the lift of a fully 
wetted el l ipt ical  flat plate as 

1 
E L = ~ 2~(a - ~i) (60) 

where E is the rat io  of s emipe r ime t e r  to the span and a i is the induced angle of attack 
caused by the trai l ing vort ic i ty .  Thus the effect of aspect  ra t io  i s , t o  d e c r e a s e  the 
two-dimensional  lift curve slope by a factor 1/E and to decrease  the effect ive angle 
of attack by an increment  a i. Therefore  for the finite aspect  ra t io  supercavi tat ing 
hydrofoil at infinite depth Eq. (38) is ,modified to give 

l 71 (Ct + ~C 
C L , 1  = ~ 2 ,. - a l )  (6i) 

or more  general ly  for finite depth, Eq. (59) becomes 

1 
CL,  1 ~ E CN, f { a  + a c - a i} c o s  a 

where for rectangular  plan form of aspect  rat io A,E = (A + 1)/A and 

CL,  1 
% = %-K- (1 + ~) 

(62) 

(63) 

where ~ is a correc t ion  for plan form (see Ref.  14). 

Another effect due to finite aspect rat io is the concept of additional lift due to 
crossflow (5,16). This crossflow lift is assumed due to the drag on the hydrofoil con- 
tr ibuted by the component of f r e e - s t r e a m  velocity normal  to the hydrofoil.  In the 
present  case of zero  cavitation number, the crossflow drag coefficient is the Rayleigh 
value, 0.88. Since this lift is caused only by the spanwise flow (flo~v arodild the ends 
of the plate) it is also modified to account for the aspect ra t io  by the JOnes' edge 
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c o r r e c t i o n ,  1/E. S ince  only  the  s p a n w i s e  f low i s  c o n s i d e r e d ,  E i s  now the  r a t i o  of 
s e m i p e r i m e t e r  to  cho rd .  B e c a u s e  the  flow be ing  c o n s i d e r e d  i s  n o r m a l  to  the  p l a t e ,  
the  induced  ang le  f o r  t h i s  flow i s  z e r o .  Thus  fo r  a f l a t  p l a t e ,  t he  c r o s s f l o w  l i f t  
CL, c i s  

_ 1 
CL,c  A + 1 0 . 8 8  s l n 2 a  cos  a .  (64)  

No e x p e r i m e n t a l  o r  t h e o r e t i c a l  i n f o r m a t i o n  on  the  c r o s s f l o w  l i f t  of c a m b e r e d  
s u r f a c e s  i s  a v a i l a b l e  in  the  l i t e r a t u r e .  In o r d e r  to  a p p r o x i m a t e  t h i s  c o m p o n e n t  the  
fo l lowing a s s u m p t i o n s  a r e  made :  (a) the  c r o s s f l o w  f o r c e  a c t s  n o r m a l  to  the  h y d r o f o i l  
c h o r d  l ine ,  and  (b) the  e f f ec t i ve  d i r e c t i o n  of the  f r e e  s t r e a m  on the  p l a t e  i s  a l t e r e d  
by the  i n c r e a s e  in ang le  of a t t a c k  due to  c a m b e r  % .  Thus ,  the  c r o s s f l o w  l i f t  on  
c a m b e r e d  s e c t i o n s  i s  a s s u m e d  to  be 

CL,c  ~ 1 A + ~  0 . 8 8  s i n 2 ( a  ' + a c )  c o s  a '  (65) 

w h e r e  a '  = a + a , in  w h i c h  a i s  the  i n c l i n a t i o n  of the  c h o r d  l i ne  to  the  r e f e r e n c e  
l ine  of the  s e c t i o n  (pos i t i ve  if ° the  c h o r d  l ine  i s  be low the  r e f e r e n c e  l ine) ,  and  % i s  
ob ta ined  f r o m  Fig .  11 fo r  the  dep th  of i n t e r e s t .  

The to ta l  l i f t  on a f in i t e  a s p e c t  r a t i o  hyd ro fo i l  o p e r a t i n g  n e a r  the  f r e e w a t e r  s u r -  
face  i s  t h e r e f o r e  ob t a ined  by add ing  Eq.  (65) to  Eq .  (62) to  g ive  

CL(a ) ~ A C n , f { a  + a - 1 a '  c a I} c o s  a + ~ - ~  0 . 8 8  s i n 2 ( a ~ ' a c  ) c o s  . (66) 

In v iew of the  v e r y  a p p r o x i m a t e  n a t u r e  of Eq .  (65) i t  i s  d e s i r a b l e  to  e x a m i n e  the  
e f f ec t  of t h i s  c r o s s f l o w  t e r m  on the  t o t a l - l i f t  coe f f i c i en t .  F o r  a T u l i n - B u r k a r t ,  a s p e c t -  
r a t i o - 1  s e c t i o n  (A 1 = 0.2) o p e r a t i n g  a t  d /c  = 0.071 the  r a t i o  of the  c a l c u l a t e d  c r o s s -  
flow lift ,  C L to the  c a l c u l a t e d  t o t a l  l i f t  w a s  0.157 a t  ~ = 4 d e g r e e s  and 0.263 a t  a = 
2 0 d e g r e e s .  ' F o r  a f i v e - t e r m  s e c t i o n w i t h  A 1 = 0.075,  a s p e c t  r a t i o  = 3, and  d/c = 0.071,  
the  r a t i o  h a s  b e e n  c a l c u l a t e d  a t  0 .014 a t  a = 4 d e g r e e s  and  0.072 a t  ~ = 20 d e g r e e s .  
Thus  any i n a c c u r a c i e s  in  the  c r o s s f l o w  l i f t  as  compu ted  by Eq.  (65) wi l l  a p p r e c i a b l y  
a f fec t  the  t o t a l - l i f t  coe f f i c i en t  a t  l a r g e  ang le s ,  s m a l l  a s p e c t  r a t i o s ,  and  l a r g e  c a m b e r s .  
On the  o t h e r  hand  a t  h i g h e r  a s p e c t  r a t i o s  and  s m a l l  c a m b e r s ,  e r r o r s  in  the  c r o s s f l o w  
c o m p o n e n t  do not  g r e a t l y  i n f l uence  the  t o t a l  c a l c u l a t e d  l i f t .  

E q u a t i o n  (66) m ay  be w r i t t e n  in t e r m s  of the  s lope  m (given in Fig .  2) a s  

A cos a 1 
CL : ~ - i  m(~ + % - ~ i )  c o s ( ~ T ~  - ~ i ) + A ~ - i  0 S S  s i~2(~ ' + % )  cos ~ '  (67) 

w h e r e  a c i s  ob t a ined  f r o m  Fig .  11 fo r  the  d e p t h - c h o r d  r a t i o  of i n t e r e s t  and  a i i s  
ob t a ined  f r o m  Eq.  (63). In Eq.  (63) CL. I i s  the  f i r s t  t e r m  in  Eq.  (67). E q u a t i o n  (67) 
i s  s o l v e d  by i t e r a t i o n  and the  c o n v e r g e n c e  i s  qui te  r a p i d .  

D r a g - - T h e  d r a g  coe f f i c i en t  of a s u p e r c a v i t a t i n g  h y d r o f o i l  of f in i t e  a s p e c t  r a t i o  
o p e r a t i n g  at  z e r o  c a v i t a t i o n  n u m b e r  and  f in i t e  dep th  of s u b m e r s i o n  i s  

C D : CL. 1 t an (a  + ¢) + CL. c tan  a '  + Cf (68) 

w h e r e  CL. 1 i s  the  f i r s t  t e r m  in  Eq.  (67) and e i s  the  d e v i a t i o n  of the  r e s u l t a n t - f o r c e  
v e c t o r  f r o m  the  n o r m a l .  F o r  a f la t  p l a t e  e = o ,  a '  = a, and t hus  C D = c L tan  a + Cf .  
F o r  c a m b e r e d  s u r f a c e s  s i m i l a r  to  the  c i r c u l a r - a r c  o r  T u l i n - B u r k a r t  s ec t i on ,  e 
b e c o m e s  v e r y  s m a l l  a t  l a r g e  a n g l e s  of a t t a c k  and  m a y b e  n e g l e c t e d ;  h o w e v e r ,  a t  s m a l l  
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a n g l e s  of a t t ack ,  the  e f fec t  of • on the  d r a g  coe f f i c i en t  c a n n o t  be  n e g l e c t e d .  An 
a p p r o x i m a t i o n  to the  va lue  of • can  be m a d e  by d e t e r m i n i n g  i t s  v a l u e  f r o m  the  two-  
d i m e n s i o n a l  l i n e a r i z e d  so lu t ion  and t hen  modi fy ing  the  r e s u l t  for  the  c a s e  of f in i t e  
a n g l e s  of a t t a c k  and a s p e c t  r a t i o .  E i t h e r  the  r i g o r o u s  o r  a p p r o x i m a t e  m e t h o d s  of 
ob ta in ing  the  l i n e a r i z e d  d r a g  coe f f i c i en t  m ay  be used .  Us ing  the  a p p r o x i m a t e  m e t h o d  
of d e t e r m i n i n g  the  i n f l uence  of the  f r e e  w a t e r  s u r f a c e  on t he  e q u i v a l e n t  a i r f o i l  in  the  
7. p l ane ,  i t  i s  shown in Ref.  3 t ha t  the  v a l u e  of e m a y  be d e t e r m i n e d  f r o m  the  fo l lowing  
equat ion:  

(C  I - 2C2)  A 1 + ( 2 C  ° + 2C I + C 4 )  A 2 - A 4 C 2 

4 (Co +c I - ~ I  (69) 

w h e r e  the  C coe f f i c i en t s  a r e  ob ta ined  f r o m  E q s .  (53). The  va lue  of • g i v e n  by Eq.  
(69) i s  adequa t e  only for  the  c a s e  of s m a l l  ang le  of a t t a c k  and c a m b e r  and  dep th  
c h o r d  r a t i o s  l a r g e r  t h a n  about  i .  F o r  l a r g e  a n g l e s  of a t t ack ,  l a r g e  c a m b e r ,  and  f in i t e  
a s p e c t  r a t io ,  i t  i s  po in t ed  out in Ref.  3 t h a t  an e f f e c t i v e  dep th  of s u b m e r s i o n  ( d / c ) e  
shou ld  be u s e d  in d e t e r m i n i n g  the  C c o e f f i c i e n t s  in Eq.  (69). The  v a l u e  of (d / c )  e i s  
t h e v a l u e  of d/e on the  a = 0 l ine  in  Fig .  2 c o r r e s p o n d i n g  to t h e v a i u e  of m = m e w h e r e  

C L ~ m { ~  + a c  - a i  } 

me -- CL,  m 2 - m ( a  + a c - ct i} ~ 2 "  ( ~ 0 )  , 

T h e v a l u e  of the  c c o e f f i c i e n t s  a r e  t h e n  d e t e r m i n e d  fo r  ( d / e )  e and A ° = a - % .  I t  h a s  
b e e n  found a f t e r  s e v e r a l  c a l c u l a t i o n s  t h a t  the  va lue  of • i s  no t  g r e a t l y  a f f ec t ed  by the  
dep th  of s u b m e r s i o n .  

