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My talk today is intended as a sequel  to the reviews made by Cox and Maccoll  
and by Gilbarg at the 1956 Naval Hydrodynamics Symposium (1). Whereas "hydro-  
ba l l i s t i cs"  can be loosely considered as a branch of engineering, and " f ree  s t reaml ine  
theory" as a branch of pure mathemat ics  (specifically,  of potential theory), my talk 
will be f rom the standpoint of the applied mathematician.* My p r im a ry  concern is 
thus to survey mathematical  methods for predict ing accura te ly  the behavior of rea l  
jets,  wakes, and cav i t i es - -espec ia l ly  the lat ter ,  which are  the centra l  theme of this 
par t  of the present  Symposium. 

If mytone is that of the "cautious c r i t i c"  (1, p. 233), it is because I think a ca r e -  
ful (not, I hope, agonizing!) reappra i sa l  will help us to d i sce rn  profi table lines of 
future work. In this vein, I shall  point out a number of specific questions which seem 
tractable  by available methods, provided the necessa ry  interest ,  ability, and financial 
support are  available. 

I shall  not t ry  to offer any new and major  challenges to intel lectual  giants; such 
men usually seek out their  own problems.  The level  of the problems is intended tobe 
that of h igh- level  Ph.D. theses  in applied mathematics;  this is perhaps the highest 
level  on which r e s e a r c h  can be sys temat ica l ly  planned. 

In Gi lbarg ' s  review (1), attention was focused almost  exclusively on two problems 
of pure potential  theory, which may be roughly defined as follows. 

Helmholtz Problem: Given s tat ionary obstacles,  walls,  etc. ,  having fixed bounda- 
r ies ,  find those i r rotat ional ,  incompress ib le ,  steady flows bounded by s t r eaml ines  
which (piecewise) e i ther  coincide with these boundaries,  or a re  f ree  (i.e., at constant 
velocity). 

In the Helmholtz Problem,  it is understood that the flow behavior  at large dis-  
tances is specified. If we r e fe r  to solutions of the Helmholtz problem as "Helmholtz 
flows," then the second problem is the following. 

Helmhol tz-Bri l louin  Problem:  Find those Helmholtz flows past given fixed 
boundaries,  in which the maximum veloci ty is assumed along all  f ree  boundaries.  

Before I discuss  the physical  significance of these problems,  I shall  survey  some 
purely mathematical  questions not covered adequately at the 1956 Symposium (1). 

Note :  T h i s  w o r k  w a s  done  u n d e r  C o n t r a c t  N o n r - 1 8 6 6 ( 3 4 )  w i t h  the  O f f i c e  of N a v a l  
Research 

*In the sense of Sydney Goldstein (2). 
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MATHEMATICAL RIGOR 

Though not always at tainable in applied mathemat ics ,  r igor  is des i rable- -and one 
should always have a c lear  idea of the extent towhich it has been achieved. Contrary 
to an impress ion  which seems  widespread among physic is ts  and engineers ,  not even 
al l  pure mathemat ics  is equally r igorous .  Far  f rom being exceptional,  f ree  s t r e a m -  
line theory seems  to be especia l ly  confused todayon this fundamental issue.  I should 
like to begin, therefore ,  with some questions of r igor .  

Plane Flows 

Even in the s imples t  case of plane Helmholtz flows, only a few resu l t s  have been 
r igo*ously established.  For  example,  the c lass  of al l  Helmholtz flows has been 
r igorous ly  determined,  with full general i ty ,  only for the case of a single flat plate.* 
Determinat ions  in other cases  involve topological  assumptions (usually tacit) about 
flow separat ion.  Though these assumptions are  ve ry  plausible,  the analysis  in the 
sect ion cal led Cavity Separation will  show that they a re  actual ly ra ther  a rb i t ra ry .  

If the flow topology is assumed known, then plane Helmholtz flows past  polygonal 
fixed boundaries can be t rea ted  r igorous ly  by c lass ica l  methods. In the case of 
curved fixed boundaries it is, however,  much more  difficult to establ ish existence 
and uniqueness theorems.  In this connection, I r eca l l  that the f i r s t  r igorous  general  
exis tence theorem for the Dir ichle t  p rob lem was not given until 1899. This was 50 
years  af ter  Kelvin and Dir ichlet  had at tempted to found the theory on a nonrigorous 
minimum principle ,  t and 150 years  af ter  potential  theory had been usefully applied 
to solve problems in mathemat ica l  physics.  

Existence and uniqueness theorems  for flows with f ree  s t reaml ines  are  ve ry  
much harder  to establish.  Though Levi-Civi ta ,  M. Bril louin,  and Villat d iscerned 
some of the most important  facts inthe decade 1905-15, and succeeded in formulat ing 
them mathematical ly* in the two-dimensional  case,  the f i r s t  r igorous  proofs  were  
obtalne~ by  Weinstein and Leray in the decade 1925-35. I cannot overes t imate  the 
technical  difficulty of these proofs;  as extended by Kravtchenko, Huron, and others  
so as to cover  more  genera l  cases ,  they run to at leas t  1000 pages of close and 
del icate  mathemat ica l  reasoning.  Moreover  Leray  has informed me that at least  one 
extension (Oudart) is not complete.  

In spite of all  this work, even the Helmholtz problem has not been solved in all  
cases ;  especia l ly  l i t t le is known about the exis tence and uniqueness of plane je ts  f rom 
a symmet r i c  nozzles.  What is more str iking,  the only solid obstacle for which the 
Helmhol tz-Br i l louin  problem has been solved, is the c i r cu la r  cylinder I However, I 
would not advise any applied mathemat ic ian to t ry  to extend these resul ts .  

Thin Hydrofoils 

More fruitful,  it s eems  to me, would be the r igorous  just i f icat ion of Tul in 's  
" l inea r i zed  theory" of thin hydrofo i l s ,  dealt  with e lsewhere  in this volume. The 
br i l l iant  applications of Tul in 's  approximat ionto  engineer ing design problems should 

*E.H. Zarantonello,  J. de math. pures et appl. 33:29-80 (1954) 
~" i t  t l  See O.D. Kellogg, Potential  theory, Ch. XI, 1. 
*As a singular nonlinear integralequation, to which we will recur in the next section. 
See Ref. 3, Ch. VII, for an exposition of some of the more accessible results. 
Further references are given there. 
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not blind us to the fact that it involves all the usual assumptions of the pure 
mathematician--and an additional l inear izat ion as well.  

The successful  cor re la t ion  of Tul in 's  formulas  with those of Levi~Civita (3, Ch. 
VI), besides  r igor iz ing the l inearizat ion,  should have two other useful consequences.  
F i rs t ,  it should give bet ter  es t imates  of the e r r o r s  involved in l inearizat ion,  and on 
how to co r rec t  them.* Second, it might indicate improved ways to solve the integral  
equations towhich L e v i - C i v i t a ' s f o r m u l a s  lead--including especia l ly the  determinat ion 
of pa ramete r s .  

Axially Symmetr ic  Case 

The methods mentioned above do not give any information about the axially 
symmet r i c  case, of the grea tes t  importance for hydrobal l is t ics .  One is, of course,  
f ree  to conjecture that natural analogs of existence anduniqueness theorems,  proved 
for symmet r ic  plane flows, will also hold for axially symmet r ic  space flows. But 
such freewheeling conjectures ,  however suggestive,  are  not a par t  of science.  

It was therefore  most gratifying when what may be t e rmed  the "Stanford School" 
(Garabedian, Lewy, Schiffer,  Spencer,  Gilbarg, and Serr in)  obtained posi t ive resul t s  
for axially symmet r i c  space flows also. The technical  br i l l iance  of their  achieve-  
ments canhard lybe  overes t imated- -even  after  making due allowance for contributions 
by Riabouchinsky, Lavrentiev,  Polya-Szeg6,  and others  to thebas ic  methods involved. 
However, br i l l iance  does not imply infallibility, and the t ime has come for sober  
appraisal  of what has actually been proved. 

The existence proofs  of Garabedian et al. (4 )a re  based on the synthesis  of a 
var ia t ional  pr inciple  due to Riabouchinsky, Steiner symmetr iza t ion  as recent ly  
exploited by Polya-SzegS, and a pr inciple  of analytic continuation due to H. Lewy. 
The detai ls  a re  again del icate and highly technica l - -even in the plane case,  when use 
can be made of Schif fer ' s  technique of in te r ior  variat ions.  

