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A random walk is a basic concept in probability theory. Brownian motion can be viewed as a random walk where the average

jump size is well defined. Fractal random walks do not have an average jump size, but jumps of all length scales enter, ana

none of them dominates. In this figure the connected line segments show the trajectory of a fractal random walk. The dots

below the trajectory show the fractal set of turning points of the random walk. When a velocity field is associated with the path

lengths this type of space-time random walk has been used to model turbulence. According to Kolmogorov scaling, a trajec-

tory segment should have a velocity proportional to its length raised to the 1/3 power. This theory was developed by M.

Shlesinger, B. West, and J. Klafter in Physical Review Letters, Vol. 58, 1100-1103 (1987). The theory was successfully applied

to a numerical simulation of turbulent pipe flow with a Reynolds number of 100,000 by F. Hayot in Physical Review A43, 806-

810 (1991). The fractal random walk approach showed the flattened (relative to laminar flow) velocity profile across the pipe

which reflects the enhanced mixing due to turbulence. With ONR support Dr. Hayot is exploring numerically the simulation of

turbulent flow past a cylinder using the fractal space-time random walk approach. The above figure was calculated by M.

Shlesinger using True Basic for the Mac.
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A random walk is a basic concept in probability theory Brownian motion can be viewed as a random walk where the average 
jump size is well defined. Fractal random walks do not have an average jump size, but jumps of al/ length scales enter, and 
none of them dominates. In this figure the connected line segments show the trajectory of a fractal random walk. The dots 
below the trajectory show the fractal set of turning points of the random walk. When a velocity field is associated with the path 
lengths this type of space-time random walk has been used to model turbulence. According to Kolmogorov scaling, a trajec­
tory segment should have a velocity proportional to its length raised to the 1/3 power. This theory was developed by M. 
Shlesinger, B. West, and J. Klafter m Physical Review Letters, Vol. 58, 1100-1103 (1987). The theory was successfully applied 
to a numerical simulation of turbulent pipe flow with a Reynolds number of 100,000 by F Hayot in Physical Review A43, 806-
810 (1991). The fractal random walk approach showed the flattened (relative to laminar flow) velocity profile across the pipe 
which reflects the enhanced mixing due to turbulence. With ONR support Dr. Hayot is exploring numerically the simulation of 
turbulent flow past a cylinder using the fractal space-time random walk approach. The above figure was calculated by M. 
Shlesinger usmg True Basic for the Mac. 
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Applications of Chaos and Fractals

Dr. Michael F. Shlesinger, Director

ONR Physics Division

Guest Editor

e-mail: mike@onr-hq.navy.mil

Introduction

There have been two great trends in 20th century physics;

investigating the very small (atomic, nuclear, particle physics)

and investigating the very large (astronomy and cosmology).

It is only in the last decade that a third trend has been recog-

nized; investigating the very complex. Complexity is all

around us, but it is only recently that discoveries and methods

have arisen which gives us hope to treat it as a science. The

two words which are the most recognizable from this new

discipline are chaos and fractals.

Chaos arises as a common behavior in nonlinear dynam-

ical systems. Nonlinear dynamics arose with Newton's equa-

tions of motion and the scale-invariant nonlinear 1/r

gravitational potential. While the earth-moon system was

solvable (integrable) the 3-body problem was not. We now

know that chaos can appear in the 3-body problem. Newton

worried about the 3-body problem because he wondered how

orbital earth-moon stability could be maintained in the face of

additional bodies, such as comets, since there is no friction to

damp out perturbations. This question, in fact, was not an-

swered until the 1950's (both stability and instability can

occur) with the work of Kolmogorov. He showed that in phase

space that both islands of stability and a chaotic sea coexist.

Which of these regions you explore depends on the energy of

the system and your initial conditions. A strong Russian

school, steeped in tradition, advanced our knowledge of such

Hamiltonian systems. The Zaslavsky map on the cover is one

such example.

Fractals are beautiful hierarchical geometric figures

which are by now familiar to many around the world. The field

was mainly developed by Mandelbrot over the past 40 years.

He was able to use the scaling properties of fractals to define

a continuous dimension, called the fractal dimension. Fractals

can be self-similar with a single dimension; multifractal with

a distribution of dimensions; or self-affine with independent

scaling in different directions. Perhaps, the most famous frac-

tal is the Mandelbrot Set which now even appears as a popular

screen saver on computers. We honor Professor Mandelbrot

with a brief biographical note and a sketch of his likeness, in

this issue.

The set of pre-Mandelbrot fractals is nonzero, but while

the early examples of fractals were interesting, the results were

isolated, and held up as pathologies and not as the seeds of a

new field of scientific inquiry. Examples included Weierstrass'

continuous, but non-differentiable function; Levy's theory of

the algebra of random variables with infinite moments; and

Richardson's discovery that the length of a country's border

depended, in a scaling manner, with the resolution of measure-

ment. It is only in recent times that the deep power of fractal

geometry is appreciated and its intricacies can be revealed

through the use of computers. Fractals have led to a paradigm

shift which has changed our view of nature. It is now realized

that many shapes in nature from turbulent dissipation fields to

mountain profiles are better served by fractal geometry than

by standard Euclidean geometry. Fractal shapes also abound

in the phase space of nonlinear dynamical trajectories. The

historical use of the term strange attractor obscures the domi-

nant feature that the trajectories are fractal, and highlights the

typical reaction of a field to encountering its first fractal.

Before the chaos revolution the main conclusion one drew

about nonlinear systems is that they were difficult to analyze.

The computer revolution has eased this perception. Usually,

one just separated stable from unstable regions and chose to

stay well within the stable bounds. Another early lesson was

that the study of one nonlinear equation would not shed light

on the properties of another. A major development in nonlinear

dynamics is discovering how wrong the above statement is.

In the early 1970's nonlinear dynamics turned to seeking

stable particle-like solutions (called solitons) to integrable

nonlinear equations with an infinite number of conservation

laws. Solitons are the antithesis of chaos. The mathematics

behind solitons was quite complex, and kept the field only

open to experts. In 1963, Lorenz published an example of a

nonlinear system of three ordinary differential equations

whose solutions was extremely sensitive to initial conditions.

His equations were related to a meteorological problem of the

convection of heated air. The trajectory of his solutions traced

out a highly intricate figure with what would now be called a

fractal structure. Such structures were named strange attrac-

tors by Ruelle and Takens in 1971. They were studying the

mathematics of strange attractors which arise after a two

frequency (quasi periodic) response becomes unstable with a

change in a parameter which adds a third frequency to the mix.

All of these advances still left complexity as a small technical

area of science.