C e n t e r  of p r e s s u r e - - T h e  l i n e a r i z e d  e x p r e s s i o n  for  the  c e n t e r  of p r e s s u r e  of a 
f i n i t e - a s p e c t - r a t i o ,  s u p e r e a v i t a t i n g  hyd ro fo i l  o p e r a t i n g  a t  z e r o  c a v i t a t i o n  n u m b e r  and  
f in i te  dep th  of s u b m e r s i o n  i s  

C 4 
Cm, l 1 5C0 + 7CI - 7C2 + 3(23 - 2 -  

w h e r e  the  c c o e f f i c i e n t s  a r e  d e t e r m i n e d  a t  the  e f f e c t i v e  dep th  of s u b m e r s i o n  g i v e n  
b y E q .  (70)and  fo r  A 0 = a - % .  S u p e r i m p o s e d  on t h i s  f l o w i s  the  c r o s s f l o w  c o m p o n e n t  
of l i f t  wh ich  i s  a s s u m e d  to be d i s t r i b u t e d  u n i f o r m l y  o v e r  the  c h o r d  and  a c t i n g  in  a 
d i r e c t i o n  n o r m a l  to  the  c h o r d  l ine .  Thus ,  the  d i s t a n c e  f r o m  the  l e ad ing  edge  to  the  
c e n t e r  of p r e s s u r e  of the  c r o s s f l o w - l i f t  c o m p o n e n t  xc.p. ,c i s  g i v e n  by 

x . o . . c  = 0 . 5 e .  C / 2 )  . 

Admi t t ed ly ,  t h i s  a s s u m p t i o n  i s  c r u d e  and  a c c u r a t e  only  fo r  a f ia t  p l a t e .  F o r  c a m b e r e d  
s u r f a c e s  the  c r o s s f l o w  wi l l  no t  be  u n i f o r m l y  d i s t r i b u t e d  and  fo r  l o w - d r a g  c a m b e r e d  
s e c t i o n s  s u c h  a s  the  f i v e - t e r m  s e c t i o n  the  c r o s s f l o w  i s  p r o b a b l y  c o n c e n t r a t e d  on t he  
r e a r w a r d  p o r t i o n  of the  hyd ro fo i l .  

By c o m b i n i n g  E q s .  (71) and  (72) the  c e n t e r  of p r e s s u r e  of the  c o m b i n e d  f lows  i s ,  
t h e r e f o r e ,  

C L , I  X c . p . , l  + 0 . S t  L c 1 
x c . . .  : eZ ' c .  ( 7 3 )  
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As in the case of e, a few calculations r evea l  that a fa i r  approximation for x¢ .9.. 1 
obtained by using C O = a -  a i andC ,  = A i n E q .  (71). 

is  

Comparison Between Theory and Exper iment  

Lif___tt--In Fig. 12 the lift coefficient as given by Eq. (67) is compared with expe r i -  
mental data obtained on four different  hydrofoils operating venti lated near  the f ree  
surface.  These models were  

1. Flat  plate, a s p e c t - r a t i o - l ,  d/c = 0.071 

2. Tul in-Burkar t  section, CL.d = 0.392, a s p e c t - r a t i o - l ,  d/c = 0.071 

3. F i v e - t e r m  section, CL.d = 0.392, a s p e c t - r a t i o - l ,  d/c = 0.141 

4. F i v e , t e r m s e c t i o n ,  CL, d = 0.196, a spec t - ra t io -3 ,  d/c = 0.141. 

The models were  tested in Langley tank No. 2 at speeds between 20 and 80 fps  and in 
the high-speed facil i ty at speeds up to 180 fps. All force and moment  coefficients  
obtained in the venti lated condition were  found to be independent of speed. It may be 
seen that the exper imental  l ift  coefficients  obta inedwere  in excel lent  agreement  with 
the theory. 

In Fig. 13 the theory is  compared with exper imenta l  data obtained on the four 
models at an angle of' attack of 20 degrees  operating venti lated for a range of depths 
of submersion.  Again the theory is in excel lent  agreement  with the data. It should be 
noted that the depth of submers ion  over  the range of d/c f rom 0 to 1.0 has only a 
small  effect on the value of CL, par t icu la r ly  for the highly cambered model 3. The 
g rea tes t  influence of depth is found for the fiat p la tewhere  the lift coefficient  at ze ro  
depth is about 25% g rea t e r  than that claculated for the infinite depth. 

ASPECT _d 
EXP THEORY SECTION CL, d RATIO C 

o FLAT 0 I O? I 
n TUUN - BURKART 3 9 2  I .071 
<> FIVE TERM 3 9 2  I .I 4 I 

"5 1-- ,, - FIVE TERM . t 96  3 .141 
/ 

I . . ~  ~ _ _  
L ~ ~ 

. . - /  141 ~'~ ~ - J - - - " ~ E ~ ~  

.I " " ~ ( I  

, i -  I i I I I I I I I I . 

0 4 8 12 16 2 0  
(z, DEG 
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.5 

CL 

Fig. 1Z - Lift coefficients of four low-aspec t - r a t io  hydrofoils 
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.3 
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ASPECT EXP THEORY SECTION CL, d RATIO 
o FLAT 0 I 
13 TULIN-BURKART .392 I 
<> FIVE TERM .592 I 
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Fig.  13 - The  in f luence  of dep th  of s u b m e r s i o n  on the  l ift  
coe f f i c i en t  of four  l o w - a s p e c t - r a t i o h y d r o f o i l s ( u  = Z 0 d e g r e e s )  

D r a g - - l n  Fig.  14 the  d r a g  c o e f f i c i e n t s  of the  fou r  m o d e l s  ob ta ined  f r o m  e x p e r i -  
m e n t  a r e  c o m p a r e d  wi th  the  t h e o r e t i c a l  v a l u e s  c o m p u t e d  f r o m  e q u a t i o n  (68). The  
a g r e e m e n t  i s  e x c e l l e n t  e x c e p t  f o r  the  h ighly  c u r v e d  m o d e l  3. The  d e v i a t i o n  b e t w e e n  
t h e o r y  and e x p e r i m e n t  f o r  mode l  3 i s  a t t r i b u t e d  to the  i nab i l i t y  of the  l i n e a r i z e d  
t h e o r y  to a c c u r a t e l y  p r e d i c t  the  p r e s s u r e  d i s t r i b u t i o n  when  the  c a m b e r  i s  so  g r o s s .  
On a shape  s u c h  as  the  f i v e - t e r m  s e c t i o n  only  a s m a l l  e r r o r  in  p r e s s u r e  d i s t r i b u t i o n  
c a n  g r e a t l y  in f luence  the  d r a g  wi thou t  a p p r e c i a b l y  a f f ec t i ng  the  l ift .  

ASPECT d 
EXP THEORY SECTION CL, d RATIO 

o FLAT O. I .071 

n TULIN - BURKART .392 I ,071 

0 FIVE TERM .392 I .141 
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Fig. 14 - Drag coefficient of four low-aspect-ratio hydro- 
foils (excluding friction) 
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Center  of P r e s s u r e - - I n  Fig. 15 a compar ison  is made between the cen ters  of 
p r e s s u r e  determined f rom Eq. (73) and those obtained exper imenta l ly  on the four 
models.  The theory is in good agreement  with the data obtained on models  1 and 2, 
and about 10% too low on models  3 and 4. 

LOCATION OF UPPER CAVITY STREAMLINE 

The des i rabi l i ty  of operat ing as near  the design lift coefficient  as possible  is 
obvious f r o m  Fig. 4. There fore ,  the minimum angle at which a hydrofoil  with a finite 
thickness can operate with a cavity f rom the leading edge is needed. The angle can 
be determined by determining the location of the upper cavity s t reamline .  The 
minimum angle at which this upper cavity s t reaml ine  c l ea r s  the upper surface of a 
hydrofoil  of finite thickness is the angle desired.  An approximate solution for  the 
location of the cavity s t r eaml ine  is der ived in the following analysis.  