Though I have not myself  studied all  the details ,  I have given considerable thought 
to many aspects  of the proofs,  and have discussed them with other competent analysts .  
On the basis  of this thought and discussion,  it is my impress ion  that only the case of 
finite cavi t ies  has been worked through completely.  For  infinite cavi t ies ,  I think 
many details must be supplied before  the proof sketched in (4) can be accepted as 
r igorous.  A complete and c lear ly  expounded proof for infinite cavi t ies  would be ve ry  
valuable.t 

Weinstein has cal led my attention to a much s impler  difficulty regarding the 
uniqueness proofs of Gilbarg and Serr in ,  with par t icu lar  re fe rence  to the conditions 
under which "s tar l ikeRess  of the obstacle implies  s ta r l ikeness  of the f ree  s t r e a m -  
l ine."  In the plane, this can be proved r igorously;  in the axially symmet r i c  case,  
its proof by Ser r in  (5) depends on a plausible pr inciple  of potential  theory, which has 
however i tself  never been r igorous ly  proved. Thus, in the axially symmet r i c  case,  
a r igorous  proof of uniqueness has only been given within the c lass  of flows with 
s tar l ike  f ree  s t r eaml ines - - con t r a ry  to what is implied in Ref. 3, p. 96. 

$Offhand, one would expect a quadratic cor rec t ion  term,  which could be est imated by 
a single exact calculation. 

?In this connection, see E. Rodemich, Tech. Rep. 67, Applied Math. Statistics Lab. 
Stanford U., Aug. 8, 1957. A proof of uniqueness for the Helmhol tz-Bri l louin  prob- 
lem for (say) spheres would be a truly remarkable  contribution. 
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In t h ink ing  about  t h i s  d i f f icu l ty ,  I have  c o m e  to r e a l i z e  t ha t  the  a p p e a l  in  Ref.  3, 
p. 96, to L e v i n s o n ' s  t h e o r e m  (6) about  the  a s y m p t o t i c  s h a p e  of a x i a l l y  s y m m e t r i c  
in f in i t e  c a v i t i e s  r e q u i r e s  t ha t  one a l s o  a s s u m e  L e v i n s o n ' s  h y p o t h e s e s .  B a s i c a l l y ,  
one m u s t  u s e  t h e s e  to p r o v e  the  e x i s t e n c e  of a s i m i l a r i t y  t r a n s f o r m a t i o n  of one f r e e  
b o u n d a r y ,  m a k i n g  i t  l ie  e n t i r e l y  ou t s i de  the  o t h e r - - e x c e p t  at  one o r  m o r e  p o i n t s  of 
t a n g e n c y - - s o  a s  to  m a k e  L a v r e n t i e f f ' s  c o m p a r i s o n  m e t h o d  r i g o r o u s l y  app l i c ab l e .  
P r e s u m a b l y ,  L e v i n s o n ' s  h y p o t h e s e s  and  " s t a r l i k e n e s s "  c a n  be  c o m b i n e d  in to  one 
e l e g a n t  (and p l a u s i b l e )  a s s u m p t i o n ;  t h i s  would c e r t a i n l y  s e e m  w o r t h  doing.  

In the  s a m e  ve in ,  s t a t e m e n t s  h a v e  r e c e n t l y  b e e n  m a d e  abou t  f r e e  s t r e a m l i n e s  
u n d e r  g r a v i t y ,  wh ich  s e e m  to m e  not  r i g o r o u s l y  p r o v e d .  I s h a l l  c o m m e n t  on  t h e s e  
l a t e r  in  c o n n e c t i o n  wi th  the  p a p e r  b y  T a y l o r  and  Sa f fman  in t h i s  v o l u m e .  

NUMERICAL METHODS 

The  r e c e n t  d e v e l o p m e n t  of h i g h - s p e e d  d ig i t a l  c o m p u t i n g  m a c h i n e s ,  wi th  m u l t i -  
p l i c a t i o n  t i m e s  of a m i l l i s e c o n d  o r  l e s s ,  h a s  e n o r m o u s l y  i n c r e a s e d  the  c l a s s  of 
e c o n o m i c a l l y  c o m p u t a b l e  f o r m u l a s .  The  i m p a c t  of t h i s  d e v e l o p m e n t  on app l i ed  
m a t h e m a t i c s  i s  i n c a l c u l a b l e  b e c a u s e  i t  i s  e c o n o m i c a l l y  c o m p u t a b l e  f o r m u l a s  t h a t  the 
app l i ed  m a t h e m a t i c i a n  r e q u i r e s .  

U n f o r t u n a t e l y ,  e f f e c t i v e  r i g o r  in  t h i s  a r e a  i s  h a r d l y  e v e r  a c h i e v e d ,  in  the  s e n s e  
tha t  r i g o r o u s  e r r o r  b o u n d s  a r e  u s u a l l y  f a r  too  p e s s i m i s t i c .  In p r a c t i c e ,  e r r o r s  a r e  
u s u a l l y  e s t i m a t e d  by  r e p e a t i n g  the  c a l c u l a t i o n s  wi th  doub led  m e s h  leng th .  Th i s  
s o m e t i m e s  g i v e s  a r e l i a b l e  e s t i m a t e  of the  t r u n c a t i o n  e r r o r ;  in  o t h e r  c a s e s ,  the  
s i g n i f i c a n c e  of the  e s t i m a t e  s o  o b t a i n e d  i s  on ly  s t a t i s t i c a l .  

I s h a l l  now d i s c u s s  s o m e  n u m e r i c a l  m e t h o d s  wh ich  h a v e  b e e n  s u c c e s s f u l l y  
app l i ed  to  f r e e  s t r e a m l i n e  p r o b l e m s ,  wi th  s p e c i a l  r e f e r e n c e  to t h e i r  m a t h e m a t i c a l  
a c c u r a c y  and  t h e i r  p o t e n t i a l i t i e s  f o r  f u r t h e r  d e v e l o p m e n t ,  u s i n g  h i g h - s p e e d  c o m p u t i n g  
m a c h i n e s .  In s p e c i f y i n g  m a t h e m a t i c a l  a c c u r a c y ,  I m e a n  of c o u r s e  the  a g r e e m e n t  
wi th  e x a c t  s o l u t i o n s  of a n a l y t i c a l l y  de f ined  H e l m h o l t z  p r o b l e m s - - a l w a y s  a s s u m i n g  
t h a t  t h e s e  p r o b l e m s  have  b e e n  "we l l  s e t "  in  the  s e n s e  of e x i s t e n c e  and  u n i q u e n e s s .  
Some a s p e c t s  of p h y s i c a l  a c c u r a c y  wi l l  be  d i s c u s s e d  in the  fo l lowing  s e c t i o n s .  

I n t e g r a l  E q u a t i o n  M e t h o d s  

P e r h a p s  the  m o s t  h igh ly  d e v e l o p e d  i n t e g r a l  e q u a t i o n  m e t h o d  c o n c e r n s  the  s o l u t i o n  
of p l a n e  H e l m h o l t z  p r o b l e m s  by  d i s c r e t i z a t i o n  of e q u i v a l e n t  s i n g u l a r ,  n o n l i n e a r  i n t e g r a l  
e q u a t i o n s .  T h i s  m e t h o d  h a s  b e e n  d e s c r i b e d  in  Ref.  8, r e v i e w e d  in Ref.  3, pp. 215-219,  
and  b r i e f l y  c r i t i c i z e d  in Ref.  1, pp.  224-225 .  The  i n t e g r a l  e q u a t i o n s  a r e  t h o s e  of 
L e v i - C i v i t a  and  Vi l l a t ,  m e n t i o n e d  in the  p r e c e d i n g  s e c t i o n .  