The field of nonlinear dynamics exploded in the late

1970's with the experimental verification of Feigenbaum's

period doubling universality in Libchaber and Maurer's liquid

helium convection experiments. Not only did arcane theoret-

ical notions about mappings of the unit interval into itself

reveal themselves as fundamental in a real 3D fluid with untold

degrees of freedom, but also the renormalization group found

an extension into the realm of dynamical systems. The trickle

of research in dynamical systems soon became a flood cover-

ing diverse fields with a common language and phenomena

2 Naval Research Reviews
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Applications of Chaos and Fractals 
Dr. Michael F. Shlesinger, Director 
ONR Physics Division 
Guest Editor 
e-mail: mike@onr-hq.navy.mil 

Introduction 
There have been two great trends in 20th century physics; 

investigating the very small (atomic, nuclear, particle physics) 
and investigating the very large (astronomy and cosmology). 
It is only in the last decade that a third trend has been recog­
nized; investigating the very complex. Complexity is all 
around us, but it is only recently that discoveries and methods 
have arisen which gives us hope to treat it as a science. The 
two words which are the most recognizable from this new 
discipline are chaos and fractals. 

Chaos arises as a common behavior in nonlinear dynam­
ical systems. Nonlinear dynamics arose with Newton's equa­
tions of motion and the scale-invariant nonlinear 1/r 
gravitational potential. While the earth-moon system was 
solvable (integrable) the 3-body problem was not. We now 
know that chaos can appear in the 3-body problem. Newton 
worried about the 3-body problem because he wondered how 
orbital earth-moon stability could be maintained in the face of 
additional bodies, such as comets, since there is no friction to 
damp out perturbations. This question, in fact, was not an­
swered until the 1950's (both stability and instability can 
occur) with the work of Kolmogorov. He showed that in phase 
space that both islands of stability and a chaotic sea coexist. 
Which of these regions you explore depends on the energy of 
the system and your initial conditions. A strong Russian 
school, steeped in tradition, advanced our knowledge of such 
Hamiltonian systems. The Zaslavsky map on the cover is one 
such example. 

Fractals are beautiful hierarchical geometric figures 
which are by now familiar to many around the world. The field 
was mainly developed by Mandelbrot over the past 40 years. 
He was able to use the scaling properties of fractals to define 
a continuous dimension, called the fractal dimension. Fractals 
can be self-similar with a single dimension; multifractal with 
a distribution of dimensions; or self-affine with independent 
scaling in different directions. Perhaps, the most famous frac­
tal is the Mandelbrot Set which now even appears as a popular 
screen saver on computers. We honor Professor Mandelbrot 
with a brief biographical note and a sketch of his likeness, in 
this issue. 

The set of pre-Mandelbrot fractals is nonzero, but while 
the early examples of fractals were interesting, the results were 
isolated, and held up as pathologies and not as the seeds of a 
new field of scientific inquiry. Examples included Weierstrass, 
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continuous, but non-differentiable function; Levy's theory of 
the algebra of random variables with infinite moments; and 
Richardson's discovery that the length of a country's border 
depended, in a scaling manner, with the resolution of measure­
ment. It is only in recent times that the deep power of fractal 
geometry is appreciated and its intricacies can be revealed 
through the use of computers. Fractals have led to a paradigm 
shift which has changed our view of nature. It is now realized 
that many shapes in nature from turbulent dissipation fields to 
mountain profiles are better served by fractal geometry than 
by standard Euclidean geometry. Fractal shapes also abound 
in the phase space of nonlinear dynamical trajectories. The 
historical use of the term strange attractor obscures the domi­
nant feature that the trajectories are fractal, and highlights the 
typical reaction of a field to encountering its first fractal. 

Before the chaos revolution the main conclusion one drew 
about nonlinear systems is that they were difficult to analyze. 
The computer revolution has eased this perception. Usually, 
one just separated stable from unstable regions and chose to 
stay well within the stable bounds. Another early lesson was 
that the study of one nonlinear equation would not shed light 
on the properties of another. A major development in nonlinear 
dynamics is discovering how wrong the above statement is. 

In the early 1970's nonlinear dynamics turned to seeking 
stable particle-like solutions (called solitons) to integrable 
nonlinear equations with an infinite number of conservation 
laws. Solitons are the antithesis of chaos. The mathematics 
behind solitons was quite complex, and kept the field only 
open to experts. In 1963, Lorenz published an example of a 
nonlinear system of three ordinary differential equations 
whose solutions was extremely sensitive to initial conditions. 
His equations were related to a meteorological problem of the 
convection of heated air. The trajectory of his solutions traced 
out a highly intricate figure with what would now be called a 
fractal structure. Such structures were named strange attrac­
tors by Ruelle and Takens in 1971. They were studying the 
mathematics of strange attractors which arise after a two 
frequency (quasi periodic) response becomes unstable with a 
change in a parameter which adds a third frequency to the mix. 
All of these advances still left complexity as a small technical 
area of science. 

The field of nonlinear dynamics exploded in the late 
1970's with the experimental verification of Feigenbaum's 
period doubling universality in Libchaber and Maurer's liquid 
helium convection experiments. Not only did arcane theoret­
ical notions about mappings of the unit interval into itself 
reveal themselves as fundamental in a real 3 D fluid with untold 
degrees of freedom, but also the renormalization group found 
an extension into the realm of dynamical systems. The trickle 
of research in dynamical systems soon became a flood cover­
ing diverse fields with a common language and phenomena 
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based on the twin notions of instability and fractal dimension.

The field of nonlinear dynamics is now represented by over

half a dozen specialized journals, a large number of texts, a

best selling historical account by James Gleick called

"Chaos", and it is even well covered in high school science

fairs. The basis of the success of nonlinear dynamics and

fractals lies in being able to understand very complex behav-

iors from very simple laws. This fortunate turn of events

allows a student to learn a fair amount rapidly without great

effort. This simplicity can be misleading with the field being

too easy for beginners and too hard for experts. Research is

now proceeding from temporal chaos to spatio-temporal pat-

terns and chaos, self-organization, and adaptive systems.