Two-Dimensional  T h e o r y - A r b i t r a r y  Depth 

Green ' s  Exact  Solution for  Fla t  P la te - -The  equation of the upper cavity s t r e a m -  
line for  a two-dimensional  f la t  plate may be obtained f rom the solution of Green as 

~,/6 = 

_ 1 [c t - b ( 7 4 )  
x/~i 7 r (b -cos  a) os a ( t  - 1 )  - (1 - b  cos a) In ~Z~_ 1' 1 

(b cosa) 1 +b I n ( t  + t 2 v / ~ -  1) - b2v/~- 1 in 
- t - b  LI 

(75) 

where x is distance f rom the leading edge alongthe plate, ~ is the perpendicular  d is -  
tance f rom the lower surface of the plate to the cavity s t reamline ,  and 8 is the spray 

n 

" ~ L c , ^ T  ^_, ~ O  G ~ O n [] n 

.2L LFLAT' A=J 0)-- d 
I l I I l I I l I I I C 

Xcp "8 F FIVE TERM, CL, do592 , A=I - -  o 0 
T ~ I  d 8 ~ 8 ~ . (3) ~ r,.071 

.282 -c='O?~ T H E O R Y ~ / ~  t .566 
I i I l I ] I I i I i I~  . 8 5 0  

Rr" 
" - |  FIVE TERM, GL,d,.196, A=3 
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Fig. 15 - Location of center of pressure for four low-aspect- 
ratio hydrofoils 
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t h i c k n e s s .  F o r  a s e l e c t e d  va lue  of ~/c,  b i s  k n o w n  f r o m  Eq.  (2b). Thus  £/c for  a 
g iven  x/c may  be ob ta ined  by us ing  the  e q u a t i o n s  

c ~ S '  ~ : g  ~ (76) 

and Eq.  (75) for  v a r i o u s  v a l u e s  of the  p a r a m e t e r  t .  The cav i ty  s t r e a m l i n e  c o m p u t e d  
in t h i s  m a n n e r  for  s e v e r a l  a n g l e s  of a t t a c k  and s p r a y - t h i c k n e s s - t o - c h o r d  r a t i o s  a r e  
p r e s e n t e d  in Fig.  16. The s u b s c r i p t  Ao on (~/C)Ao i s  to  i n d i c a t e  cav i ty  o r d i n a t e  due 
to ang le  of a t t ack .  It can  be s e e n  in Fig .  16 t h a t  for  f in i te  d e p t h s  the  cav i ty  s t r e a m l i n e  
r a p i d l y  a p p r o a c h e s  a s t r a i g h t  l ine .  The ang le  be tween  t h i s  l ine  and the  p l a t e  i s  
deno ted  as  z - a and i s  g iven  in Ref.  4 as  

b cos a - 1 
+ a = b - cos a (77) 

The  m a g n i t u d e  of ~ + a i s  shown for  e a c h  s t r e a m l i n e  in Fig.  16. In Fig.  10 i t  m a y  be 
s e e n  tha t  the cavi ty  o r d i n a t e  v a r i e s  a l m o s t  l i n e a r l y  wi th  ang le  of a t t a c k  for  a n g l e s  
l e s s t h a n  about  8 d e g r e e s .  T h e v a l u e  of (~/C)AJa or  m o r e  g e n e r a l l y  (~/C)Ao/A o c a n b e  
r e a d i l y  ob ta ined  and i s  g iven  in Fig.  17. The v a l u e  of (~/C)Ao/A o for  in f in i t e  dep th  i s  
the  s a m e  as  the l i n e a r i z e d  r e s u l t  ob ta ined  in Ref.  1. F i g u r e  17 shows  t h a t  the  cav i ty  
o r d i n a t e s  at  a dep th  of abou t  0.5 cho rd  a r e  n e a r l y  twice  as  g r e a t  a s  t h o s e  ob t a ined  at  
in f in i t e  depth .  

The  L i n e a r i z e d  Solut ion for  C a m b e r e d  S e c t i o n s - - I n  o r d e r  to  d e t e r m i n e  the  c a v i t y  
o r d i n a t e s  fo r  a c a m b e r e d  s e c t i o n  i t  is  n e c e s s a r y  to use  the  r i g o r o u s  l i n e a r i z e d  s o l u -  
t ion  p r e v i o u s l y  d i s c u s s e d  in the  s e c t i o n  on f o r c e s  and m o m e n t s .  The  p r o b l e m  of 
ob ta in ing  the  hydrofo i l  cav i ty  o r d i n a t e s  i s  s i m p l e  in  p r i n c i p l e .  All  t ha t  i s  r e q u i r e d  
i s  to  f ind the  v e r t i c a l  v e l o c i t y  p e r t u r b a t i o n s  ~ ( -~ /~)  a h e a d  of the  e q u i v a l e n t  a i r f o i l  
shown in Fig .  6. The va lue  of ~ i s  needed  b e c a u s e  f r o m  i t  the  va lue  of v on the  
hydro fo i l  c av i ty  s t r e a m l i n e  can  be found.  S ince  the  l i n e a r i z e d  s lope  of the  cav i ty  
s t reaml ine  dy/dx is v/V, the  s h a p e  of the  cav i ty  i s  d e t e r m i n e d .  

The  p r o c e d u r e  for  d e t e r m i n i n g  the  v o r t i c i t y  d i s t r i b u t i o n  ~ on the  a i r f o i l  is  e x a c t l y  
the  s a m e  as  the  f i r s t  t h r e e  s t e p s  g iven  in the  p r o c e d u r e  for  d e t e r m i n i n g  the  l i n e a r i z e d  
so lu t i on  for  the  f o r c e s  and m o m e n t s .  The v a l u e  of ~(~/e)  can  be  d e t e r m i n e d  by i n t e -  
g r a t i n g  the  i n c r e m e n t s  of ~ inciuced at  a po in t  -~/~  due to the  d i s t r i b u t e d  v o r t i c i t y  f~ 
g iven  by Eqs .  (10) and ( l l ) .  Obv ious ly  t h i s  i n t e g r a t i o n  b e c o m e s  v e r y  c o m p l i c a t e d ,  
p a r t i c u l a r l y  if t h e r e  a r e  m a n y  t e r m s  in ~ A  s in  n~?. The  p r o b l e m  can  be s i m p l i f i e d  n 
h o w e v e r  by d iv id ing  the  v e l o c i t y  ~ in to  two p a r t s ,  ~Ao and % ,  w h e r e  ~A i s  the  c o m -  
ponen t  c o n t r i b u t e d  by the  f i r s t  t e r m  A ° cot 0/2,  and % the  c o m p o n e n t  ~on t r i bu t ed  by 
the  c a m b e r  t e r m s ,  2 A n s in  n~?. Thus  the  f ina l  n o n d i m e n s i o n a l  cav i ty  o r d i n a t e s  ~/c 
wi l l  be b r o k e n  down in to  two c o m p o n e n t s  (,g/C)Ao and  (~ /c )  c such  t h a t  

( ~ / C ) t ° t a l  = (~/C)Ao + ( ' ~ / C ) c '  (78) 

The d i s t a n c e  4 is  m e a s u r e d  f r o m  the  r e f e r e n c e  l ine  of the  s e c t i o n  a long  a l ine  n o r m a l  
to the  r e f e r e n c e  l ine .  T h e r e  a r e  two a d v a n t a g e s  to  d iv id ing  the  v o r t i c i t y  in to  i t s  
ang le  of a t t a c k  and c a m b e r  c o m p o n e n t s .  F i r s t ,  the  va lue  of (£/C)Ao i s  known f r o m  
G r e e n ' s  so lu t ion  and h a s  been  g iven  in Fig .  16. The l i n e a r i z e d  v e r s i o n  i s  shown  in  
Fig.  17. Thus ,  half  the  job i s  done if Ao i s  known or  can  be d e t e r m i n e d .  

It i s  now i m p o r t a n t  to  r e v i e w  the  m e a n i n g  of the  c o e f f i c i e n t  A o. The ang le  of 
a t t a c k  i s  m e a s u r e d  f r o m  the  o r i e n t a t i o n  w h i c h  m a k e s  A ° = 0 when  the  d e p t h i s  in f in i t e .  
At  t h i s  o r i e n t a t i o n  and in f in i t e  dep th  

~r 

t f o  d~ A'o = - ~ . ~ x  d e  : 0 
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F i g .  16 - G r e e n ' s  s o l u t i o n  f o r  the  u p p e r  c a v i t y  s t r e a m l i n e  
of a f l a t  p l a t e .  (a) ~/c = 0.25,  (b) 6 /c  = 0 .50,  (c) 6]c = 1.0, 
(d) 61c = 2.0,  (e) 6 / c  = 5.0.  
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Fig. 16 (Continued) - Green's solution for the upper cavity 
streamline of a flat plate. (a) 6/c = 0.25, (b) ~/c = 0.50, 
(c) 6/c = 1.0, (d) a/c = Z.0, (e) 6/c = 5.0. 
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Fig. 16 (Continued) - Green's solution for the upper cavity 
streamline of a flat plate. (a) ~/c = 0.Z5, (b) 6/c = 0.50, 
(c) 61c = 1.0, (d) #/c = X.0, (e) 6/c = 5.0. 

and fo r  ang le s  of a t tack  m e a s u r e d  f r o m  th i s  r e f e r e n c e  o r i en t a t i on ,  Ao = a.  However  
if the angle  of a t t ack  is  m e a s u r e d  f r o m  th i s  r e f e r e n c e  l ine  at  f in i te  d ep t h s  it i s  found 
that  the value  of A 'o { 0 .  This  m e a n s  tha t  at  f in i te  dep ths  t h e r e  is  an induced  angle  
of a t tack  A o due to the c a m b e r .  The magni tude  of A o' i s  d i r e c t l y  p r o p o r t i o n a l  to the 
s lope  of the foil  and thus  to C L d" The c a l c u l a t e d  value of A o ' /C L d is  g iven  in Fig.  18 
fo r  the  four  s e c t i o n s  of in te res ' t  f o r  a r a n g e  of d e p t h - c h o r d  ra t ios ' .  To ob ta in  the  value 
of (6/C)Ao, one ob ta ins  A o' f r o m  Fig.  18 and A o b y  a d d i n g a ;  tha t  i s ,  A ° = a + A o' .  
Then (6/C)Ao is  ob ta ined  f r o m  Fig.  16 or  17. 