F o r  s y m m e t r i c  f lows  p a s t  o b s t a c l e s  h a v i n g  c u r v a t u r e  of c o n s t a n t  s ign ,  v e r y  con -  
s i s t e n t  r e s u l t s  have  b e e n  o b t a i n e d  wi th  t h i s  me thod .  T h e r e  i s  e v e n  a r i g o r o u s  t h e o r y *  
of i t s  c o n v e r g e n c e  (9), t hough  the  a s s u m p t i o n s  i n v o l v e d  a r e  not  e a s y  to i n t e r p r e t .  
T h i s  i s  not  to  s a y  t h a t  e r r o r  b o u n d s  have  b e e n  c a l c u l a t e d ,  o r  e v e n  t ha t  e r r o r  e s t i m a t e s  
a r e  a v a i l a b l e .  H o w e v e r ,  t he  m e t h o d  a l w a y s  g i v e s  a p o t e n t i a l  f low wi th  f r e e  s t r e a m -  
l i n e s  p a s t  an  o b s t a c l e  w h o s e  s h a p e  d i f f e r s  s l i g h t l y  f r o m  tha t  of the  g i v e n  o b s t a c l e .  
T h e r e f o r e  to  ge t  e r r o r  e s t i m a t e s ,  i t  would  su f f i ce  to  so lve  the  fo l lowing  p r o b l e m .  

*In p a r t i c u l a r ,  the  s i n g u l a r i t y  a t  the  s e p a r a t i o n  point  c a u s e s  no d i f f icu l ty ,  c o n t r a r y  
to the a s s e r t i o n  in Ref.  l ,  p. 224. 
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Problem:  Given two functions defining the curvature  K = Ki(8) as functions of 
the slope 8. i = 1.2, es t imate  the changes in the flow pat tern and p r e s s u r e  dis t r ibu-  
tion due to AK(8) = K1(8) - K2(6 ). 

The method involved is capable of var ious  extensions. Thus, var ious c lass ica l  
p roblems involving plane flows with f ree  s t r eaml ines  under gravity,  and s traight  
fixed boundaries,  can also be t ransformed into nonlinear integral  equations (3, Ch. 
VIII, §11). Though the s ingular i t ies  involved are  nas t ier  than in the case t rea ted  in 
Ref. 3, the problem should be t ractable .*  We had also original ly hoped to apply simple 
modifications of the method, to calculate a symmet r i c  flows and compress ib le  flows 
in the Chaplygin approximation (3, p. 191). Adaptations of the method to jet  calcula-  
tions should also be feasible.  

By using s lope-length equations 6 = 0 ( 8 ) i n  place of curva ture -s lope  relat ions 
K = K(6), one can in terpre t  plane cavity flows past  obstacles having points of inf lec-  
tion (curvature of var iable  sign) in t e r m s  of integral  equations (3, p. 136). It would 
be interes t ing to per fec t  a technique for solving such integral  equations numerical ly;  
in pr inciple ,  this would seem not too difficult.¢ 

Thin Hydrofoils 

An especia l ly  t imely  extension would be to the calculation of a symmet r i c  cavity 
flows past  thin hydrofoils,  such as are  considered e lsewhere  in this volume by Drs. 
Tulin, Johnson, Timman,  Cohen, and Di Pr ima.  Such calculat ions would give a 
c l e a r e r  idea of the cor rec t ion  to be made for finite thickness.  Conversely,  a study 
of methods effective for the l inear ized approximation might suggest more effective 
methods for solving the exact nonlinear equations. 

The general  case of a smooth a symmet r i ca l  hydrofoil in an infinite s t r eam 
involves three p a r a m e t e r s  (3, Ch. VI, § 7): M, T o, 8 o. These are  presumably  de te r -  
mined bythe pitch angle of the hydrofoil  and the two points of flow separation--though 
the re la t ion between these and the location 8 of the stagnation point may be hard to 
determine,  unless the hydrofoil  has a sharp leading edge. The angle of pitch should 
presumably  be ca r r i ed  as a f ree  p a r a m e t e r  in calculat ions--but  the angles 81, 82 of 
flow separat ion or  the condition of "smooth separat ion"  used to el iminate the other 
two pa rame te r s .  

For  fixed M. T o, 8o, the i te ra t ive  methods descr ibed in Ref. 3, Ch. IX, should 
converge rapidly, provided the hydrofoils involved have a sharp leading edge, since 
the curva tures  involved (hence M) are  then small .  However, for nonconvex hydrofoils,  
one would presumably$ have to use the Villat integral  equation. 

Axially Symmetr ic  Case 

Even more valuable would be the perfect ion of numerica l  techniques for solving 
axially symmet r i c  Helmholtz problems.  § Two approaches to this problem are  

*For one case, see Ref. 7 and P. Garabedian, Proc. Roy. Soc. (London) A241:769-80 

(1957 I. The radius of curvature at the bubble vertex seems hard to determine 
accurately. 

tPersons interested in this problem should consult with Dr. Hans Bremermann of 
Stanford University, who spent some time on it. 

SPerhaps not, if the curvature had constant sign on each side of the stagnation point. 
Alternatively, one could treat the first six coefficients a o, a I ..... a s of the Levi- 
Civita function fl(t) as free parameters. 

§Especially because no analytical solution is known. 
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r e v i e w e d  in  Ref.  1. In b o t h  a p p r o a c h e s  " c e r t a i n  s i m i l a r i t y p r i n c i p l e s  b e t w e e n . . ,  two-  
d i m e n s i o n a l  and  t h r e e - d i m e n s i o n a l  p r o b l e m s  a r e  i n v o l v e d "  (1, p. 222). 

A p p r o a c h e s  b a s e d  on  a s s u m e d  a n a l o g i e s  b e t w e e n  p l a n e  and  a x i a l l y  s y m m e t r i c  
f lows  have  long b e e n  u s e d  to m a k e  e n g i n e e r i n g  e s t i m a t e s .  F o r  c a v i t y  f lows,  the  
r e c e n t  a s s u m p t i o n s  of P l e s s e t  and  Sha f f e r  a r e  p e r h a p s  b e s t  known.  The  e v i d e n c e  
r e v i e w e d  in Ref.  1, pp.  225-227 ,  s h o w s  a g a i n  t h a t  s u c h  e s t i m a t e s  h a v e  a p u r e l y  
e n g i n e e r i n g  s i g n i f i c a n c e .  

V a r i a b l e  D i m e n s i o n  N u m b e r  

The  p r e c e d i n g  ana logy  can  a l s o  be  pu t  on a s c i e n t i f i c  b a s i s ,  a s  f i r s t  shown  by  
G a r a b e d i a n  (10). The  c o r r e c t  a p p r o a c h  i s  to  c o n s i d e r  o n e - p a r a m e t e r  f a m i l i e s  of 
f lows  s a t i s f y i n g  

P P = 0  Uxx +'-~ Uy + Uyy : Vxx --~Vy + Vyy (I) 

in p + 2 dimensions, with p a continuous parameter. This idea of considering flows 
in fractional dimensions,* which would not normally occur to a physicist or engineer, 
illustrate the practical value of pure mathematical abstractions. 

Garabedian's methods and conclusions are summarized in Ref. 3, pp. 288-289, 
e x c e p t  t h a t  G i l b a r g  f a i l s  to  e m p h a s i z e  G a r a b e d i a n ' s  p l a u s i b l e  bu t  a r b i t r a r y  i n t e r p o -  
l a t i on  wi th  r e s p e c t  to  ~ = p / (p  + 2) .  B e c a u s e  of t h i s  a r b i t r a r i n e s s ,  t hough  I b e l i e v e  
t ha t  G a r a b e d i a n  h a s  obtaincec] genu i ne  e s t i m a t e s  fo r  c o r r e c t i o n s  to  the  wide ly  quo ted  
r e s u l t s  of P l e s s e t  and  Shaf fe r  (and of T r e f f t z  f o r  j e t s ) ,  I a m  not  c o n v i n c e d  t ha t  t h e s e  
e s t i m a t e s  c a n  b e  r e l i e d  on bd~yond +30 p e r c e n t .  

It would be  v e r y  v a l u a b l e  if G a r a b e d i a n  could  ex t end  h i s  m e t h o d  so  a s  to  ob ta in  
a s y m p t o t i c  e s t i m a t e s  of the  r e l a t i v e  l e n g t h  ~/d and  d i a m e t e r  dm/d  of c a v i t i e s  b e h i n d  
d i s c s  of d i a m e t e r  d a s  f u n c t i o n s  of the  c a v i t a t i o n  n u m b e r  Q. The  e x t e n s i o n  to o t h e r  
o b s t a c l e  s h a p e s  s e e m s  to invo lve  f o r m i d a b l e  d i f f i cu l t i e s .  