The focus on applications is the theme of this issue of the

Naval Research Reviews. Each article is based on research at

a Navy laboratory. This is not by accident, but reflects the lead

the Navy has taken in turning the state-of-the-art in chaos and

fractals into applications. This is not just the judgment of

ONR, but was recognized, as well, by Science in its May 10,

1991 issue where they stated that for applications of nonlinear

dynamics that

"its no coincidence that most of the pioneering work is

being done in Navy laboratories. Since 1983 the Office of

Naval Research has been the only government agency with a

funding program specifically for chaos studies." Our selection

looks at synchronization of chaotic circuits with applications

from communication to robotics; controlling chaos with ap-

plications from pacemakers to actuators; exploring the inter-

action of nonlinear dynamics with noise for novel detectors

based on noise-induced resonance processes; employing non-

linear dynamics for signal processing in phase space; and

novel techniques for employing fractals for image compres-

sion. This is just a sampling of the research underway in Navy

laboratories. I leave it now to the authors of the articles to give

you a glimpse into the frontiers they are inventing and explor-

ing in the exciting world of chaos and fractals.
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based on the twin notions of instability and fractal dimension. 
The field of nonlinear dynamics is now represented by over 
half a dozen specialized journals, a large number of texts, a 
best selling historical account by James G leick called 
"Chaos", and it is even well covered in high school science 
fairs. The basis of the success of nonlinear dynamics and 
fractals lies in being able to understand very complex behav­
iors from very simple laws. This fortunate turn of events 
allows a student to learn a fair amount rapidly without great 
effort. This simplicity can be misleading with the field being 
too easy for beginners and too hard for experts. Research is 
now proceeding from temporal chaos to spatio-temporal pat­
terns and chaos, self-organization, and adaptive systems. 

The focus on applications is the theme of this issue of the 
Naval Research Reviews. Each article is based on research at 
a Navy laboratory. This is not by accident, but reflects the lead 
the Navy has taken in turning the state-of-the-art in chaos and 
fractals into applications. This is not just the judgment of 
ONR, but was recognized, as well, by Science in its May 10, 
1991 issue where they stated that for applications of nonlinear 
dynamics that 

"its no coincidence that most of the pioneering work is 
being done in Navy laboratories. Since 1983 the Office of 
Naval Research has been the only government agency with a 
funding program specifically for chaos studies.,, Our selection 
looks at synchronization of chaotic circuits with applications 
from communication to robotics; controlling chaos with ap­
plications from pacemakers to actuators; exploring the inter­
action of nonlinear dynamics with noise for novel detectors 
based on noise-induced resonance processes; employing non­
linear dynamics for signal processing in phase space; and 
novel techniques for employing fractals for image compres­
sion. This is just a sampling of the research underway in Navy 
laboratories. I leave it now to the authors of the articles to give 
you a glimpse into the frontiers they are inventing and explor­
ing in the exciting world of chaos and fractals. 
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Communicating with

Chaos

Thomas L. Carroll and Louis M. Pecora

Naval Research Laboratory

The study of chaos, a complex form of motion, is rela-

tively new. It is only now that possible uses for chaos are

beginning to emerge. We believe that many new technologies

useful to the Navy will eventually come from this field. One

possible application that we have been studying is the use of

chaos as a broad band signal for communications.

Until recently, the study of classical mechanics proceeded

in two different directions. On the one hand were deterministic

mechanical systems, where one could write down all the laws

of motion. Deterministic systems were believed to proceed in

an orderly fashion, like clockwork; it was from these studies

that the nineteenth century concept of God as a clock maker

arose. Small perturbations in the motion were possible, but it

was believed that they would be damped out over time and

have little effect.

On the other hand, statistical mechanics developed as the

study of stochastic, or random, systems. No laws of motion

existed, so these systems were not predictable. If one studied

a large number of identical stochastic systems, one could find

that their motion did fit certain statistical distributions. The

study of statistical mechanics therefore involved the study of

long time averages of the motion of a system, of the average

motion of many identical systems.

As early as the time of Newton, it was suspected that not

all motion fit into these two neat classes. Newton had specu-

lated that the deterministic motion of a planet in orbit might

become highly irregular if it was perturbed by a third body,

such as a comet. A foundation for the study of complex

nonlinear dynamical systems was not laid until the late nine-

teenth century by the mathematician Poincare. This work was

not built on until the 1960's, when a more serious study of

nonlinear dynamics and chaos began.

Communications depend on both deterministic and sto-

chastic mechanics. Deterministic mechanical laws govern the

behavior of such common devices as oscillators or filters.

Stochastic mechanics is used in the study of noise and in

random number generators for encryption or spread spectrum

communications. The type of motion known as chaos has some

of the properties of both of these types of motion. Chaos is a

highly irregular , nonperiodic form of deterministic motion

which is extremely sensitive to initial conditions. In principle,

one could calculate the future motion of a chaotic system, but

a small error in specifying the initial conditions will grow

exponentially with time. Since all measurement involves some

error, it is practically impossible to predict the future motion

of a chaotic system. The unique properties of chaos have not

yet been exploited for any useful systems; most applied re-

search has concentrated on suppressing chaos. We have been

studying how to apply chaos to problems of interest to the

Navy, such as communications. After a brief introduction to

chaos, we will describe one possible application of chaos.

Introduction to Chaos

The description of chaos came about as a result of ad-

vances in the field of nonlinear dynamics1. A dynamical sys-

tem is a system that changes over time in a way that may in

principle be described by some set of rules, such as differential

equations or recursion relations. A pendulum is an example of

a dynamical system, as is an electrical oscillator. If one knows

the rules that govern a dynamical system, one may predict the

future behavior of the system knowing only its starting point.

For this reason, the type of dynamical systems that we describe

here are known as deterministic.
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Co1n1nunicating with 
Chaos 

Thomas L. Carroll and Louis M. Pecora 
Naval Research Laboratory 

The study of chaos, a complex form of motion, is rela­
tively new. It is only now that possible uses for chaos are 
beginning to emerge. We believe that many new technologies 
useful to the Navy will eventually come from this field. One 
possible application that we have been studying is the use of 
chaos as a broad band signal for communications. 

Until recently, the study of classical mechanics proceeded 
in two different directions. On the one hand were deterministic 
mechanical systems, where one could write down all the laws 
of motion. Deterministic systems were believed to proceed in 
an orderly fashion, like clockwork; it was from these studies 
that the nineteenth century concept of God as a clock maker 
arose. Small perturbations in the motion were possible, but it 
was believed that they would be damped out over time and 
have little effect. 

On the other hand, statistical mechanics developed as the 
study of stochastic, or random, systems. No laws of motion 
existed, so these systems were not predictable. If one studied 
a large number of identical stochastic systems, one could find 
that their motion did fit certain statistical distributions. The 
study of statistical mechanics therefore involved the study of 
long time averages of the motion of a system, of the average 
motion of many identical systems. 