The s e c o n d  r e a s o n  fo r  d iv id ing  the  v o r t i c i t y  d i s t r i b u t i o n  into the A and c a m b e r  
o 

con t r i bu t i ons  i s t h a t  the 5 A s in  n~ con t r i bu t i on  usua l ly  h a s o n l y  s m a l l  s t r e n g t h  n e a r  
the l ead ing  edge.  In fac t  fo r  l o w - d r a g  s e c t i o n s ,  it  i s  d e s i r a b l e  to d i s t r i b u t e  the 
v o r t i c i t y  as  n e a r  the  t r a i l i n g  edge  a s  p o s s i b l e .  Thus  the ve loc i ty  induced  at  po in t s  
ahead  of the  a i r fo i l  due to the  5- A n s in  n~ o r  c a m b e r  con t r i bu t i on  m a y  be  adequa te ly  
a p p r o x i m a t e d  by c o n c e n t r a t i n g  the e n t i r e  c a m b e r  v o r t i c i t y  at  one po in t ,  the  c e n t e r  of 
p r e s s u r e  a, a s  shown  in Fig.  19. The value  of a is  g iven  by Cm/C L or  

( ,  + ,  
a = A1 

A o +~- 

The s t r e n g t h  of the  s i n g u l a r  v o r t e x  can  be ob ta ined  f r o m  the equa t ions  

L c = p [ ' c V  = CLe ~ V 2 = ~r AI~- -~ V 2 

T h e r e f o r e  A 1 

V c = Tr~V-~-. (81) 
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Fig.  17 - The l i n e a r i z e d  so lu t ion  for  cavi ty  o r d i n a t e s  due to 
angle of a t tack  
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F i g .  18 - The  i n f l u e n c e  o f  dep th  o f  s u b m e r s i o n  on the ang le  

of attack induced by camber 
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The ve loc i ty  induced  at  a po in t  on the X ax i s  due to r c is  t h e r e f o r e  

A I A 1 
r c ~ ~ v ~ v ~ -  ( 8 2 )  

The ve loc i ty  ~ in f ron t  of the a i r fo i l  at  a point  -r~/~ is  exac t ly  the s a m e  as  v on 
the eav i ty  s t r e a m l i n e  if the r e l a t i o n s h i p  b e t w e e n - ~ / e  and x / c . g i v e n  in Fig.  7 i s  m a i n -  
ta ined .  Thus  v/v and t h e r e f o r e  the Mope of the cavi ty  s t r e a m l i n e  due to c a m b e r  
dy/dx (x /c)  is  known. In. tegrating dy/dx f r o m  the leading  edge  to a point  x/c g ives  

~- c = a ~  e " ( 8 3 )  
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Fig. 19 - Linearized model for calculating 
streamline at arbi t rary depth 
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F i g .  gO - T h e  i n f l u e n c e  o f  d e p t h  o f  s u b m e r s i o n  o n  t h e  c a v i t y  
ordinates due to camber: (a) circular-archydrofoil(a 0 = Y/8), 
(b) Tulin- Burkart hydrofoil 
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Therefore, since dy/d× (x/e) = v/V, and v = v, combining Eqs. (82) and (83) gives 

where ~/~ takes on negative values and the relat ionship between -~/e and x/c is found 
in Fig. 7. Since CL, d is a function of A1, then (4/c)c/CL, d can be. determined f rom 
Eq. (83). The magnitude of (~/c)c/CL. d as a function of the depth/chord rat io  is p r e -  
sented in Fig. 20 for  the four sections of interest .  Thus the total ordinates  of the 
upper cavity s t reamline  are  obtained for  the two-dimensional  hydrofoil operating at 
ze ro  cavitation number and a rb i t ra ry  depth by using Figs. 16, 18, and 20 and Eq. (78). 
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Fig. 20 (Continued) - The influence of depth of submersion 
on the cavity ordinates dueto camber: (c) three-terrnhydro- 
foil, (d) five-term hydrofoil 
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C o r r e c t i o n  f o r  F i n i t e  A s p e c t  R a t i o  

Equa t ion  ( 8 2 ) s h o w s  t h a t  the  c a v i t y  o r d i n a t e s  a r e  d i r e c t l y  p r o p o r t i o n a l  t o t h e  c i r -  
cu l a t i on  o n t h e  e q u i v a l e n t  a i r f o i l  and  t hus  the  c i r c u l a t i o n  of the  hydrofo i l .  T h e r e f o r e ,  
if the  hyd ro fo i l  c i r c u l a t i o n  i s  r e d u c e d  f r o m  i t s  t w o - d i m e n s i o n a l  v a l u e  by f in i te  span ,  
the  cav i ty  o r d i n a t e s  m u s t  a l s o  r e d u c e .  A n o t h e r  a r g u m e n t  f o r  t h i s  d e c r e a s e  in  cav i ty  
o r d i n a t e s  i s  t h a t  if t he  t w o - d i m e n s i o n a l  d r a g  coe f f i c i en t  i s  r e d u c e d  b e c a u s e  of f in i t e  
a s p e c t  r a t i o  the  m a x i m u m  c a v i t y  t h i c k n e s s  m u s t  a l s o  d e c r e a s e  a s  po in t ed  out  in  Ref.  
17. It  i s  now a s s u m e d  t h a t  fo r  f in i t e  a s p e c t  r a t i o s  the  cav i ty  o r d i n a t e s  wi l l  be r e d u c e d  
f r o m  the  t w o - d l m e n s i o n a l v a l u e  in  p r o p o r t i o n  t o t h e  r e d u c t i o n  in  CL. 1. T h i s  r e d u c t i o n  
o c c u r s  i n t w o  p l a c e s ,  f i r s t  b e c a u s e  of the  r e d u c e d  ang le  a i and  b e c a u s e  o f  the  r e d u c e d  
l i f t - c u r v e  s lope  m. M o r e  s p e c i f i c a l l y ,  a s s u m i n g  the  cos ine  t e r m s  a r e  abou t  equa l  to  
uni ty ,  t he  f i r s t  t e r m  of Eq .  (67) c an  be w r i t t e n  a s  

A A 
CL.1 = ~ ' 1  m ( = + ~ c - ~ i ) ( a - a i )  + ~--1 m(a+?¢-ai )a6 (85) 

w h e r e  the  s u b s c r i p t s  on m i n d i c a t e  the  ang le  a t  w h i c h  m i s  d e t e r m i n e d  on F ig .  2. If 
% i s  b r o k e n i n t o t w o  c o m p o n e n t s  A o' and  % ' ,  t h a t  i s ,  % = Ao' + % ' ,  Eq.  ( 8 5 ) b e c o m e s  

A (a + A o' - + A CL,1 - -  ~ m(~+~c_~i) al) ~-~ m¢~+~ _~  ) %'. (86) 

The  va lue  of the  c a v i t y  o r d i n a t e s  a t  i n f in i t e  a s p e c t  r a t i o  and  ang le  ~ + A o' - % i s  

( ~ / C ) t o t a l  = (~/C)(Ao-ai) + (~ /C)c  (87) 

w h e r e  ( ~ / c )  (A -a ) iS d e t e r m i n e d  f r o m  the  n o n l i n e a r  s o l u t i o n  of G r e e n  and  (~ / c )  c 
• o • . • . . 

f r o m  the  h n e a r x z e d  t h e o r y .  T h e r e f o r e  the  e f f e c h v e  h f t - c u r v e  s lope  a t  in f in i t e  a s p e c t  
r a t i o  and ang le  A o - a i i s  m(A ~ ~ for  the  f i r s t  t e r m  in Eq.  (87) and m ~ _ 0 ~  fo r  

• . o ° i /  . ~ - / 

the  s e c o n d  t e r m .  Thus  a t  h m t e  a s p e c t  r a l m  the  c o r r e c t e d  cav i ty  o r d i n a t e s  a r e  

o r  

w h e r e  

A A 

A + 1 m ( a + a c ' ~ i )  ( ~ / C ) ( A o ' a i )  + A + 1 m ( a + a c - a i )  (88) 
( ~ / c )  t o t  a 1 = m(Ao_ai ) m(~=0) (~ /C)c  

(~/C)total = RAo(~/C)(Ao_~i ) + Rc(~/C)c 

A m(a+ac-ai) 
RAo - A+I m(Ao_~i ) 

(89) 

A m(a+ac'ai) 
Rc - A+I m(~=0 ) 

The p r e c e d i n g  a n a l y s i s  a s s u m e s  t h a t  the  i nduced  ang le  % i s  c o n s t a n t  o v e r  the  
span .  S ince  a i a c t u a l l y  v a r i e s  o v e r  the  span,  e x c e p t  for  the  c a s e  of e l l i p t i c  loading ,  
the  cav i ty  o r d i n a t e s w i l l  a l s o  v a r y  o v e r  the  span .  T h i s  e f f ec t  can  be i nc luded  by u s i n g  
the  a p p r o p r i a t e  s p a n w i s e  d i s t r i b u t i o n  of a i d e t e r m i n e d  f r o m  f in i t e  s p a n  a i r f o i l  t h e o r y  
(14). A l so  the  i n f l uence  of the  c r o s s f l o w  c o m p o n e n t  of flow on the  cav i ty  o r d i n a t e s  
h a s  been  a s s u m e d  to  be neg l ig ib l e •  Howeve r ,  n e a r  the  t i p s  the  cav i ty  s h a p e  i s  l a r g e l y  
d e t e r m i n e d  by the  c r o s s f l o w .  F o r  e x a m p l e ,  a t  z e r o  a s p e c t  r a t i o  the  cav i ty  i s  e n t i r e l y  
d e t e r m i n e d  by c r o s s f l o w .  Thus ,  i t  s e e m s  t ha t  the  t r u e  cav i ty  s h a p e  i s  d e t e r m i n e d  a t  
the  t i p s  b y t h e  c r o s s f l o w  and a t  the  c e n t e r  b y t h e  m a i n  flow; the  cav i ty  s h a p e  in b e t w e e n  
i s  s o m e  t r a n s i t i o n  b e t w e e n  the  two e x t r e m e s .  
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Comparison Between Theory and Experiment 

Figure 21a shows an aspect ratio one flat plate operating at a depth of 0.05 chord 
and an angle of attack of 16 degrees. The plate had 3 pins located along the span so 
that the upper ends of the pins were 0.34 chords rearward of the leading edge and 0.17 
chords from the lower surface of the plate. These pins were spaced 0.021, 0.198, and 
0.375 chords from the right tip of the plate. From the photograph the cross section 
of the cavity may be estimated as shown by the solid line in Fig. 21b. The horizontal 
dashed line is the calculated location based ona uniform distribution of ~i • The other 
dashed curve is the calculated streamline assuming the airfoil induced angle distribu- 
tion for a rectangular plan form (14). It may be noted that near the tips the cavity 
shape is primarily due to crossflow, whereas near the center the calculated value 
based on the more nearly exact distribution of induced angle of attack is nearly cor- 
rect if the draw-down due to the strut is overlooked. The cavity shape based on uni- 
form induced angle distribution is about 20 percent too low. 