D i f f e r e n c e  E q u a t i o n  Me t hods  

Mos t  p r o m i s i n g ,  in  m y  opin ion ,  a r e  a t t e m p t s  to  c a l c u l a t e  H e l m h o l t z  f lows  a p p r o x i -  
m a t e l y ,  by  c o v e r i n g  the  d o m a i n  i n v o l v e d  by  a f ine  m e s h ,  and  r e p l a c i n g  the  L a p l a c e  
e q u a t i o n  o v e r  t h i s  m e s h  by  a s u i t a b l e  d i f f e r e n c e  equa t ion .  In b o t h  the  p l a n e  and  
a x i a l l y  s y m m e t r i c  c a s e ,  t h i s  p r o c e d u r e  (with due a t t e n t i o n  to b o u n d a r y  c o n d i t i o n s )  
l e a d s  to v e c t o r  e q u a t i o n s  A 5  = ]~ invo lv ing  w e l l - c o n d i t i o n e d  s y m m e t r i c  m a t r i c e s .  
C l e a r l y ,  s u c h  e q u a t i o n s  a r e  m o s t  t r a c t a b l e  f o r  s m a l l  d o m a i n s - - e . g . ,  fo r  f lows  h a v i n g  
f in i t e  c a v i t i e s  in  f in i t e  c h a n n e l s .  By way of c o n t r a s t ,  the  m e t h o d s  b a s e d  on  i n t e g r a l  
e q u a t i o n s  and  v a r i a t i o n  of the  d i m e n s i o n  n u m b e r  n = p + 2 a r e  m o s t  e f f ec t i ve  fo r  
in f in i t e  c a v i t i e s  in  an  unbounded  s t r e a m .  T h e r e f o r e ,  t h e i r  r a n g e s  of a p p l i c a t i o n  a r e  
e s s e n t i a l l y  c o m p l e m e n t a r y :  n e i t h e r  is  to  b e  though t  of a s  a s u b s t i t u t e  fo r  the  o t h e r .  

R e l a x a t i o n  M e t h o d s  

The  a p p r o x i m a t e  n u m e r i c a l  s o l u t i o n  of H e l m h o l t z  f l o w p r o b l e m s ,  t h r o u g h  a p p r o x i -  
m a t i n g  d i f f e r e n c e  e q u a t i o n s ,  w as  f i r s t  a c c o m p l i s h e d  (us ing  hand  " r e l a x a t i o n  m e t h o d s " )  

" . 'Previous ly  app l ied  to o the r  p r o b l e m s  by B e l t r a m i ,  B e r s  and  G e l b a r t ,  and W e i n s t e i n  
( T r a n s .  Am. Math.  Soc. 63 :342-354  (1948), w h e r e  e a r l i e r  r e f e r e n c e s  a r e  given) .  

266 



J e t s ,  Wakes ,  and C a v i t i e s  

by  Si r  R i c h a r d  Southwel l  and  M i s s  V a i s e y  (11), in  an  i m p o r t a n t  p i o n e e r  p a p e r .  Though  
not  m e n t i o n e d  in  Ref.  1, Ref. 11 s e e m s  to d e s e r v e  f u r t h e r  s t udy  a t  the  p r e s e n t  t i m e ,  
f o r  two r e a s o n s .  • 

F i r s t ,  m a n y  of the  a p p r o x i m a t e  s o l u t i o n s  ob t a ined  in Ref.  11 can  now be  c o m p a r e d  
w i th  r e s u l t s  ob t a ined  by  o t h e r  m e t h o d s ,  and  t h i s  wi l l  g ive a b e t t e r  idea  of the  t r u n c a -  
t i on  e r r o r s  i n v o l v e d - - a  subj  ec t  about  wh ich  l i t t l e  i n f o r m a t i o n  is  now a v a i l a b l e . *  Thus ,  
s u c h  a c o m p a r i s o n  is  p o s s i b l e  for  the  t w o - d i m e n s i o n a l  B o r d a  m o u t h p i e c e  in a channe l :  
E x a m p l e  1 of Ref.  11 i s  t r a c t a b l e  a n a l y t i c a l l y  a s  d e s c r i b e d  in Ref.  3, Ch. V, § 8. 
Though  a n u m e r i c a l  p a r a m e t e r  ( r a t i o  of m o u t h p i e c e  wid th  to c h a n n e l  wid th  of 1 /6 )  
m u s t  be  d e t e r m i n e d  a p o s t e r i o r i  in the  exac t  a n a l y t i c a l  f o r m u l a s ,  the  a m o u n t  of work  
i n v o l v e d  i s  not  r e a l l y  g r e a t .  Again ,  as  to  the  c u s p e d  c a v i t y b e h i n d a  c i r c u l a r  c y l i n d e r ,  
t r e a t e d  as  E x a m p l e  10 in Ref.  11, one can  u s e  the  f o r m u l a s  of Ref.  3, Ch. VI, § 10, to  
r e d u c e  the  p r o b l e m  to the  so lu t i on  of a n o n l i n e a r  i n t e g r a l  e q u a t i o n  invo lv ing  two 
p a r a m e t e r s  M and  Q, c o n n e c t e d  by  an  i m p l i c i t  r e l a t i o n .  F o r  one v a l u e  of Q, t h i s  
e q u a t i o n  and  the  r e l a t i o n  have  b e e n  s o l v e d  n u m e r i c a l l y  (8, C a s e  22a); i t  would b e  
i n t e r e s t i n g  to m a k e  a c o m p a r i s o n  wi th  the  r e l a x a t i o n  so lu t ions$  fo r  q = 0.234, 0.562, 
. . . ,  a s  we l l  as  fo r  the  in f in i t e  cav i ty  of z e r o  d rag .  

A n a l y t i c a l l y ,  the  v a r i o u s  p l a n e  f lows wi th  f r e e  s t r e a m l i n e s  u n d e r  g r a v i t y  t r e a t e d  
in  Ref.  11 as  E x a m p l e s  4 - 8  a r e  a l s o  r e d u c i b l e  to  m i l d l y  s i n g u l a r  i n t e g r a l  e q u a t i o n s ,  
wh ich  shou ld  be  t r a c t a b l e  by  i t e r a t i v e  n u m e r i c a l  m e t h o d s ,  a s  e x p l a i n e d  above .  

Second,  the  n u m e r i c a l  l a b o r  r e q u i r e d  to " r e l a x "  h a s  b e e n  so  s h o r t e n e d  in m a n y  
c a s e s  wi th  the  help  of u l t r a f a s t  c o m p u t i n g  m a c h i n e s ,  t h a t  i t  s e e m s  r e a s o n a b l e  to  hope 
t ha t  t h i s  wi l l  a l s o  be  t r u e  of the  " f r e e  s t r e a m l i n e "  f lows t r e a t e d  in  Ref.  11. The  
g e n e r a l  p r o c e d u r e  fo l lowed,  in  b o t h  hand  and  m a c h i n e  c o m p u t a t i o n s ,  i s  to  so lve  a 
s e q u e n c e  of p r o b l e m s  invo lv ing  f ixed  b o u n d a r i e s ,  wh ich  a r e  a d j u s t e d  b y  s u c c e s s i v e  
t r i a l s  un t i l  the  cond i t i on  of c o n s t a n t  v e l o c i t y  i s  m e t  on the  ( t h e n ) f r e e  s t r e a m l i n e .  
S ince  the  d i f f e r e n c e  e q u a t i o n s  a r e  the  s a m e ,  t h e  only q u e s t i o n  i s  a s  to  how e f f e c t i v e l y  
one can  s u b s t i t u t e  r e g i m e n t e d  a u t o m a t i o n  for  f r e e  h u m a n  in tu i t ion .$  

V e r y  s u b s t a n t i a l  c o n t r i b u t i o n s  to  the  a u t o m a t i c  s o l u t i o n  of H e l m h o l t z  p r o b l e m s  
a r e  e m b o d i e d  in  Ref.  12. Us ing  a s q u a r e  m e s h ,  to which  the  s u c c e s s i v e  o v e r r e l a x a -  
t ion  ( e x t r a p o l a t e d  L i e b m a n n )  m e t h o d  of Young and  F r a n k e l  i s  i dea l l y  adap ted ,§  
" R i a b o u c h i n s k y "  f low p a s t  a d i s c  in  a c h a n n e l  was  t r e a t e d  on  the  NORC at  D a h l g r e n .  