As early as the time of Newton, it was suspected that not 
all motion fit into these two neat classes. Newton had specu­
lated that the deterministic motion of a planet in orbit might 
become highly irregular if it was perturbed by a third body, 
such as a comet. A foundation for the study of complex 
nonlinear dynamical systems was not laid until the late nine­
teenth century by the mathematician Poincare. This work was 
not built on until the 1960's, when a more serious study of 
nonlinear dynamics and chaos began. 

gl 

Communications depend on both deterministic and sto­
chastic mechanics. Deterministic mechanical laws govern the 
behavior of such common devices as oscillators or filters. 
Stochastic mechanics is used in the study of noise and in 
random number generators for encryption or spread spectrum 
communications. The type of motion known as chaos has some 
of the properties of both of these types of motion. Chaos is a 
highly irregular , nonperiodic form of deterministic motion 
which is extremely sensitive to initial conditions. In principle, 
one could calculate the future motion of a chaotic system, but 
a small error in specifying the initial conditions will grow 
exponentially with time. Since all measurement involves some 
error, it is practically impossible to predict the future motion 
of a chaotic system. The unique properties of chaos have not 
yet been exploited for any useful systems; most applied re­
search has concentrated on suppressing chaos. We have been 
studying how to apply chaos to problems of interest to the 
Navy, such as communications. After a brief introduction to 
chaos, we will describe one possible application of chaos. 

Introduction to Chaos 
The description of chaos came about as a result of ad­

vances in the field of nonlinear dynamics1
. A dynamical sys­

tem is a system that changes over time in a way that may in 
principle be described by some set of rules, such as differential 
equations or recursion relations. A pendulum is an example of 
a dynamical system, as is an electrical oscillator. If one knows 
the rules that govern a dynamical system, one may predict the 
future behavior of the system knowing only its starting point. 
For this reason, the type of dynamical systems that we describe 
here are known as deterministic. 
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The behavior of a dynamical system is typically described

by plotting its trajectory in a phase space, where each direction

corresponds to one dynamical variable. The systems we are

concerned with are dissipative, so their motion in phase space

will eventually settle down to a finite region known as an

attractor. A system with periodic motion will follow a closed

path in phase space. A system whose motion possesses incom-

mensurate periods will move on the surface of a torus.

Complex motion is possible if one or more points in the

phase space are unstable, so that motion in regions of phase

space near these points diverges. Since all real systems are

finite, this motion can not diverge forever. It may be that the

system variables reach some maximum possible value, such

as a power supply voltage, and stay there. In other systems,

some mechanism for folding the motion back in towards the

unstable region may exist. In this type of attractor, trajectories

repeatedly are stretched apart near the instability and folded

back in. This repeated stretching and folding in phase space

produces the complex motion known as chaos. The stretching

and folding also cause the motion to depend sensitively on the

initial conditions, making prediction a practical impossibility.

The rate of this stretching is described by the Lyapunov

exponents. One may measure what happens to small perturba-

tions to the trajectory in phase space. The average change in a

perturbation is measured over the entire attractor. The natural

logs of the components of the average change vector are the

Lyapunov exponents. A positive exponent means that pertur-

bations are increasing along some direction, a negative expo-

nent means that perturbations are decreasing, while a zero

exponent means that perturbations are staying the same size.

A chaotic attractor has at least one Lyapunov exponent greater

than zero, while the largest exponent for a periodic attractor is

zero.

Chaotic Synchronization

Since chaos looks like noise, most applied work on chaos

has been directed toward eliminating it. We saw these noise-

like properties as useful. One might think of a chaotic system

as a noise source that, because of its deterministic nature, may

be easily characterized. It occurred to us that if we could

produce a chaotic signal at one location and reproduce an

identical chaotic signal at a remote location, then we could

encode information onto the original chaotic signal and de-

code it using the reproduced signal. Because of their great

sensitivity to initial conditions, isolated chaotic systems not

only will not synchronize with each other, their outputs will

not even be correlated with each other. It is necessary to send

information from one chaotic system to the other in order to

synchronize them.

Our approach was to view a chaotic system as a group of

interconnected subsystems. We could then reproduce one of

the subsystems and drive it with whatever chaotic signals it

Figure 1.

Block diagram of synchronizing chaotic systems. The re-

sponse system is a duplicate of part of the drive system. The

response system is driven by the signal or signals that come

from the missing part of the system.

drive response

originally saw from the full chaouc system2. Figure 1 is a

schematic of this arrangement. We call the full chaotic system

the drive system, and we call the driven subsystem the re-

sponse system. The output of the response system depended

on its Lyapunov exponents. If all the Lyapunov exponents of

the driven response system were less than zero, then the

response system will follow the drive signal, so that a partic-

ular signal in the response system is synchronized with the

corresponding chaouc signal in the drive system. Because the

response system is stable, this method is not sensitive to small

amounts of noise or mismatch in the drive and response

systems. The range of initial conditions over which this syn-

chronization will occur varies from system to system, and

depends mainly on the presence of other basins of attraction

in the system.

We may demonstrate this synchronization with a numer-

ical experiment. We use the Lorenz equations, which are well

known in the field of nonlinear dynamics:

dx . .

¥ = a(y-x)

dy

, = —xz + rx — y

When ct = 10.0, r = 60.0 and b = 8/3, these equations

produce chaos. We used a numerical integration routine on a

workstation to integrate these equations. We chose a subsys-

tem consisting of the x and z equations and drove them with

the y variable from the full chaotic system. Figure 2 shows

how the z variable in the response system converged to the z

variable in the drive system within a few cycles of the drive.
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The behavior of a dynamical system is typically described 
by plotting its trajectory in a phase space, where each direction 
corresponds to one dynamical variable. The systems we are 
concerned with are dissipative, so their motion in phase space 
will eventually settle down to a finite region known as an 
attractor. A system with periodic motion will follow a closed 
path in phase space. A system whose motion possesses incom­
mensurate periods will move on the surface of a torus. 

Complex motion is possible if one or more points in the 
phase space are unstable, so that motion in regions of phase 
space near these points diverges. Since all real systems are 
finite, this motion can not diverge forever. It may be that the 
system variables reach some maximum possible value, such 
as a power supply voltage, and stay there. In other systems, 
some mechanism for folding the motion back in towards the 
unstable region may exist. In this type of attractor, trajectories 
repeatedly are stretched apart near the instability and folded 
back in. This repeated stretching and folding in phase space 
produces the complex motion known as chaos. The stretching 
and folding also cause the motion to depend sensitively on the 
initial conditions, making prediction a practical impossibility. 

The rate of this stretching is described by the Lyapunov 
exponents. One may measure what happens to small perturba­
tions to the trajectory in phase space. The average change in a 
perturbation is measured over the entire attractor. The natural 
logs of the components of the average change vector are the 
Lyapunov exponents. A positive exponent means that pertur­
bations are increasing along some direction, a negative expo­
nent means that perturbations are decreasing, while a zero 
exponent means that perturbations are staying the same size. 
A chaotic attractor has at least one Lyapunov exponent greater 
than zero, while the largest exponent for a periodic attractor is 
zero. 