In Fig. 22 the calculated cavity shapes based on uniform ~i are presented for 
two aspect-ratio-one hydrofoils operating at d/c -- 0.S. It may be seen in Fig. 22a 
that for the flat plate the calculated streamline at an angle of attack of 4 degrees 
just touches the upper surface of the model. If it is assumed that the speed is suf- 
ficiently high so that no significant negative pressure coefficient can exist in the flow 
field, and if the forward portion of the upper surface is wetted and positive pressures 
occur, then the lift will decrease. Thus it may be concluded from the calculations 
that the maximum value of the lift/drag ratio for this flat plate hydrofoil should occur 
at the 4-degree angle of attack. Experimental data obtained at speeds up to 180 fps 
reveal that the forward portion of this flat-plate hydrofoil does become wetted at an 
angle of attack of about 4 degrees. The maximum lift/drag ratio also occurred at an 
angle of attack Of about 4 degrees. 

The hydrofoil section shown in Fig. 22b has a lower surface conforming to the 
Tulin-Burkart profile with CL.a - 0.392. The details of the upper surface may be 
found in Ref. 3. The calculated location of the cavity streamline is shown for angles 
of attack of 4, 8, and 12 degrees. It may be noted that the calculated streamlines are 
almost identical with those shown in Fig. 22a for the flat plate. The reason that both 
foils have about the same theoretical cavity streamline location is peculiar to the 

~THEORY, DISTRIBUTED Q[ [ 
"2I ~ ~ M ~ "  rPINS @\ EXPERIMENT 

- 0 .I .2 .3 .4 .5 .6 .7 ,B .9 1.0 I.I 
DISTANCE FROM TIP IN CHORDS 

Fig. Z1 - Cavity cross section for flat plate; aspect ratio, i; 
d/c = 0.5; ct = 16 degrees: (a) viewof ventilated flow, (b) sec- 
tion at 0.34 chord from leading edge 
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aspect  ra t io  of 1. T h e r e . a r e  two compensating effects due to camber  which cause 
this s imi la r i ty  in s t reaml ines .  The cambered foil cavity ordinates are  increased  
because of the foil curvature,  but s imultaneously the camber  causes inc reased  lift  at  
a given angle which produces a g rea t e r  induced angle of attack. The g r ea t e r  induced 
angle of attack resul ts  in a dec rease  in cavity ordinates,  thus effect ively cancell ing 
out the increased ordinates contributed by the foil curvature .  Exper imenta l  data on 
both foils  were  in agreement  with this theore t ica l  phenomenon; in fact, at a 20-degree  
angle of attack the f lat-plate  cavity s t reaml ine  obtained f rom both theory and expe r i -  
ment was slightly higher than that obtained for the cambered model. 

Figure 22b indicates that venti lation from the leading edge of the cambered  model  
will  not be possible at angles less  than about 10 degrees .  Exper iments  conducted in 
venti lated flow up to speeds of 180 fps were  in excel lent  agreementwi th  this predict ion;  
that is, at angles less  than 10 degrees  the forward portion of the upper sur face  was 
wetted. However, the maximum l i f t /d rag  rat io  of the cambered model occur red  at an 
angle of attack of about 7 to 8 degrees .  The fact that the l i f t /d rag  ra t io  continued to 
increase  even with the upper surface wetted is attributed to the curvature  of the upper 
surface and finite speed. At a speed of 175 fps it is possible  to support  a negative 
p r e s su re  coefficient as low as -0.07. Thus, it is possible at finite speeds for  the 
upper surface to add to the lift and possibly decrease  the drag.  Theore t ica l ly  at 
higher speeds the maximum l i f t /d rag  rat io will  occur c loser  to the predicted 10-degree  
angle of attack. 

THEORETICAL COMPARISON OF PRACTICAL LOW-DRAG SECTIONS 

The exper imental  data given in the preceding section indicate that a re l iab le  
approximation to the cavity s t reaml ine  location on high-speed m o d e r a t e - a s p e c t - r a t i o  
surfaces  can be obtained theoret ical ly .  Using the theory developed, it is now poss ible  
to de termine  the best  of the four section shapes ( c i r cu la r -a rc ,  Tul in-Burkar t ,  t h r e e -  
term,  and f i v e - t e r m ) w h e n  operating under p rac t ica l  conditions. The operat ing 

f 
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cond i t ion  c h o s e n  fo r  c o m p a r i s o n  w as  a t  a dep th  of s u b m e r s i o n  of 1 c h o r d  and  an  
a s p e c t  r a t i o  of 3. The  s t r u c t u r a l  c h a r a c t e r i s t i c s  of the  s e c t i o n  w e r e  a r b i t r a r i l y  
c h o s e n  a s  (a) t h i c k n e s s  r a t i o  t / c  = 0.03 a t  0.2 c h o r d  f r o m  the  l ead ing  edge and  (b) 
t / c  = 0.04 a t  the  c h o r d w i s e  l oca t i on  of the  m a x i m u m  l o w e r  s u r f a c e  o r d i n a t e .  The  
l e ad ing  edge and  t h e s e  c o n t r o l  p o i n t s  w e r e  a s s u m e d  to  be c o n n e c t e d  by s t r a i g h t  l i n e s  
and  the  u p p e r  s u r f a c e  r e a r w a r d  of the  l a t t e r  c o n t r o l  po in t  w a s  t a k e n  as  p a r a l l e l  to  
the  r e f e r e n c e  l ine  of the  s ec t i on .  B e c a u s e  of the  a l m o s t  u n i f o r m  g r a d a t i o n  of the  
v a r i o u s  c h a r a c t e r i s t i c s  of the  four  s e c t i o n s ,  only  the  e x t r e m e s ,  the  c i r c u l a r - a r c  and  
f i v e - t e r m  sec t i on ,  w e r e  c o m p a r e d .  

O v e r  the  r a n g e  of c a m b e r s  f r o m  CT e =  0 to 0.3, the  c a l c u l a t e d  cav i ty  s t r e a m -  
l i n e s  f i r s t  t ouched  the  u p p e r  s u r f a c e  of-~Ile a s s u m e d  hydro fo i l  s e c t i o n s  a t  the  0 .2 -  
c h o r d  c o n t r o l  poin t .  Thus  the  s e c o n d  po in t  a t  the  m a x i m u m  l o w e r  s u r f a c e  o r d i n a t e  
d id  not  i n f luence  the  m a x i m u m  l i f t / d r a g  r a t i o  of the  s e c t i o n s .  The  f r i c t i o n  d r a g  
coe f f i c i en t  w a s  e s t i m a t e d  to be 0.004.  Us ing  E q s .  (67) and  (68), the  l i f t  and  d r a g  
c o e f f i c i e n t s  of the  s e c t i o n s  w e r e  c a l c u l a t e d .  A p lo t  of l i f t / d r a g  r a t i o  v e r s u s  l i f t  
coe f f i c i en t  i s  p r e s e n t e d  in Fig .  23. A l so  shown in Fig .  23 i s  the  l ine  deno t ing  the  
m i n i m u m  ang le  a t  w h i c h  the  c o n t r o l  po in t  a t  0.2 c h o r d  j u s t  c l e a r s  the  c a l c u l a t e d  
cav i ty  s t r e a m l i n e .  The  a r e a  above  t h i s  l ine  i s  s h a d e d  to i n d i c a t e  t ha t  t h e s e  r e g i o n s  
a r e  no t  a t t a i n a b l e  u n d e r  the  d e s i g n  cond i t i ons .  The  i m p o r t a n t  r e s u l t  shown by t h e s e  
p l o t s  i s  t h a t  e i t h e r  type  of c a m b e r  can  give  h i g h e r  m a x i m u m  l i f t / d r a g  r a t i o s  t h a n  the  
f l a t  p l a t e .  The  o p t i m u m  a m o u n t  of c a m b e r  fo r  bo th  h y d r o f o i l s  c o r r e s p o n d  to a v a l u e  
of ¢L a of abou t  0 .1 .  The  o p t i m u m  l i f t  coe f f i c i en t  i s  a b o u t  0.175 fo r  bo th  s e c t i o n s .  
The  l~ydrofoil  c r o s s  s e c t i o n s  shown in the  top of Fig .  23 a r e  for  CL.a = 0.1 o r i e n t e d  
a t  the  m i n i m u m  ang le  of a t t ack  r e v e a l e d  by the  a n a l y s i s .  The a n a l y s i s  a s  p r e s e n t e d  
in  F ig .  23 a l s o  shows  t h a t  the  f i v e - t e r m  s e c t i o n  i s  s u p e r i o r  to  the  c i r c u l a r  a r c .  The  
/ n a x i m u m  v a l u e s  of the  l i f t / d r a g  r a t i o s  a r e  10.5 and 9.5 fo r  the  f i v e - t e r m  and c i r c u l a r -  
a r c  s e c t i o n s  r e s p e c t i v e l y .  Al though  L/D of the  f i v e - t e r m  s e c t i o n  i s  s l i gh t l y  h i g h e r  
t h a n  t h a t  of the  c i r c u l a r  a r c ,  i t  i s  not  twice  a s  h igh  as  p r e d i c t e d  f r o m  the  two-  
d i m e n s i o n a l  t h e o r y .  
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The thickness distr ibution chosen for  the analysis  is not conservat ive ,  but a bare 
minimum. Structural ly,  an aspect  ra t io  of 3 is close to the maximum when the hydro- 
foil  is supported by a single strut. Therefore ,  the calculated maximum l i f t /d rag  rat io 
of about 10 at a lift coefficient  of 0.18 is ve ry  near  the optimum that can be obtained 
on a single supercavi tat ing hydrofoil supported on one s t ru t  and operating at ze ro  
cavitation number. More seve re  s t ruc tura l  r equ i rements  than those  imposed in the 
present  analysis  will reduce the maximum attainable l i f t / d rag  ratio. 