S u r p r i s i n g  though  it  m a y  s e e m ,  the  NORC c a l c u l a t i o n s  did  not  g ive  r e s u l t s  wh ich  
w e r e  c l e a r l y  b e t t e r  t han  t h o s e  p r e v i o u s l y  ob t a ined  by  M i s s  V a i s e y  (3, p. 232). In 
fac t ,  no c o n v e r g e n c e  p r o o f  o r  e r r o r  e s t i m a t e  i s  a v a i l a b l e  f o r  e i t h e r  me thod ,  and  
s o m e w h a t  v a r i a b l e  r e s u l t s  w e r e  o b t a i n e d  by  bo th ,  so t ha t  the  p r o b l e m  is  s t i l l  u n s o l v e d .  
I shou ld  l ike  to m a k e  s o m e  s p e c i f i c  c o m m e n t s  in  t h i s  connec t ion ;  I u n d e r s t a n d  t h a t  
Dr .  A r m s  of the  Nava l  P r o v i n g  G r o u n d  a l s o  h a s  s o m e  ideas .  I b e l i e v e  t ha t  r e c o n -  
s i d e r a t i o n  of c o n v e r g e n c e  s p e e d  and  t r u n c a t i o n  e r r o r s ,  in  the  l igh t  of t h e s e  c o m m e n t s  
and  ideas ,  would m a k e  a s u c c e s s f u l  a t t a c k  p o s s i b l e  in  the  n e a r  f u t u r e ,  u s i n g  new and  
m o r e  p o w e r f u l  m a c h i n e s .  

':=Even for solutions of the Dirichlet problem; the case of free boundaries is much 
more difficult ! 

~See R.V. Southwell, "Relaxation Methods in Theoretical Physics," Oxford, p. 226, 
1946. A concise revision of much of Ref. 11 is presented in pp. ZIZ-Z6. 

$ Human intuition has many advantages of flexibility--as in the easy introduction of 
local mesh refinements suggested by experience. 

§Thus, with the PDQ-03 Bettis Code, and rectangular meshes (with independent 
spacings in x and y), in rectangular domains, fixed boundary problems involving 
7500 points can be solved on the IBM-?04 in 10 to 15 minutes K 
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G. B i rkhof f  

P e r h a p s  the  m a j o r  c o m p u t a t i o n a l  d i f f i cu l ty  c e n t e r s  a r o u n d  the  (mi ld)  s e p a r a t i o n  
s i n g u l a r i t y .  The  s q u a r e  m e s h  u s u a l l y  u s e d  in Ref.  12 is  not  we l l  a d a p t e d  to t r e a t i n g  
the  l oca l  b e h a v i o r  n e a r  t h i s  s i n g u l a r i t y . *  S u c c e s s i v e  o v e r r e l a x a t i o n  i s  a l s o  c o m -  
p a t i b l e  wi th  r e c t a n g u l a r  s u b d i v i s i o n s  wi th  unequa l  s p a c i n g s ,  wh ich  could  be  u s e d  to 
c o n c e n t r a t e  m e s h  p o i n t s  n e a r  the  s e p a r a t i o n  poin t .  On the  o t h e r  hand ,  the  type  of 
l oca l  m e s h  r e f i n e m e n t  u s e d  in Ref.  l l - - w h i c h  s e e m s  b e t t e r  a d a p t e d  to the  p r o b l e m - -  
does  not  s a t i s f y  Young ' s  p r o p e r t y  A: t ha t  n e t - p o i n t s  c an  be  d iv ided  in to  " r e d "  and  
" b l a c k "  po in t s ,  s u c h  t h a t  a d j a c e n t  n e t - p o i n t s  have  oppos i t e  c o l o r s .  O t h e r  m e s h  
r e f i n e m e n t s  h a v i n g  p r o p e r t y  A m i g h t  be  t r i e d ,  s u c h  as  t h o s e  s k e t c h e d  in Fig.  1. 

Fig. 1 - Mesh refinements having property A 

One a l t e r n a t i v e  would be  to app ly  s e c o n d - o r d e r  R i c h a r d s o n  o r  C h e b y c h e v  p o l y -  
n o m i a l  m e t h o d s  to m e s h e s  hav ing  loca l  r e f i n e m e n t s  of the  k ind  u s e d  in Ref.  11. 
Though  t h e s e  m e t h o d s  r e q u i r e  twice  a s  m u c h  s t o r a g e  and  c o m p u t i n g  t i m e  wi th  a s q u a r e  
m e s h  t a s  s u c c e s s i v e  o v e r r e l a x a t i o n ,  I a m  s u r e  they  a r e  s t i l l  m u c h  f a s t e r  (us ing  
u l t r a f a s t  m a c h i n e s )  t han  hand  com pu t a t i on .  Or ,  one could  t r y  s u c c e s s i v e  o v e r r e l a x a -  
t ion ,  hop ing  t h a t  i t  would c o n v e r g e  r a p i d l y  e v e n  wi thou t  t h e o r e t i c a l  j u s t i f i c a t i o n .  ¢ As  
a t h i r d  a l t e r n a t i v e ,  one could  u s e  l i n e a r  i n t e r p o l a t i o n  d u r i n g  m e s h  t r a n s i t i o n s ,  a s  
p r o p o s e d  by  A r m s .  

PHYSICAL RIGOR 

So lu t ions  of the  H e l m h o l t z  p r o b l e m  a r e  in  e q u i l i b r i u m  u n d e r  i n e r t i a l  f o r c e s  and,  
in  the  c a s e  of w a k e s ,  u n d e r  g r a v i t y .  U nf o r t una t e ly ,  a s  r e a l i z e d  by  H e l m h o l t z  h i m s e l f  
(1868), t h i s  e q u i l i b r i u m  is  v e r y  u n s t a b l e  in  s i n g l e - p h a s e  flow. G r a v i t y  i s  n e g l e c t e d  
in  r e p r e s e n t a t i o n s  of ( t w o - p h a s e )  c a v i t y  f lows,  bu t  the  e q u i l i b r i u m  is  m u c h  m o r e  
s t a b l e  (14, p. 54). M o r e o v e r  v i s c o u s  f o r c e s ,  t u r b u l e n c e ,  s u r f a c e  t e n s i o n ,  e v a p o r a t i o n ,  
a i r  con ten t ,  and  i m p u r i t i e s  in  s o l u t i o n  a r e  n e g l e c t e d  in any  c a s e .  

It is  o b v i o u s l y  i m p o r t a n t  to  know how b e s t  to a p p r o x i m a t e  p h y s i c a l  r e a l i t y  b y  
H e l m h o l t z  f lows ,  and  a l s o  how to a l low for  the  v a r i o u s  f o r c e s  neg lec t ed .  I r e v i e w e d  
t h i s  q u e s t i o n  t en  y e a r s  ago;§ in idea l  c av i t a t i on ,  one m i g h t  expec t  to o b s e r v e  the  
n o m i n a l  e q u a t i o n  of s t a t e  (3, p. 7) 

P = Po ,  i f  p > Pv (2a) 

P = Pv ,  P = Pv elsewhere.  (2b) 

$A loca l  a n a l y t i c a l  e x p a n s i o n  was g e n e r a l l y  u s e d  i n s t e a d  of l o c a l m e s h  r e f i n e m e n t .  
SR.S. Varga ,  J. Soc. Ind. App1. Math.  5 :39-46  (1957) 
$Such j u s t i f i c a t i o n  m a y  ac tua l l y  be i m p l i c i t  in r e c e n t  work  by Kahan  and Varga .  

( C o m m e n t  of Dr .  Young.) 
§G. Bi rkhof f ,  P r o c .  7th Int. C o n g r e s s  Appl.  Mech. ,  London, 2 :7 -16  (1948), a l so  Ref. 