Chaotic Synchronization 
Since chaos looks like noise, most applied work on chaos 

has been directed toward eliminating it. We saw these noise­
like properties as useful. One might think of a chaotic system 
as a noise source that, because of its deterministic nature, may 
be easily characterized. It occurred to us that if we could 
produce a chaotic signal at one location and reproduce an 
identical chaotic signal at a remote location, then we could 
encode information onto the original chaotic signal and de­
code it using the reproduced signal. Because of their great 
sensitivity to initial conditions, isolated chaotic systems not 
only will not synchronize with each other, their outputs will 
not even be correlated with each other. It is necessary to send 
information from one chaotic system to the other in order to 
synchronize them. 

Our approach was to view a chaotic system as a group of 
interconnected subsystems. We could then reproduce one of 
the subsystems and drive it with whatever chaotic signals it 
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Figure 1. 

Block diagram of synchronizing chaotic systems. The re­
sponse system is a duplicate of part of the drive system. The 
response system is driven by the signal or signals that come 
from the missing part of the system. 

drive response 

originally saw from the full chaotic system2. Figure 1 is a 
schematic of this arrangement We call the full chaotic system 
the drive system, and we call the driven subsystem the re­
sponse system. The output of the response system depended 
on its Lyapunov exponents. If all the Lyapunov exponents of 
the driven response system were less than zero, then the 
response system will follow the drive signal, so that a partic­
ular signal in the response system is synchronized with the 
corresponding chaotic signal in the drive system. Because the 
response system is stable, this method is not sensitive to small 
amounts of noise or mismatch in the drive and response 
systems. The range of initial conditions over which this syn­
chronization will occur varies from system to system, and 
depends mainly on the presence of other basins of attraction 
in the system. 

We may demonstrate this synchronization with a numer­
ical experiment. We use the Lorenz equations, which are well 
known in the field of nonlinear dynamics: 

dx dt = er (y - x) 

~ = - xz+rx-y 
dt 

dz 
dt = xy- bz 

When er = 10.0, r = 60.0 and b = 8/3, these equations 
produce chaos. We used a numerical integration routine on a 
workstation to integrate these equations. We chose a subsys­
tem consisting of the x and z equations and drove them with 
the y variable from the full chaotic system. Figure 2 shows 
how the z variable in the response system converged to the z 
variable in the drive system within a;f~,v -cycles of the drive. 
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Cascading Synchronized

Chaotic Systems

We may actually choose other response systems for the

Lorenz equations above. The y and z equations together also

form a stable subsystem that may be used as a response system

when driven by the x variable. Since there are two possible

response systems, we may also cascade these response systems

as shown in Fig. 3. One may think of the cascaded response

systems as a black box where a chaotic signal from the drive

signal goes in and a chaotic signal comes out. If the response

systems are synchronized to the drive system, the output

chaotic signal matches the input signal. If we change a param-

eter in the drive system, then the output chaotic signal does not

match the input chaotic signal. In this way we may send

information using the chaotic signal as a carrier.

We wanted to show that this chaotic synchronization

worked in real systems, so we built the simple chaotic circuit

shown in fig. 43. This circuit becomes chaotic through a period

doubling cascade as shown in fig 5 (a)-(d), which shows a

series of attractors seen as resistor R12 is decreased. Figure 6

shows the power spectrum of the voltage measured at the xi

point in the circuit. This power spectrum is broad band with a

few prominent frequency peaks. More complex chaotic sys-

tems can have power spectra that resemble colored noise.

Designing even a simple chaotic circuit such as this was

a challenge. There are no general laws that determine when a

given system will be chaotic. We could merely use our intu-

ition and experiment to find chaotic circuits. We also had to

find a chaotic circuit that could be divided into at least two

response subsystems. There is no general method for

Figure 2.

Time series from the computer simulation of the Lorenz equations showing how the response system converges to the drive

system.
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Cascading Synchronized 
Chaotic Systems 

We may actually choose other response systems for the 
Lorenz equations above. The y and z equations together also 
form a stable subsystem that may be used as a response system 
when driven by the x variable. Since there are two possible 
response systems, we may also cascade these response systems 
as shown in Fig. 3. One may think of the cascaded response 
systems as a black box where a chaotic signal from the drive 
signal goes in and a chaotic signal comes out. If the response 
systems are synchronized to the drive system, the output 
chaotic signal matches the input signal. If we change a param­
eter in the drive system, then the output chaotic signal does not 
match the input chaotic signal. In this way we may send 

Figure 2. 

information using the chaotic signal as a carrier. 
We wanted to show that this chaotic synchronization 

worked in real systems, so we built the simple chaotic circuit 
shown in fig. 43

. This circuit becomes chaotic through a period 
doubling cascade as shown in fig 5 (a)-(d), which shows a 
series of attractors seen as resistor R12 is decreased. Figure 6 
shows the power spectrum of the voltage measured at the x1 
point in the circuit. This power spectrum is broad band with a 
few prominent frequency peaks. More complex chaotic sys­
tems can have power spectra that resemble colored noise. 

Designing even a simple chaotic circuit such as this was 
a challenge. There are no general laws that determine when a 
given system will be chaotic. We could merely use our intu­
ition and experiment to find chaotic circuits. We also had to 
find a chaotic circuit that could be divided into at least two 
response subsystems. There is no general method for 

Time series from the computer simulation of the Lorenz equations showing how the response system converges to the drive 
system. 
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designing a circuit so that is has stable subsystems. We were

able to come up with a few guidelines that work in simple

cases, but again much intuition was necessary.

The hardest problem to solve was matching the response

subsystems to the full circuit Matching the circuits required

finding nonlinear elements whose behavior matched to within

1 or 2 % over a wide range. Typical semiconductor devices by

themselves never come close to these figures. Some manufac-

turers produce chips that perform analog multiplication, but

these still were not reproducible enough. We finally solved the

problem of producing reproducible nonlinearities by using an

arrangement from analog computer technology known as a

diode function generator. In this type of circuit, diodes are used

to switch different linear characteristics on or off to produce a

piecewise linear approximation to any function. The boxes in

fig. 4 labeled gl and g2 contain diode function generators.

This circuit could be divided into two subsystems, one

containing the x4 variable and the other containing the xi, x2,

x3 variables. Figure 7 shows schematically how the circuits

were cascaded, with the full system driving the x4 subsystem,

which then drove the xi, x2, x3 subsystem. With this arrange-

ment, the xi signal used as an input and the xi output match to

within about 2%.

Figure 4.

Figure 3.