CONCLUDING REMARKS 

In conclusion, it may be stated that the concept of combining the l inear ized  effects 
of camber  with nonlinear f la t -pla te  theory has proved sat isfactory.  The resu l t s  of a 
compar ison of this theory, co r rec t ed  for  aspect  rat io,  with exper imenta l  data obtained 
on four low-aspec t - r a t io  sect ions may be summar ized  as follows. 

1. The theoret ica l  lift coefficient  was in excel lent  agreement  with exper imenta l  
data. 

2. The theore t ica l  drag coefficient was in excel lent  agreement  with exper imenta l  
data on all models  except  the highly cambered  f i v e - t e r m  sect ion whose CL. d = 0.392. 
The d isagreement  is attributed to the inability of l inear ized  theory to accurate ly  
predic t  the p r e s s u r e  distr ibution when the curvature  is ve ry  great.  

3. The theory pred ic t s  centers  of p r e s s u r e s  slightly low for  the f i v e - t e r m  sec -  
tion; however,  the agreement  may be improved by taking the center  of p r e s s u r e  of the 
crossf low component r ea rward  of the mid-chord.  

4. Theore t ica l  cavity shapes based on a uniform induced angle of attack are  in 
good enough agreement  with exper iment  to warrant  their  use in engineering 
calculations.  

Using the theorypresen ted  and select ing sect ions of s imi la r  s t ruc tura l  geometry,  
it is shown that the highest l i f t /d rag  rat io  that can be obtained on a venti lated hydro-  
foil  supported by a single s t rut  at depths of 1 chord or more  is about 10. The best  
section for  optimum l i f t /d rag  rat io  is the f i v e - t e r m  design; however,  the camber  
prof i le  may range f rom the f i v e - t e r m  to the c i r cu la r  arc  with only about a 10 percent  
change in the maximum l i f t /d rag  ratio. 

1. 

2. 

3. 

4. 
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DISCUSSION 

D. Savitsky (Stevens Institute of Technology) 

I would like to congratulate Mr. Johnson on accomplishing a most  c l eve r  com- 
bination of establ ished aerodynamic and hydrodynamic resu l t s  to develop prac t ica l  
solutions for a most difficult hydrodynamic problem. As is typical for s e m i - e m p i r i c a l  
approaches,  the approximations used can often t imes  be questioned and more  refined 
approximations suggested. However, the choice is usually the author ' s  to make and 
if the calculated resu l t s  agree  with data then he ' s  chosen correc t ly .  

Working within the f ramework  developed by Mr. Johnson, I would like to address  
myself  to the subject of the two-dimensional  cavity shape associated with the design 
lift coefficient  at var ious  depths of submersion.  The design lift coefficient is, as 
usual, that exist ing for the " shock - f r ee"  entry condition. The study of the cavity 
shape is, by far,  the most  p re s s ing  one since the in tersec t ion  of the cavity with the 
fo i l ' s  upper surface is the s t rongest  obstacle in the way' to achieving the very  high 
l i f t -d rag  ra t ios  which are  potentially possible with super-cavi ta t ing  hydrofoils. 

In Fig. 20 of Mr. Johnson 's  paper  a plot is shown of the influence of depth of 
submers ion  on the cavity ordinates  due to the c i rcula t ion developed by a cambered  
foil when operating with shock- f ree  or design lift  coefficient  at infinite draft. It is 
seen in Fig. D1 that for a fixed value of c i rculat ion the cavity opens up as the f ree  
water  surface is approached. Now it can be shmvn f rom Johnson 's  work that the 
design angle (shock-free)  of attack for a given cambered  section dec rease s  with 
decreas ing  submers ion while the design lift coefficient  remains  essent ia l ly  constant. 
Using this resu l t  then, Fig. D1 can be in te rpre ted  as represent ing  the cavity shape 
re la t ive  to the horizon when a given c i r c u l a r - a r c  hydrofoil is maintained at a constant 
design lift coefficient by reducing the geometr ic  chord line angle of attack when 
approaching the f r ee - su r f ace .  Superposed on Fig. D1 is a c i rcu la r  arc  hydrofoil 
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S u p e r c a v i t a t i n g  Hydro fo i l s  O p e r a t i n g  at  Ze ro  C a v i t a t i o n  N u m b e r  

o r i e n t e d  to the  d e s i g n  ang le  of a t t a c k  f o r  d/c = ¢o and  d/c = . 2S. I t  i s  s e e n  t ha t  the  
i n t e r s e c t i o n  of the  cav i ty  wi th  the  h y d r o f o i l  i s ,  w i th in  e n g i n e e r i n g  a c c u r a c y ,  v e r y  
n e a r l y  the  s a m e  fo r  the  e n t i r e  r a n g e  of s u b m e r s i o n .  

F i g u r e  D2 shows  the  c o l l a p s e d  r e s u l t s  and  p o i n t s  up t h a t  the  cav i ty  i n t e r a c t i o n  
wi th  the  h y d r o f o i l  c a n  be  r e p r e s e n t e d  by  one c u r v e  fo r  a l l  d e p t h s  of s u b m e r s i o n  when  
the  foi l  i s  m a i n t a i n e d  a t  d e s i g n  l i f t  coe f f i c i en t .  In e f f ec t  then ,  whi le  the  cav i ty  does  
open up a s  the  f r e e - s u r f a c e  i s  a p p r o a c h e d ,  we r o t a t e  the  fo i l  in to  the  cav i ty  a s  the  
g e o m e t r i c  ang le  of a t t a c k  i s  d e c r e a s e d  to m a i n t a i n  the  d e s i g n  l i f t  coe f f i c i en t .  

Hence,  the  p r o b l e m  of the  cav i ty  shape  i s  equa l ly  o b s t r u c t i v e  a t  a l l  d r a f t s  and  
w h a t e v e r  c an  be  done to a l l e v i a t e  the  cav i ty  i n t e r f e r e n c e  p r o b l e m  a t  one d r a f t  shou ld  
p r o b a b l y  hold  at  o t h e r  d r a f t s .  
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M. C. E a m e s  (Naval  R e s e a r c h  E s t a b l i s h m e n t ,  Halifax)  

I th ink  I a m  c o r r e c t  in s a y i n g  t h a t  Mr .  J o h n s o n '  s p a p e r  p r e s e n t s  m o r e  i n f o r m a t i o n  
of use  to the  p r a c t i c a l  d e s i g n e r  t h a n  c a n  be  found in any s i n g l e  p a p e r  on c o n v e n t i o n a l  
hyd ro fo i l s .  Tha t  t h i s  h a s  b e e n  a c c o m p l i s h e d  so  r a p i d l y  in t h i s  new f i e ld  of s u p e r -  
c a v i t a t i n g  h y d r o f o i l s  i s  a r e m a r k a b l e  a c h i e v e m e n t .  

I would l ike  to s u p p l e m e n t  Mr.  J o h n s o n ' s  i n t r o d u c t i o n  f r o m  the  po in t  of v iew of 
the  s u r f a c e  ship  - a s  opposed  to t h a t  of the  a i r c r a f t .  

It i s  we l l  known tha t  the  l i m i t  on s p e e d  r e s u l t i n g  f r o m  c a v i t a t i o n  on c o n v e n t i o n a l  
h y d r o f o i l s  i m p l i e s  a c o r r e s p o n d i n g  s i ze  l i m i t  due to the  s o - c a l l e d  " s q u a r e - c u b e "  law. 
T h a t  i s  to say,  a s  the  s i z e  of c r a f t  i s  i n c r e a s e d ,  r e t a i n i n g  a c o n s t a n t  d e s i g n  speed ,  
the  r e q u i r e d  s i ze  of the  h y d r o f o i l s  i n c r e a s e s  r ap id ly ,  and  the  we igh t  a s s o c i a t e d  w i th  
the  h y d r o f o i l s  soon  b e c o m e s  a p r o h i b i t i v e  p r o p o r t i o n  of the  t o t a l  d i s p l a c e m e n t .  

A t t e m p t s  at  d e l a y i n g  c a v i t a t i o n  to h i g h e r  s p e e d s  a r e  of l i m i t e d  va lue  b e c a u s e  
they  imply  l ower  l i f t  c o e f f i c i e n t s ,  and  hence ,  aga in ,  l a r g e  hyd ro fo i l s .  
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T h u s  to the  s u r f a c e  sh ip  d e s i g n e r ,  t he  s u c c e s s f u l  d e v e l o p m e n t  of s u p e r c a v i t a t i n g  
h y d r o f o i l s  o f f e r s t h e  p o s s i b i l i t y  - a t  l e a s t  - of r a d i c a l  i n c r e a s e s  in  the  s i ze  of v e s s e l  
f o r  w h i c h  h y d r o f o i l  s u p p o r t  i s  f e a s i b l e .  T h e r e  wi l l  be  s e r i o u s  e n g i n e e r i n g  p r o b l e m s  
i nvo lved  in the  d e s i g n  of l a r g e  h y d r o f o i l  sh ips ,  bu t  t h e r e  no  l o n g e r  a p p e a r s  to  be  any 
f u n d a m e n t a l  o b j e c t i o n  to i n c r e a s i n g  s i ze .  