14, p. 51 and Ref.  3, Ch. I. The use  of Eqs .  (2a) and (2b} goes back  at  l e a s t  to 
R i a b o u c h i n s k y ,  D e m t c h e n k o ,  A c k e r e t ,  and Weinig  (1926-32) .  
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J e t s ,  W a k e s ,  and  C a v i t i e s  

If i n e r t i a l  f o r c e s  a lone  a r e  c o n s i d e r e d ,  t h i s  equa t i on  l e a d s  n a t u r a l l y  to  the  H e l m h o l t z -  
B r i l l o u i n  P r o b l e m . *  

R e e n t r a n t  J e t  M o d e l s  

U n f o r t u n a t e l y ,  one can  show tha t  H e l m h o l t z - B r i l l o u i n f l o w s  p a s t  a s i n g l e  o b s t a c l e  
n e c e s s a r i l y  invo lve  in f in i t e ly  long c a v i t i e s  and  z e r o  c a v i t a t i o n  n u m b e r  Q, w h e r e a s  r e a l  
c a v i t i e s  have  f in i t e  l eng th  and p o s i t i v e  Q! To avo id  t h i s  p a r a d o x ,  i t  i s  c u s t o m a r y  to 
u s e  the  R i a b o u c h i n s k y  and  r e e n t r a n t  j e t  m o d e l s ,  and  to t ake  

P~ - Pc Q -  
I / 2  pv  2 

as  an  e m p i r i c a l  cons t an t .  (Here  Pa i s  the  l oca l  a m b i e n t  p r e s s u r e ;  Pc i s  the  (mean)  
cav i ty  p r e s s u r e ,  wh ich  is  Pv in idea l  c a v i t a t i o n . )  

T h e s e  m o d e l s  g ive  a l m o s t  i d e n t i c a l  p r e d i c t i o n s  fo r  d r a g  and  cav i ty  d i m e n s i o n s  
in  t w o - d i m e n s i o r m l  flow.$ Howeve r ,  i t  is  v e r y  h a r d  to f ind  a c c u r a t e  p u b l i s h e d  s t a t e -  
m e n t s  about  the  e o n f o r m i t y  of s u c h  m o d e l s  and  r e a l i t y ;  u sua l l y ,  a ~ t h o r s  a r e  con t en t  
to  m e n t i o n  the  q u a l i t a t i v e  o c c u r r e n c e  of r e e n t r a n t  j e t s .  

T h i s  is  p a r t l y d u e ,  of c o u r s e ,  to the  l i m i t e d  p r a c t i c a l  i n t e r e s t  of t w o - d i m e n s i o n a l  
c a v i t y  flow, and  p a r t l y  to e x p e r i m e n t a l  d i f f i cu l t i e s .  Anyway,  the  m o s t  f r e q u e n t l y  s e e n *  
c o m p a r i s o n s  r e f e r  to  i n t e g r a t e d ,  a r t i f i c a l l y  r o t a t e d  ( P l e s s e t - S h a f f e r )  p r e s s u r e  d i s -  
t r i b u t i o n s  on w e d g e s  fo r  idea l  Bobylef f  f lows,  a s  c o m p a r e d  wi th  d r a g  m e a s u r e m e n t s  
on  cone  h e a d s  in w a t e r  t u n n e l s .  S ince  the  t h e o r e t i c a l  i n t e r p r e t a t i o n  of the  c a l c u l a t e d  
d r a g  c o e f f i c i e n t s  i s  o b s c u r e ,  t h e s e  c o m p a r i s o n s  h a v e  q u e s t i o n a b l e  s c i e n t i f i c  
s i g n i f i c a n c e .  

The  p u b l i s h e d  e x p e r i m e n t a l  v a l u e s  CD(Q) = 0.55 + 0.4Q fo r  f low p a s t  a c i r c u l a r  
c y l i n d e r  a g r e e ,  a t  q = 0, wi th  the  n u m e r i c a l  va lue  c a l c u l a t e d  by  B r o d e t s k y .  It would 
s e e m  d e s i r a b l e  to  r e d o  t h e s e  e x p e r i m e n t s ,  a n d  to check  the  v a l u e s  for  Q > 0 a g a i n s t  
c a l c u l a t i o n s  r e c e n t l y  pe r fo rmed .§  on the  MANIAC. 

But  a g r e e m e n t  b e t w e e n  c a l c u l a t e d  and  m e a s u r e d  v a l u e s  of CD(Q) , h o w e v e r  u se fu l ,  
does  not  t e l l  the  whole  s t o r y .  E s p e c i a l l y  in  c a s e s  w h e r e ,  a s  wi th  cones ,  the  s e p a r a -  
t ion  po in t  i s  d e t e r m i n e d  by  a s h a r p  c o r n e r ,  s u c h  a g r e e m e n t  i s  a l m o s t  b u i l t  in.  As  
o b s e r v e d  n e a r l y  15 y e a r s  ago by  L. B. S l i c h t e r ,  the  d i f f e r e n c e  b e t w e e n  the  s t a g n a t i o n  
and  s e p a r a t i o n  p r e s s u r e s  ou t s ide  the  b o u n d a r y  l a y e r  i s  f i t t ed  by  the  c h o i c e  of Q. 
Again ,  the  p r e s s u r e  d i s t r i b u t i o n  i s  a convex  e v e n f u n c t i o n  in m o s t  c a s e s  t r e a t e d .  One 
can  t h e r e f o r e  expec t  f a i r  e n g i n e e r i n g  e s t i m a t e s  of Cu(q), wi thou t  knowing  m u c h  abou t  
the  f low as  a whole .  E s p e c i a l l y  good e s t i m a t e s  m a y  be  e x p e c t e d  when,  a s  wi th  c o n e s  
(fol lowing A r m s t r o n g  (1, pp .226-227) ) ,  one can  m a t c h  the  loca l  p r e s s u r e  d i s t r i b u t i o n  
n e a r  the  v e r t e x  and  the  s e p a r a t i o n  po in t  to a h i g h e r  o r d e r .  

*Gilbarg (i, p. 285) calls Helmholtz-Brillouin flows "physically acceptable," but this 
seems to me a confusion of physics with metaphysics, because of all the physical 
variables neglected. 
TFirst observed by D. Gilbarg and R.A. Anderson, J. Appl. Phys. 19:157-69 {1948}; 
see also Ref. 3, Plate ll. The prediction of Qis an important unsolved problem. 

SReference l,p. 227, and lB. Perry and M.S. Plesset, pp. Z51-261 of theRiabouchinsky 
Jubilee Volume, Publ. Sci. Tech. Min. de l'Air. Paris, 1954. Garabedian's calcula- 
tions for a disc are more significant. 

§G. B i r k h o f f ,  H.H. G o l d s t i n e . a n d E , H .  Z a r a n t o n e l l o ,  Rend .  Sere .  Mat .  T o r i n o 1 3 : 2 0 5 - 2 3  
(1954) ,  e sp .  C a s e  23a.  An u n p u b l i s h e d  r o u g h  c h e c k  of M a r t y r e r ' s  d a t a  w a s  m a d e  by 
the  l a t e  R .T .  Knapp ,  a r o u n d  1946. (See  the  n e x t  f o o t n o t e . )  
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Approximate agreement  between theore t ica l  and measured  values of CD(Q) does 
not, in any case,  imply agreement  as r ega rds  separat ion angle, cavity s ize ,  or 
behavior  at the r e a r  end of the cavity. In pa r t i cu la r ,  I think that the di f ferences  
between ideal and " reen t ran t  j e t s "  has been insufficiently emphasized.  

Thus, I take exception to the phrase  "observed  exper imenta l ly"  in Ref. 1, p. 286, 
line 13. In spite of Fig. 16 on p. 230, I doubt that Fig. 15 of Ref. 1, p. 230, accura te ly  
r ep resen t s  the flow of Fig. 14 on p. 229. Whereas  ideal reen t ran t  je ts  a re  i r ro ta t ional  
and steady, most  rea l  reent rant  je t s  have vor t ic i ty  and are  unsteady. This seems  
especia l ly  l ikely for ve ry  smal l  cavi t ies ,  like that of Fig. 14. Again, as shown con- 
c lusively by Swanson and O'Neil  (1, p. 230) (see also the paper  by Campbell  in this 
volume) one loses  axial  symmet ry  at the r e a r  end of long cavi t ies  behind axially 
symmet r i c  obstacles .  This is because of gravity.  

Cavity Size 

In pr inciple ,  the preceding  models give unambiguous predic t ions  as r ega rds  
re la t ive  cavity d iamete r  dm/d and length ~/d, as functions of the cavitation number Q. 
Until these functions have been calculated effectively,  one cannot ascer ta in  the co r -  
r ec tness  of these predic t ions .  My guess is that, for  smal l  Q, the predic ted  dm/d will 
turn out to be too big, and the predic ted  £/d much too big because of the neglect of 
gravity.  This is, of course,  important  for some aspects  of hydrofoil  design; I would 
guess that l inear ized  "thin hydrofoi l"  cavity theory would be subject  to the same 
t rend (again, for  ve ry  long cavit ies) .* 

It s eems  reasonable  to expect  that the co r rec t ion  will  begin to be large  when the 
twin vor t i ces ,  f i r s t  observed by Swanson and O'Neil  (1, p. 230), a re  a dominant fea-  
ture at the r e a r  end of the cavity. In this connection, one should consult Campbel l ' s  
paper  again. 