Block diagram of cascading the synchronized chaotic Lorenz

equations.

y"

z"

<+

Applying Chaotic

Synchronization

We have tried several methods for sending information

with our chaotic carrier signal. The simplest method involves

using a single non-cascaded response system. In this arrange-

Schematic of a circuit used to study the cascading of synchronized chaotic systems. Voltages were sampled at the points labeled

X1, X2, X3, X4.
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designing a circuit so that is has stable subsystems. We were 
able to come up with a few guidelines that work in simple 
cases, but again much intuition was necessary. 

The hardest problem to solve was matching the response 
subsystems to the full circuit Matching the circuits required 
finding nonlinear elements whose behavior matched to within 
1 or 2 % over a wide range. Typical semiconductor devices by 
themselves never come close to these figures. Some manufac­
turers produce chips that perform analog multiplication, but 
these still were not reproducible enough. We finally solved the 
problem of producing reproducible nonlinearities by using an 
arrangement from analog computer technology known as a 
diode function generator. In this type of circuit, diodes are used 
to switch different linear characteristics on or off to produce a 
piecewise linear approximation to any function. The boxes in 
fig. 4 labeled gland g2 contain diode function generators. 

This circuit could be divided into two subsystems, one 
containing the X4 variable and the other containing the x1, x2 , 
x3 variables. Figure 7 shows schematically how the circuits 
were cascaded, with the full system driving the X4 subsystem, 
which then drove the x1, x2 , X3 subsystem. With this arrange­
ment, the x1 signal used as an input and the x1 output match to 
within about 2%. 

FJgure 4. 

Figure 3. 

Block diagram of cascading the synchronized chaotic Lorenz 
equations. 

X x' 
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z 0 

Applying Chaotic 
Synchronization 

y"➔ y 

+ 
y" 
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~ 

We have tried several methods for sending information 
with our chaotic carrier signal. The simplest method involves 
using a single non-cascaded response system. In this arrange-

Schematic of a circuit used to study the cascading of synchronized chaotic systems. Voltages were sampled at the points labeled 
x1, x2, X3, X4. 
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Figure 5.

(a)-(d) show a series ofattractors seen in the circuit as resistor R12 is decreased.
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Figure 5. 

(a)-(d) show a series of attractors seen in the circuit as resistor R12 is decreased. 

(a) 

(c) 

8 
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ment, the drive signal is used to synchronize the response

system to the drive system. In the Lorenz system, for example,

the x-z subsystem would be driven by the y signal. Information

would then be added to another of the chaotic signals, such as

the z signal. This signal would also be transmitted to the

response system. The synchronized z signal produced by the

response system could then be subtracted from the transmitted

z+information signal to yield the information. We have suc-

cessfully demonstrated this method in a circuit.

This approach is simple, but it does require that the user send

two signals. A more elegant approach is to use our cascaded

synchronized chaotic systems to send information with only one

signal. We have tried two simple methods: one that is analogous

to the amplitude modulation that is already in use, an another that

resembles phase modulation. We applied these ideas to both

numerical experiments and the circuit described above. In this

space we will describe only the circuit results.

In our amplitude modulation experiment, we used an

analog multiplier chip to multiply the output of the drive

system by 1 + 0.1 sin(cot). We used a modulation frequency co

of 6 Hz, which was about 1% of the most prominent frequency

in the power spectrum of the chaos, which was about 700 Hz.

The effect of the modulation was easily detected by taking the

difference between the modulated driving signal and the out-

put of the response circuit. There was a limit to the fastest

modulation signal that could be used. The rate at which the

response system converged to a drive signal was determined by

the least negative of the Lyapunov exponents, which was about

-600 s-1 for this system. If a modulation signal of 70 Hz was used,

the response circuit could not follow the drive signal as well.

An alternate method for sending a signal on a chaotic

carrier with the cascaded synchronized chaotic circuits was to

modulate a parameter in the drive circuit. We put an analog

multiplier chip in front of one of the operational amplifiers in

Figure 7.

Block diagram of cascading the synchronized chaotic circuit.
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our chaotic circuit and used a potentiometer to set the multi-

plication factor. Changing this multiplication factor would

change the output of the drive circuit, so that the input to and

output from the response circuit no longer matched. Using this

difference, one could calculate the difference between the

multiplication factor in the drive circuit and the multiplication

factor applied to a multiplier in the corresponding part of the

response circuit. The multiplication factor in the response

circuit could then be corrected to track the multiplication

factor in the drive circuit. Used in this fashion, the cascaded

circuits resembled the chaotic version of a phase locked loop.

Extracting the parameter difference from the difference

between two chaotic signals was not as straightforward as the

same procedure for two periodic signals, where one could

compare frequency or phase. A chaotic signal does not have a

Figure 6.

Power spectrum of the x\ signal from the circuit when the circuit is in the chaotic attractor seen in Fig. 5(d).
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ment, the drive signal is used to synchronize the response 
system to the drive system. In the Lorenz system, for example, 
the x-z subsystem would be driven by they signal. Information 
would then be added to another of the chaotic signals, such as 
the z signal. This signal would also be transmitted to the 
response system. The synchronized z signal produced by the 
response system could then be subtracted from the transmitted 
z+information signal to yield the information. We have suc­
cessfully demonstrated this method in a circuit. 

This approach is simple, but it does require that the user send 
two signals. A more elegant approach is to use our cascaded 
synchronized chaotic systems to send information with only one 
signal. We have tried two simple methods: one that is analogous 
to the amplitude modulation that is already in use, an another that 
resembles phase modulation. We applied these ideas to both 
numerical experiments and the circuit described above. In this 
space we will describe only the circuit results. 

In our amplitude modulation experiment, we used an 
analog multiplier chip to multiply the output of the drive 
system by 1 + 0.1 sin(rot). We used a modulation frequency ro 
of 6 Hz, which was about 1 % of the most prominent frequency 
in the power spectrum of the chaos, which was about 700 Hz. 
The effect of the modulation was easily detected by taking the 
difference between the modulated driving signal and the out­
put of the response circuit. There was a limit to the fastest 
modulation signal that could be used. The rate at which the 
response system converged to a drive signal was determined by 
the least negative of the Lyapunov exponents, which was about 
-&X> s-1 for this system. If a modulation signal of70 Hz was used, 
the response circuit could not follow the drive signal as well. 

An alternate method for sending a signal on a chaotic 
carrier with the cascaded synchronized chaotic circuits was to 
modulate a parameter in the drive circuit. We put an analog 
multiplier chip in front of one of the operational amplifiers in 

Figure 6. 

Figure 7. 