Undoub ted ly  the  m o s t  i m p o r t a n t  c o n t r i b u t i o n  m a d e  by  the  NACA w o r k  i s  the  
c o n c e p t  of u s i n g  a f u l l y - v e n t i l a t e d  cav i ty .  P r i o r  to  t h i s  d e v e l o p m e n t ,  t h r e e  r e g i m e s  
of d e s i g n  w e r e  r e c o g n i z e d .  Be low a s p e e d  of abou t  40 kno t s ,  c a v i t a t i o n  p r e s e n t e d  no 
p r o b l e m s  p r o v i d e d  r e a s o n a b l e  l i f t  c o e f f i c i e n t s  w e r e  used ,  and  i t  i s  f a i r  to say  t h a t  no 
p r o b l e m s  r e m a i n  i n t h e  d e s i g n  of h y d r o f o i l  c r a f t  up to  t h i s  o r d e r  of s p e e d  - a c c e p t i n g  
the  s i ze  l i m i t a t i o n s  t h a t  I have  r e f e r r e d  to. By c a r e f u l  fo i l  s e l e c t i o n  i t  i s  p o s s i b l e  to 
de l ay  the  o n s e t  of c a v i t a t i o n  to abou t  60 kno ts ,  s t i l l  r e t a i n i n g  r e a s o n a b l e  l i f t  coe f -  
f i c i e n t s ,  bu t  in  t h i s  r e g i m e  d i f f i c u l t i e s  b e g i n  to be  e n c o u n t e r e d  in r o u g h  w a t e r .  T h i s  
i s  b e c a u s e  the  r a n g e  of ang le  of a t t a c k  o v e r  w h i c h  c a v i t a t i o n  f r e e  o p e r a t i o n  can  be  
o b t a i n e d  i s  v e r y  l im i t ed .  M o r e o v e r ,  w i t h  the  type  of s e c t i o n  r e q u i r e d  h e r e ,  the  o n s e t  
of c a v i t a t i o n  i s  no t  a g r a d u a l  p r o c e s s ,  bu t  c an  be  a s  s u d d e n  and  a b r u p t  a s  c o m p l e t e  
ven t i l a t i on .  

Above 60 k n o t s  i t  w a s  t hough t  t h a t  s u p e r - c a v i t a t i o n  would  t ake  over .  At  t h i s  
s p e e d  a ful ly  d e v e l o p e d  v a p o u r  c a v i t y  would be  f e a s i b l e ,  bu t  t h e r e  r e m a i n e d  the  p r o b -  
l e m  of e n s u r i n g  t h a t  t h i s  would  not  v e n t i l a t e .  

Mr. Johnson's solution to this problem--refusing to solve it--is one of those 
delightfully simple touches that characterize a major technical break through. Not 
only does the "super-ventilating" foil, if I may use this term, solve the problem of 
stabilizing the cavity in the presence of a free surface, but it also means that the 
transition from conventional to super-cavitating operation can be made at a much 
lower speed. It is likely that the troublesome "cavitation delaying" hydrofoils 
required for operation in the 40-60 knot range have no place in future developments. 

As m a n y  of you wi l l  be  a w a r e ,  the  Nava l  R e s e a r c h  E s t a b l i s h m e n t  in  Hal i fax  h a s  
b e e n  c o n c e r n e d  w i th  the  d e v e l o p m e n t  of hyd ro fo i l  c r a f t  in  the  4 0 - 6 0  kno t  r a n g e  of 
s p e e d s ,  and  t h i s  new c o n c e p t  i s  t h e r e f o r e  of v e r y  g r e a t  i n t e r e s t  to us.  

In the  c o u r s e  of ou r  work ,  in  add i t i on  to the  R-100  " M a s s a w i p p i "  and  R-103 
" B r a s  d ' O r "  h y d r o f o i l  c r a f t ,  w h i c h  have  r e c e i v e d  a f a i r  a m o u n t  of pub l i c i ty ,  we have  
d e v e l o p e d  a new r e s e a r c h  v e h i c l e ,  known a s  the  "R-X'~,  w h i c h  we i n t e n d  to u s e  for  an  
i n v e s t i g a t i o n  in to  the  p r a c t i c a l  a p p l i c a t i o n  of " s u p e r - v e n t i l a t i n g "  fo i l s  fo r  s u r f a c e  
c r a f t .  

The  new R - X  i s  no t  i n t e n d e d  to r e p r e s e n t  a s c a l e  m o d e l  of any  p o s s i b l e  o p e r a -  
t i ona l  p ro to type .  It  w as  d e s i g n e d  a s  a b a s i c  r e s e a r c h  v e h i c l e  w i th  the  c a p a b i l i t y  of 
e x p l o r i n g  a wide  r a n g e  of h y d r o f o i l  c o n f i g u r a t i o n s  and  types .  A ful l  d e s c r i p t i o n  i s  
out  of p l a c e  h e r e ,  bu t  i t  i s  f e l t  t h a t  s o m e  of the  u n u s u a l  f e a t u r e s  wh ich  m a k e  t h i s  
c r a f t  p a r t i c u l a r l y  s u i t a b l e  f o r  f u n d a m e n t a l  s t u d i e s  wi l l  be  of i n t e r e s t .  

F i g u r e  D3 p r o v i d e s  a g e n e r a l  v iew of the  3 - t o n  boat .  The  i m p o r t a n t  f e a t u r e  of 
the  25 - foo t  p lywood hul l  i s  the  a l u m i n u m  r a i l  (A) w h i c h  r u n s  the  fu l l  l e n g t h  of e a c h  
gunwale .  By m e a n s  of a s l ide  a t t a c h m e n t  the  m a i n  fo i l  m o u n t i n g  s t r u c t u r e  (B) c an  be  
p o s i t i o n e d  a t  a n y p o i n t  on the  l eng th  of the  hull .  In Fig.  D3, a t h r e e - p o i n t ,  t w o - l e a d i n g ,  
c o n f i g u r a t i o n  i s  shown f i t ted .  F o r  a f o u r - p o i n t ,  or  t a n d e m ,  c o n f i g u r a t i o n  a s e c o n d  
i d e n t i c a l  s t r u c t u r e  c an  be  m o u n t e d  aft .  

F i g u r e  D4 shows  a c l o s e - u p  of one of the  m a i n  foi l  un i t s .  The  m o u n t i n g  s t r u c t u r e  
c o n s i s t s  of a r i g i d  a t h w a r t s h i p s  b e a m  (C), wh ich  i s  p ivo t ed  to the  gunwale  s l i d e s  (D) 
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Fig. D3 - The R-X research craft 

p o r t  and  s t a r b o a r d .  Change  of r a k e  or  f ine  a d j u s t m e n t  of i n c i d e n c e  c a n  be  a c c o m -  
p l i s h e d  by  m e a n s  of a s c r e w  t h r e a d  (E). Rig id  c a n t i l e v e r s  (F) can  be  c l a m p e d  to the  
b e a m  in any a t h w a r t s h i p s  p o s i t i o n  t hus  p r o v i d i n g  for  a l t e r a t i o n  of foi l  t r a c k ,  and of 
the  s p a n  of i nd iv idua l  fo i l  un i t s .  The f r a m e s  (G) which  c a r r y  the foi l  s t r u t s  a r e  con -  
n e c t e d  to the  r i g i d  c a n t i l e v e r s  (F) only by  way of d y n a m o m e t e r  e l e m e n t s  (H). T h e r e  
a r e  four  such  e l e m e n t s  to  e a c h  s t r u t ,  e n a b l i n g  lift ,  d r a g  and  c r o s s  f o r c e  to be  i nde -  
p e n d e n t l y  m e a s u r e d  and  r e c o r d e d .  This ,  and  o t h e r  i n s t r u m e n t a t i o n  i s  c u r r e n t l y  b e i n g  
deve loped .  

F o r  t h r e e - p o i n t  c o n f i g u r a t i o n s ,  the  s t e r n  un i t  (Fig.  D3, K) i s  m o u n t e d  on a 
t e l e s c o p i c  tube  f i t t ed  in to  the  s t e r n  of the  hul l .  By t h i s  m e a n s  the  fo r e  and  aft  p o s i -  
t ion  of the  s t e r n  un i t  c an  be  v a r i e d  o v e r  a d i s t a n c e  of 5 feet .  T h i s  i s  su f f i c i en t  to 
i n v e s t i g a t e  c o n f i g u r a t i o n s  in  which  the  s t e r n  foi l  s u p p o r t s  b e t w e e n  10 p e r c e n t  and  33 
p e r c e n t  of the  a l l - u p  we igh t  wi thou t  chang ing  the  foi l  b a s e  length .  F i g u r e  D5 is  a 
c l o s e - u p  of the  s t e r n  uni t ,  showing  the  t e l e s c o p i c  tube  (L), the  s t e e r i n g  b e a r i n g s  (M) 
and  the  m o u n t i n g  b e a m  (N). The fo i l  s t r u t s  a r e  a t t a c h e d  by c l a m p s  (O), t hus  a l lowing  
fo r  u n i t s  of d i f f e r e n t  span ,  whi l e  the  b e a m  (N) can  be  t i l t ed  fo r  a d j u s t m e n t  of r a k e  or  
i n c i d e n c e  by  a s c r e w  t h r e a d  dev ice  not  v i s i b l e  in t h i s  view.  The b e a m  a s s e m b l y  i s  
a t t a c h e d  to the  s t e e r i n g  b e a r i n g s  only by way of four  d y n a m o m e t e r  e l e m e n t s  (P). 

F o r  t h r e e  poin t ,  o n e - l e a d i n g ,  or  "can~t rd , "  c o n f i g u r a t i o n s  the  t e l e s c o p i c  tube can  
be  r e m o v e d  f r o m  the  s t e r n  of the  c r a f t ,  and  f i t t ed  in the  bow. T h i s  n e c e s s i t a t e s  
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Fig. D4 - One of the main foil units 

removal  of the false bow (Fig. D3, Q), and s teer ing  would then be accomplished by 
turning the bow unit. The same mounting s t ruc ture  is used for the bow unit. 