Similar ly ,  in the case of water  entry of mi s s i l e s ,  the Froude number F = v2/gd 
has always been supposed to  be the p r i m a r y  var iab le  determining s imil i tude (e.g., 
dm/d and S/d). Since F and Q have very  different  dimensional  dependence, while v and 
d can be var ied  independently, F and Q can hardly both de termine  dm/d and £/d. 

To c lar i fy  the above quest ions,  I think more  accura te  measuremen t s  of (Pa-  Pc) 
will be needed than are  now available.  

Wake Models 

Before World War II, potential  flows with f ree  s t r eaml ines  were  taken as models 
for "wakes" (and for  homogeneous j e t s t )  in hydrodynamics,  with onlyvague qual i f ica-  
tions. This was in spite of the ex t reme  instabil i ty of the f ree  s t reaml ines ,  a l ready 
known to Helmholtz himself .  As a resu l t  of this instability, v iscos i ty  and turbulence 
have an accentuated importance for wakes--though gravity,  fortunately,  has only a 
hydrostat ic  effect. It is the re fore  especia l ly  challenging to t ry  to approximate rea l  
wake behavior  by models involving potential  flow. 

*Some exper imental  data bearing on the above remarks  may be found in Rpt. E-73.6 
of the Caltech Hydrodynamics Lab. by R.L. Waid, and in Pro jec t  Rpt. 59 of the St. 
Anthony Fal ls  Hydraulic Lab. by E. Silberman. 

fAs shown in Cornel l ' s  paper in this volume, good predict ions of contraction coeffi- 
cients C c for jets  can often be had. Cf. the last line of Ref. 3, Ch. I, §7. 
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Since the p r e s su re  in real  wakes, as in cavi t ies ,  is below the ambient p r e s su re  
p~. it is natural to t ry  to represen t  the flow outside them by the Riabouchinsky and 
reent rant  jet models.  Again, considerable  success  in est imating p r e s s u r e  dis t r ibu-  
tions with such models is possible (3, p. 28, Fig. 3) in cases  where the separat ion 
point is fixed by a sharp corner .  However, unlike cavi t ies ,  wakes have i r r egu la r  and 
unstable boundaries.  Hence, though the models with "dead water"  wakes are  i n  
nominal near  equil ibrium when R >> 1, real  wakes a r e  in fact highly turbulent. 

A bet ter  model for real  wakes is probably provided by an old discontinuous poten- 
tial flow model of Joukowsky, with var iable  Q > 0, recently discussed by Roshko* and 
Eppler.? In this model, the wake or  "cavi ty"  te rmina tes  in a s t r ip  bounded by fixed 
para l le l  s t reaml ines ,  thus predict ing an asymptotical ly constant displacement  thickness 
downstream, as seems  reasonable (3, p. 266). It would be interest ing to compare  
this model (for the right Q) with F lachbar t ' s  photographs of the wake behind a flat 
plate, and to see whether agreement  was also bet ter  locally than for the Riabouchinsky 
model (3, p. 350). Moreover ,  compar isons  of the predicted with rea l  displacement  
thickness 2~(Q) and p r e s s u r e  coefficient distr ibution C ( x , y . q )  would be interest ing,  
as functions of the Reynolds number R too! (This plays-no role  in the Roshko-Eppler  
model.) Finally, it would be interes t ing to make s imi la r  comparisons  for curved 
obstacles;  calculations could be made by the methods of Ref. 3, Ch. VI. 

In any event, the Roshko-Eppler  model seems  a definite improvement  on ea r l i e r ,  
otherwise analogous models~ with Q = 0, as regards  s imulat ion of flow outside the 
wake. 

The p r e s s u r e  r ecove ry  which is observed in rea l  wakes is also obtained by 
another model, recent ly  suggested by Batchelor.§ This model, which has some meta-  
physical  plausibil i ty as a representa t ion  of asymptotic behavior when R approaches 
infinity, involves the assumption of constant vor t ic i ty  in the wake '%ubble." In the 
light of observed wake instabil i ty for R > 50, however,  it seems  obvious that neither 
of the above models r e sembles  physical  rea l i ty  at all, within the wake i tself  (except 
possibly in supersonic flow). S imi lar  objections apply to the Karman "vor tex  s t r ee t "  
model for per iodic  wakes (3, Ch. XIII), even in the most favorable range of Reynolds 
numbers ,  though with much less  force.  

Impact Forces  

More cr i t ica l  compar isons  between theory and exper iment  are  also des i rable ,  
as regards  the " impact  fo rces"  ar i s ing  during the f i r s t  ha l f -d iameter  of entry ~f a 
miss i l e  into water.  This important  subject was reviewed b r i e f ly in  Ref. 1, pp. 216-20, 
but with emphasis  on favorable comparisons .  I should like to r ecord  my opinion, 
that unfavorable compar isons  should r ece ive  equal emphas i s - - I  see no reason why 
such comparisons should be taboo. 

For  instance, consider  Ref. 17, p. 403, Fig. 1, which gives the impress ion  that 
all is sweetness and light. A more  careful  study shows that the "exper imenta l  points" 
plotted there r ep resen t  ~verages  of var iable  observat ions,  which decrease  by factors  
1.5 to 3.5. Obviously, in such cases ,  the "exper imenta l "  k will depend on the in terval  
of averaging--and Watanabe's data d isagree  dimensional ly with the formula  F = Ay 2 

predicted by Wagner ' s  s imi la r i ty  argument.  

*A. Roshko, J. Aer. Sci. ZZ:IZ4-13Z (1955). 
tR. Eppler, J. Rat. Mech. Anal. 3:591-644 (1954). 
$See Ref. 13, and references given there to earlier work of Prandtl, Schmieden, 
Squire, and others. Also, see R. yon Mises, "Theory of flight," p. I01. 

§J. Fluid Mech. 1:177-90 and 1:388-98 (1956). This model is remotely reminiscent 
of F~ppl's old model of a vortex-pair (3, p. 263). 
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In the above case,  I would guess that the d iscrepancy is due to exper imental  
difficult ies,  but this quest ion should be sett led scient i f ical ly  and not by prejudice.  In 
the cases  of the "expanding lens"  and other pseudo-mathemat ica l  models also reviewed 
favorably in Ref. 1, the theory r e s t s  on a less  f i rm foundation* and c r i t i ca l  compar i -  
sons with observat ion of all  " theore t i ca l "  predict ions seems  especia l ly  needed. 

CAVITY SEPARATION 

It is well known (1, pp. 224, 234, 285) that the predict ion of the separat ion point 
for cavity flow past  smooth obstacles  is especia l ly  difficult, and that potential  flows 
past  analytic prof i les  have thei r  only s ingular i ty  there.  However, it is not c lea r  to 
what extent or  how viscosi ty ,  turbulence,  and surface forces  affect separat ion.  

In Ref. 1, pp. 224, 295, Maccoll  and Imai point to boundary layer  theory as the 
key to the problem.  I shall  d iscuss  this suggestion below, showing in pa r t i cu la r  that 
a laminar  boundary layer  theory impl ies  a unique separat ion point. 

For  wakes, observed  p r e s s u r e  distr ibutions do not indicate a unique separa t ion  
point (16, pp. 422, 497); the separat ion point is s trongly turbulence dependent. 

Low Velocity Effects 

As shown by Eisenberg  (15, pp. 10-11), the same is t rue of cavi t ies  at la rge  Q: 
the p rob lem is the old one of predict ing conservat ion of the l iquid-gas balance in the 
cavity. In a s imi l a r  vein, it is known that cavity format ion is dras t ica l ly  delayed by 
spinning spheres , t  because of boundary layer  turbulence.  Again (14, p. 63), Sl ichter  
has observed  a downward re f rac t ion  of spheres  at low speeds,  when enter ing water  
at angles of 26 degrees  with the horizontal ,  at moderate  speeds,  and explained this 
as due to the effect on separat ion of insufficient ventilation. Finally, Worthington 
h imsel f  observed effects on separat ion of the surface  condition ("wet tabi l i ty")--effects  
recent ly  confirmed by May.$ 

As rega rds  cavi t ies ,  al l  these anomalies  occur  at re la t ive ly  low veloci t ies .  I 
the re fore  repeat  my suggest ion (made in 1948) that solutions of the Helmholtz-  
Bri l louln problem should give good indications of the separat ion angle as a function 
of Q for  cavi t ies  behind slowly decelera t ing  macroscopic  miss i l e s ,  in the range 150 
fps < v < 1400 fps (Mach number M < 0.3). 