Block diagram of cascading the synchronized chaotic circuit. 
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our chaotic circuit and used a potentiometer to set the multi­
plication factor. Changing this multiplication factor would 
change the output of the drive circuit, so that the input to and 
output from the response circuit no longer matched. Using this 
difference, one could calculate the difference between the 
multiplication factor in the drive circuit and the multiplication 
factor applied to a multiplier in the corresponding part of the 
response circuit. The multiplication factor in the response 
circuit could then be corrected to track the multiplication 
factor in the drive circuit. Used in this fashion, the cascaded 
circuits resembled the chaotic version of a phase locked loop. 

Extracting the parameter difference from the difference 
between two chaotic signals was not as straightforward as the 
same procedure for two periodic signals, where one could 
compare frequency or phase. A chaotic signal does not have a 
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single frequency or a phase. In this case, there is a quantity

resembling an average phase for the chaotic signal that can be

used. When all circuits are synchronized, if we strobe the

output of the response system when the drive signal crosses

zero, the result will be zero. If the drive and response are not

synchronized, then the output of the response will not be zero

when the drive crosses zero. The average of the output signal

at this zero crossing varies approximately linearly for small

parameter differences. An analog integrator circuit is used to

create this average from the output of a sample and hold

circuit. This average is then used with an analog control circuit

to correct the value of the multiplication factor in the response

circuit.

Figure 8 shows that this technique works in a real circuit.

This figure shows the value of the multiplying factor in the

drive circuit and in the response circuit. At t=12 s, the control

is turned on. The multiplication factor in the response circuit

is immediately affected, and soon settles to a value near the

multiplication factor for the response circuit. The response

does not match the drive more closely because these parame-

ters are set with analog multiplier chips, which do not match

very well, but were convenient to use for this experiment. The

response multiplication factor is able to track changes in the

drive multiplication factor, as is shown in the figure.

Conclusions

These simple experiments merely serve as proof that these

concepts work. These examples may not correspond to the way

Figure 8.

Results of using a chaotic carrier from the circuit to send the

value of a parameter to a cascaded response circuit.
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that these principles would actually be used, but that is not

important. The important part of this work is that it starts

engineers, physicists and mathematicians thinking differently

about using chaotic systems. The idea that chaotic systems

may be taken apart and recombined to form new, useful

systems is completely new. So is the idea of driving a system

with a chaotic signal. There are many variations on these ideas

that we have not discussed.

In our experiments, we also have the luxury of no noise.

Chaotic signals are transmitted by wires. In a real communi-

cations system, the chaotic signals would be broadcast though

a noisy background. Separating a nonperiodic signal from

noise is not an easy task. There are several new software

algorithms being developed that might work adequately with

our system to allow us to detect chaotic signals in a noisy

background.

Summary

We have shown how one may take apart and reconnect

chaotic systems so that one may drive one system with another,

which then synchronizes to the drive. We have used these

techniques to create chaouc versions of am or frn radios, where

the periodic carrier is replaced with a chaotic carrier. These

ideas may have applications in encryption or in spread spec-

trum communications, technologies which are important both

to the Navy and to civilian industries.

Biographies

Thomas L. Carroll received a B. S. degree in physics from

Carleton College in 1981 and M. S. and Ph D. degrees in

physics from the University of Illinois at Urbana- Champaign

in 1983 and 1987, where he did spectroscopic studies of

molecules under high pressure. He came to NRL in 1987 as an

Office of Naval Technology postdoctoral fellow and became

a permanent lab employee in 1991. His initial research at NRL

concerned nonlinear dynamics and chaos in ferromagnetic

resonance experiments in yttrium iron garnet. Since that time

his research has involved coming up with new applications for

chaos and building analog electronic circuits or computer

models to test these circuits. He has published approximately

30 papers and has applied for four patents.

Louis M. Pecora is a research physicist at the Naval

Research Laboratory in the Materials Physics Branch. In 1977,

he received a Ph.D. from Syracuse University and was

awarded an NRC postdoctoral fellowship at NRL where he

worked on applications of positron annihilation techniques in

determining electronic states in copper alloys. This work con-

tinued into the areas of reconstruction of momentum densities

using novel tomographic techniques. Dr. Pecora moved into

the filed of nonlinear dynamics in solid state systems; his work

led to the discovery and characterization of chaouc transients
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single frequency or a phase. In this case, there is a quantity 
resembling an average phase for the chaotic signal that can be 
used. When all circuits are synchronized, if we strobe the 
output of the response system when the drive signal crosses 
zero, the result will be zero. If the drive and response are not 
synchronized, then the output of the response will not be zero 
when the drive crosses zero. The average of the output signal 
at this zero crossing varies approximately linearly for small 
parameter differences. An analog integrator circuit is used to 
create this average from the output of a sample and hold 
circuit This average is then used with an analog control circuit 
to correct the value of the multiplication factor in the response 
circuit 

Figure 8 shows that this technique works in a real circuit. 
This figure shows the value of the multiplying factor in the 
drive circuit and in the response circuit. At t= 12 s, the control 
is turned on. The multiplication factor in the response circuit 
is immediately affected, and soon settles to a value near the 
multiplication factor for the response circuit. The response 
does not match the drive more closely because these parame­
ters are set with analog multiplier chips, which do not match 
very well, but were convenient to use for this experiment. The 
response multiplication factor is able to track changes in the 
drive multiplication factor, as is shown in the figure. 

Conclusions 
These simple experiments merely serve as proof that these 

concepts work. These examples may not correspond to the way 

Figure 8. 

Results of using a chaotic carrier from the circuit to send the 
value of a parameter to a cascaded response circuit. 
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that these principles would actually be used, but that is not 
important The important part of this work is that it starts 
engineers, physicists and mathematicians thinking differently 
about using chaotic systems. The idea that chaotic systems 
may be taken apart and recombined to form new, useful 
systems is completely new. So is the idea of driving a system 
with a chaotic signal. There are many variations on these ideas 
that we have not discussed. 

In our experiments, we also have the luxury of no noise. 
Chaotic signals are transmitted by wires. In a real communi­
cations system, the chaotic signals would be broadcast though 
a noisy background. Separating a nonperiodic signal from 
noise is not an easy task. There are several new software 
algorithms being developed that might work adequately with 
our system to allow us to detect chaotic signals in a noisy 
background. 

Summary 
We have shown how one may take apart and reconnect 

chaotic systems so that one may drive one system with another, 
which then synchronizes to the drive. We have used these 
techniques to create chaotic versions of am or fm radios, where 
the periodic carrier is replaced with a chaotic carrier. These 
ideas may have applications in encryption or in spread spec­
trum communications, technologies which are important both 
to the Navy and to civilian industries. 
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in 1983 and 1987, where he did spectroscopic studies of 
molecules under high pressure. He came to NRL in 1987 as an 
Office of Naval Technology postdoctoral fellow and became 
a permanent lab employee in 1991. His initial research at NRL 
concerned nonlinear dynamics and chaos in ferromagnetic 
resonance experiments in yttrium iron garnet. Since that time 
his research has involved coming up with new applications for 
chaos and building analog electronic circuits or computer 
models to test these circuits. He has published approximately 
30 papers and has applied for four patents. 