The craf t  is being powered by conventional means to provide a speed of at leas t  
40 knots with a minimum l i f t - to -d rag  rat io  of 5; instrumentat ion will  include the 
recording  of thrust,  torque, r .p .m. ,  pitch, rol l ,  ve r t i ca l  acce le ra t ions  and foil  unit 
fo rces  on a t ime base. A s t rut  unit for measur ing  altitude, speed and angle of yaw 
is also being developed. 

It is felt  that the versa t i l i ty  of this craf t  is unique and that although "teething 
t roubles"  will  no doubt be encountered, due to attempting to fit  a quart  into a pint pot, 
i ts potential value for extending laboratory exper iments  on venti lated hydrofoils  to 
actual operating conditions is high. 

362 



Supercavitating Hydrofoils Operating at Zero Cavitation Number 

$ 

! 
Fig. D5 - The stern foil unit 

P. W a r d  B r o w n  (S tevens  I n s t i t u t e  of Techno logy)  

T h e r e  i s  such  a g r e a t  w e a l t h  of i n f o r m a t i o n  in Mr .  J o h n s o n ' s  p a p e r ,  and  so m a n y  
n o v e l  i d e a s  s c a t t e r e d  l i b e r a l l y t h r o u g h o u t  it, t ha t  it i s  p e r h a p s  u n g r a c i o u s  to c o m m e n t  
in  any  o t h e r  way t han  by p r o l o n g e d  app l ause .  

N o n e t h e l e s s ,  I would  l ike to  d i s c u s s  the  m e t h o d  of c a l c u l a t i n g  l if t  a t  f in i t e  depth.  
Mr .  J o h n s o n  d e v e l o p s  an  ingen ious ,  but  a p p r o x i m a t e ,  l i n e a r  so lu t i on  fo r  the  l ift  of a 
s u p e r c a v i t a t e d  hydro fo i l  a t  f in i t e  depth.  In o r d e r  to i m p r o v e  the  a p p r o x i m a t i o n  he 
c a l c u l a t e s  the  a p p r o x i m a t e  l i f t  a t  f in i t e  dep th  wi th  a d e s i g n  ang le  of a t t a c k  fo r  in f in i t e  
depth.  T h r o u g h  t h i s  c a l c u l a t e d p o i n t  he  d r a w s  a l ine  hav ing  the  s lope  g i v e n b y  G r e e n ' s  
n o n - l i n e a r  t heo ry*  at  f in i t e  dep th  and  d e s i g n  ang le  of a t t a c k  fo r  f in i t e  depth.  It would 
s e e m  to  be  m o r e  c o r r e c t  to  c a l c u l a t e  the  l i f t  a t  f in i te  depth  and  at  the  d e s i g n  ang le  of 
a t t a c k  fo r  f in i t e  depth,  and  t h e n  to u s e  the  s lope  g iven  by G r e e n ' s  t heo ry .  

~A.E. Green, "Note on the Gliding of a Plate on the Surface of a Stream," Proc. 
Camb. Phil. Soc., 32:248-Z52 (1936). 

363 



V. E. Johnson, J r .  

The difference between these two approaches for a c i r c u l a r - a r c  foil is shown in 
Figs. 1 and 2, for the case of zero depth. The lift curve for infinite depth is shown 
for re ference .  
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Fig. D6 - Effect of depth on lift 
coefficient - Johnson's method 
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F i g .  D 7  - E f f e c t  o f  d e p t h  o n  l i f t  
c o e f f i c i e n t  - p r o p o s e d  m e t h o d  

Figure  1 shows Johnson 's  method. Point B is the lift calculated for zero depth 
at the design angle of at tack for infinite depth and the line BC has the slope given by 
Green. The a l ternate  method is shown in Fig. 2. Point D is calculated for zero draft 
and at the design angle of attack for zero draft. Again, DE has the slope given by 
Green but gives a different intercept  on the lift axis. 

It is in teres t ing  to note that the line DE given by the second method is exactly 
that predicted by Wagner~ and the very  small  change in design lift coefficient with 
depth may also be noted. In fact according to Wu's non-l inear  theory$ the design lift 
coefficient of a c i r c u l a r - a r c  hydrofoil at infinite depth is exactly the same as the 
design lift coefficient given by Wagner for zero depth. 

It seems  that the lift at finite depth might be wri t ten as follows; 

C2~ = m ( d / c ) a / a d ( d / c  ) + C~d (1) 

where the s lope,r , ,  and the design angle of attack, % , a re  both functions of the draf t-  
chord ratio, (~,"e), (as given by Green and Johnson, respect ively)  and the design lift 
coefficient, C ~ ,  is independent of draft. 

~H. Wagner ,  "P lan ing  of Wa te r c r a f t , "  NACA TM 1139, 1948. 

~T.Y. Wu, "A F r e e  S t r e a m i i n e  Theory  for T w o - D i m e n s i o n a l  Fu l ly  Cavi ta ted  Hydro-  
fo i l s , "  C. I .T .  Hydro Lab.  Rep. No. 21-17, Apr i l  1955. 
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It i s  not a lways  n e c e s s a r y  to c o r r e c t  for  dep th  e f fec t s .  R e c e n t l y  at  the  E x p e r i -  
m e n t a l  Towing  Tank,  S t evens  Ins t i t u t e  of Techno logy ,  u n d e r  c o n t r a c t  wi th  the  Off ice  
of Nava l  R e s e a r c h ,  the  l i f t  and  d r a g  of a ful ly v e n t i l a t e d ,  s u r f a c e - p i e r c i n g ,  d i h e d r a l  
hydro fo i l ,  h a s  b e e n  m e a s u r e d .  A n a l y s i s  of the  e x p e r i m e n t a l  r e s u l t s  shows  t ha t  a f t e r  
e l i m i n a t i n g  a s p e c t  r a t i o  e f f ec t s  t h e r e  i s  no r e s i d u a l  dep th  effect .  T h u s  a s u r f a c e -  
p i e r c i n g ,  d i h e d r a l  foi l  h a s  an e f f ec t ive  d r a f t - c h o r d  r a t i o  of inf in i ty .  The  t e s t s  a l so  
c o n f i r m e d  the  l i n e a r  s lope ,  7r/2, of the  l i f t  c u r v e  up to 16, but  t h e r e  was  no fa l l  off 
in l i f t  a s  p r e d i c t e d  by W u ' s  n o n - l i n e a r  t heo r y .  However ,  the  e x p e r i m e n t a l  d e s i g n  l i f t  
coe f f i c i en t  was  only  70 p e r c e n t  of tha t  p r e d i c t e d  by the  l i n e a r  t heo ry .  The  r e s u l t s  of 
t h e s e  t e s t s  wil l  be p u b l i s h e d  s h o r t l y . *  

Hirsh Cohen and R. C. DiPrima 

In r e p l y  to M a r s h a l l  Tul in ,  we would l ike  to say  t h a t  we a r e  in a g r e e m e n t  with  
h i s  r e m a r k s .  What  we w e r e  t r y i n g  to poin t  out  was  s i m p l y  tha t  the  l i n e a r i z e d  t h e o r y  
t ha t  h a s  b e e n  u s e d  to e s t i m a t e  b o u n d a r y  e f f ec t s  does  g ive  the  c o r r e c t  q u a l i t a t i v e  
e f f ec t s ,  but  does  not,  at  l e a s t  in the  c a s e s  c o n s i d e r e d  h e r e  (the 15 ° ha l f  ang l e  wedge,  
and  the  f la t  p l a t e  at  ang le  of a t t a c k  of 12°), g ive  the  a c c u r a c y  of a n o n - l i n e a r  t h e o r y .  

The q u e s t i o n  of s l o t t ed  wal l  t u n n e l s  h a s  been  b r o u g h t  up by Dr .  S i l v e r l e a f  and  by 
P ro f .  S i l b e r m a n .  It s e e m s  to us  tha t  judging f r o m  the  r e s u l t s  p r e s e n t e d  in t h i s  p a p e r ,  
l i t t l e  e f fec t  on f o r c e  c o e f f i c i e n t s  i s  to be expec ted .  It s e e m s  r e a s o n a b l e  to e x p e c t  the  
r e s u l t s  fo r  f o r c e  c o e f f i c i e n t s  to l ie  b e t w e e n  those  for  s o l i d - w a l l  and  f r e e - j e t  t e s t  
s e c t i o n s .  On the  o t h e r  hand,  b lockage  e f f ec t s  on cav i ty  d i m e n s i o n s  a r e  of s o m e  
i n t e r e s t .  F o r  a g iven  mode l  and  tunne l  s i ze ,  l o w e r  c a v i t a t i o n  n u m b e r s  may  be o b t a i n e d  
wi th  a s l o t t e d  wal l  tunne l .  I t  c e r t a i n l y  s e e m s  w o r t h w h i l e  to m a k e  b lockage  s t u d i e s  
for  the  s l o t t e d  wa l l  c a se .  T h e r e  s e e m s  to be need  of s o m e  cau t ion  in u s i n g  such  t e s t  
s e c t i o n s ,  a s  p r o v e n  by the  i n s t a b i l i t y  p r o b l e m s  e x p e r i e n c e d  at  A.R.L.  The  p o s s i b i l i t y  
of c a v i t y - s l o t t e d  wa l l  i n s t a b i l i t y  i n t e r a c t i o n s  shou ld  be  looked  into.  

Professor Silberman has raised a p o i n t  which has, indeed, troubled us. He 
remarks that for very low cavitation numbers the drag on the 15 ° and 12.5 ° wedges is 
lower in the free jet than the drag predicted in an infinite stream by the exact theory. 
But this is borne out in his experiments only by the single point, ~ = 0. The linear 
theory predicts that the drag in a free jet will be lower than in the infinite stream at 
all cavitation numbers. One feels that this should also appear in the experimental 
results. If there is an abrupt rise in the drag as the cavitation number increases 
from zero it certainly should not become greater than the infinite stream value. 

"~P.W. Brown, "The Force Characteristics of Surface-Piercing, Fully Ventilated, 
Dihedral Hydrofoils," S.I.T., E.T.T.R.ep. No. 698. (To be published). 
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