At lower speeds,  one should expect delayed separat ion and other scale effects.  
Thus v i scos i ty  and surface  tension, in combination, will make the cavity separa te  at 
a f in i te  angle, and not tangentially.  An approximate computation of this contact angle, 
as a function of the va r i ab les  involved, would be ve ry  inst ruct ive.  

Separation Curvature  

Actually, the Helmhol tz-Br i l louin  p rob lem was f i r s t  formulated to avoid the 
mathemat ica l  indeterminacy in the separat ion point which would otherwise a r i se  for 

~Even the calculations of Hillman, repor ted  in Ref. 17, are  subject to the general  
truncation e r r o r  uncertainty I discussed ea r l i e r .  

SH. Wayland and F.G. White, Proc.  Symposium Fluid Mech. Heat Transfer ,  Stanford, 
pp. 51-64, 1949. 

SA. S. May, J. Appl. Phys. 22:1219-1222 (1951); Ref. 3, p. 326. For  the case of 
c i rcu la r  struts,  see Wetzel ' s  paper in this volume. 
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He lmhol tz  f lows pas t  smoo th  obs t ac l e s .  To so lve  it,  B r i l l ou in  pos tu la t ed  that  the f r e e  
s t r e a m l i n e  c u r v a t u r e  mus t  be f in i te  at the s e p a r a t i o n  point  (3, p. 139)--now ca l led  the 
condi t ion  of " smoo th  s e p a r a t i o n "  (1, p. 285). Vi l la t  r e l a t e d  th is  condi t ion  to the so lu -  
t ion of the L e v i - C i v i t a  i n t eg ra l  equat ion (3, p. 139), and a l so  a s s u m e d  that  th is  condi -  
t ion,  of a lowes t  o r d e r  s ingu la r i t y  pos s ib l e  in po ten t ia l  flow, ac tua l ly  d e t e r m i n e d  the  
s e p a r a t i o n  of flow. 

The condi t ion of smooth  s epa ra t i on  has  a lways  s e e m e d  to me  without  p h y s i c a l  
ba s i s ;  I cannot s ee  why na ture  should abhor  inf ini te  p r e s s u r e  g rad ien t s .  If inf ini te  
c u r v a t u r e  i s  ru l ed  out, then so is  Ki rchhof f -Bobyle f f  f low pas t  a f la t  p la te  ! My v iew 
s e e m s  to have been  s h a r e d  by von M i s e s  and Schmieden  who, as  r e c a l l e d  in the 
p r e v i o u s  sec t ion ,  p roposed  the "wake  of z e r o  d r a g "  as  a f i r s t  app rox ima t ion  to wake 
f low with turbulent  boundary  l aye r .  Indeed, i t  s e e m s  obvious to me that  s e p a r a t i o n  
should en ta i l  both a m a t h e m a t i c a l  and a p h y s i c a l  s ingu la r i ty ;  thus boundary  l a y e r  
t h e o r y  (cf. inf ra)  even  p r e d i c t s  a jump in s lope at the s e p a r a t i o n  point  (16, p. 57, 
Fig .  22). 

Much m o r e  r ea sonab l e  is  the condi t ion for  ideal  cavi ta t ion ,  c o r r e s p o n d i n g  to the 
nomina l  equat ion of s ta te  (Eqs.  2a and 2b) which l eads  to the H e l m h o l t z - B r i l l o u i n  
p r o b l e m  if i ne r t i a l  f o r c e s  a lone a r e  cons ide red .  

Though s ign i f ican t  dev ia t ions  f r o m  Eqs.  (2) can occt tr  under  excep t iona l  condi -  
t ions  (3, Ch. XV), v a r i a t i o n s  of one a t m o s p h e r e  in p r e s s u r e  change the p r e s s u r e  
coe f f i c i en t  cp = ( p - p a ) / I / 2  pv 2 by l e s s  than 0.03, if v = 200 fps,  and by l e s s  than 1 
p e r c e n t  if v = 400 fps. Hence,  in such ca se s ,  the H e l m h o l t z - B r i l l o u i n  p r o b l e m  is  
a p r i o r i  v e r y  r e a s o n a b l e .  Even  a i r - f i l l e d  and v a p o r - f i l l e d  cav i t i e s  should behave  
s i m i l a r l y ,  s ince  we have Pv < P < Pa under  these  c i r c u m s t a n c e s . *  

Unfor tunate ly ,  the H e l m h o l t z - B r i l l o u i n  p r o b l e m  is  not ea sy  to so lve  m a t h e m a t i -  
ca l ly ,  and one s e ldom knows whether  it  has a unique solut ion.  

Boundary  Laye r  T h e o r y  

I a g r e e  with Drs .  Macco l l  and Imai  (I, pp. 224, 295)that  the inf luence of v i s c o s i t y  
on the s e p a r a t i o n  point  should f i r s t  be s tudied  us ing boundary  l aye r  theory .  This  
t heo ry  makes  it  obvious why s e p a r a t i o n  mus t  occur  behind the point  of m i n i m u m  
p r e s s u r e - - i . e . ,  why the H e l m h o l t z - B r i l l o u i n  p r o b l e m  p r e d i c t s  s e p a r a t i o n  too far  f o r -  
ward .  It a l so  sugges t s  a way of i m p r o v i n g  a g r e e m e n t  be tween  t h e o r y  and o b s e r v a t i o n  
(a " v i s c o s i t y  c o r r e c t i o n " ) .  E x p e r i m e n t a l  data  can be c o r r e c t e d  by d i sp lac ing  the 
l i qu id - so l i d  and l i qu id -gas  i n t e r f a c e s  ou tward  by an ea s i l y  ca l cu la t ed  d i s p l a c e m e n t  
t h i ckness  ~(s). It would be i n t e r e s t i n g  to study the r e su l t i ng  po ten t ia l  f lows as  so lu -  
t ions  of the H e l m h o l t z - B r i l l o u i n  p r o b l e m  for  the d i sp laced  f ixed boundary .  P e r h a p s  
th is  would expla in  the d i s c r e p a n c y  noted in Ref. 1, p. 224. 

On the o ther  hand, I do not think that  boundary  l aye r  t h e o r y  is  an adequate  sub-  
s t i tu te  for  Eqs.  (2), as  sugges t ed  by Imai .  $ I do not even  a g r e e  that ,  a cco rd ing  to 
boundary  l aye r  theory ,  the a sympto t i c  c u r v a t u r e  mus t  be f ini te .  Why should not a 

*It seems unlikely that one can attain cavityoverpressure by"hyperventilation"--i.e., 
that forcing air into the cavity will make Q < 0. Cf. Proc. First Syrup. AppI. Math. 
Am. Math. Soc., p. I, 1949; Ref. 14, p. 58; Proc. 7th Int. Congress Appl. Mech., 
London, Z:I2 1948. 

tRef. I, p. 295; and J. Phys. Soc. Japan 8:399-402 (1953). 
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br ief  adverse  p r e s s u r e  gradient,  followed by a mild singulari ty* inducing separat ion 
with infinite curvature ,  be compatible with conventional boundary layer  theory ? 

It is a t t rac t ive  to speculate that the separat ion point can be located by combining 
f ree  s t reaml ine  and boundary layer  theory, as follows. Consider the one -pa rame te r  
family of cavity flows, with var iable  separa t ion  point, which is possible  if the maxi -  
mum veloci ty  occurs  before  separa t ion--as  suggested by boundary layer  concepts.  
Then find which flow is compatible with the usual boundary layer  separat ion c r i t e r i a .  
This could probably be calculated numerical ly ,  in the case  of a c i rcu la r  cylinder,  and 
I think such a calculat ion would be very  des i rable .  

However,  it is c lea r  that such a calculat ion will  predic t  a fixed separat ion point, 
independent of the flow velocity.  For ,  inside the boundary layer ,  the equations are  
invariant  under the group? 

x ~ x, y ~ y/a, u ~ a2u, v ~ av (o. > 0) .  (3) 

Outside the boundary layer ,  the flow scales  iner t ia l ly  (14, p. 97), completing the 
ver i f icat ion.  
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