Louis M. Pecora is a research physicist at the Naval 
Research Laboratory in the Materials Physics Branch. In 1977, 
he received a Ph.D. from Syracuse University and was 
awarded an NRC postdoctoral fellowship at NRL where he 
worked on applications of positron annihilation techniques in 
determining electronic states in copper alloys. This work con­
tinued into the areas of reconstruction of momentum densities 
using novel tomographic techniques. Dr. Pecora moved into 
the filed of nonlinear dynamics in solid state systems; his work 
led to the discovery and characterization of chaotic transients 
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in spin-wave behavior in yttrium iron garnets. More recently,

he has focused on the applications of chaotic behavior, espe-

cially the effects of driving systems with chaotic signals. This

has resulted in the discovery of synchronization of chaotic

systems and pseudoperiodic driving of nonlinear systems. Dr.

Pecora has published over 50 papers and applied for four

patents pertaining to the applications of chaos. Address: Naval

Research Laboratory, Code 6341, Washington, D.C., 20375-

5000, e-mail: pecoara or carroll@zoltar.nrl.navy.mil.
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cially the effects of driving systems with chaotic signals. This 
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Pecora has published over 50 papers and applied for four 
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Controlling Chaos

Mark L. Spano

Naval Surface Warfare Center

and

William L. Ditto

Georgia Institute of Technology

Abstract

The concepts of chaos and its control are reviewed. Both

are discussed from an experimental as well as a theoretical

viewpoint Examples are then given of the control of chaos in

a diverse set of experimental systems. Current and future

applications are discussed.

Introduction

Chaos-A rough, unordered mass of things.

Ovid, "Metamorphoses"

Shakespeare once asked, "What's in a name?" The answer

is nothing and everything. Nothing because "A rose by any

other name would smell as sweet." And yet, without a name

Shakespeare would not have been able to write about that rose

or to distinguish it from other flowers that smell less pleasant.

So also with chaos. The dynamical phenomenon we call chaos

has always existed, but until its naming we had no way of

distinguishing it from other aspects of nature such as random-

ness or order. And lacking any way to treat it as a separate

entity, we would not even be able to conceive of manipulating

it or controlling it. Thus the naming of chaos by James Yorke1

in 1975 was an essential first step towards identifying it and

learning to control it.

From this identification came the recognition that chaos

is pervasive in our world. Chaos was first suspected in the

weather patterns2 that govern our lives. It is easy to make

simple electronic circuits that are chaotic3. Mechanical sys-

tems on such wildly different scales as laboratory pendula4 and

orbiting planets5 have been shown to exhibit chaos. Laser

emissions6 can fluctuate chaotically. The human heart shows

evidence of beating to chaotic rhythms. Chemical reactions'

oscillate in chaotic fashion. Of these diverse systems, we have

learned to control all of those that are on the smaller scale.

Systems on a more universal scale such as the weather and the

planets remain beyond our control.

In what follows we will discuss the concept of chaos, from

both a theoretical and a laboratory viewpoint, always with an

eye towards methods of controlling and exploiting it. After-

wards we will look at the application of these methods to the

systems mentioned above.

The Concept of Chaos

A violent order is disorder; and

A great disorder is an order. These

Two things are one.

Wallace Stevens, "Connoisseur of Chaos"

Before its discovery and naming, chaos was inevitably

confused with randomness and indeterminacy. Because many

systems appeared random, they were actually thought to be

random. This was true despite the fact that many of these

systems seemed to fall into spans of almost periodic behavior

before returning to more "random" motion. Indeed this obser-

vation leads to one of the definitions of chaos: the superposit-

ion of a very large number of periodic motions. A chaotic

system may dwell for a brief time on a motion that is very

nearly periodic and then may change to another motion that is

periodic with a period that is perhaps five times that of the

original motion and so on. This constant evolution from one

(unstable) periodic motion to another produces a long-term

impression of randomness, while showing short-term

12 Naval Research Reviews
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MarlcL. Spano 
Naval Surface Warfare Center 
and 
William L. Ditto 
Georgia Institute of Technology 

Abstract 
The concepts of chaos and its control are reviewed. Both 

are discussed from an experimental as well as a theoretical 
viewpoint Examples are then given of the control of chaos in 
a diverse set of experimental systems. Current and future 
applications are discussed. 

Introduction 
Chaos - A rough, unordered mass of things. 

Ovid, "Metamorphoses" 
Shakespeare once asked, "What's in a name?" The answer 

is nothing and everything. Nothing because "A rose by any 
other name would smell as sweet." And yet, without a name 
Shakespeare would not have been able to write about that rose 
or to distinguish it from other flowers that smell less pleasant. 
So also with chaos. The dynamical phenomenon we call chaos 
has always existed, but until its naming we had no way of 
distinguishing it from other aspects of nature such as random­
ness or order. And lacking any way to treat it as a separate 
entity, we would not even be able to conceive of manipulating 
it or controlling it. Thus the naming of chaos by James Yorke1 

in 1975 was an essential first step towards identifying it and 
learning to control it. 

From this identification came the recognition that chaos 
is pervasive in our world. Chaos was first suspected in the 
weather pattems2 that govern our lives. It is easy to make 
simple electronic circuits that are chaotic3. Mechanical sys­
tems on such wildly different scales as laboratory pendula4 and 
orbiting planets5 have been shown to exhibit chaos. Laser 
emissions6 can fluctuate chaotically. The human heart shows 
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evidence 7 of beating to chaotic rhythms. Chemical reactions8•9 

oscillate in chaotic fashion. Of these diverse systems, we have 
learned to control all of those that are on the smaller scale. 
Systems on a more universal scale such as the weather and the 
planets remain beyond our control. 

In what follows we will discuss the concept of chaos, from 
both a theoretical and a laboratory viewpoint, always with an 
eye towards methods of controlling and exploiting it. After­
wards we will look at the application of these methods to the 
systems mentioned above. 

The Concept of Chaos 
A violent order is disorder; and 

A great disorder is an order. These 
Two things are one. 

Wallace Stevens, "Connoisseur of Chaos" 
Before its discovery and naming, chaos was inevitably 

confused with randomness and indeterminacy. Because many 
systems appeared random, they were actually thought to be 
random. This was true despite the fact that many of these 
systems seemed to fall into spans of almost periodic behavior 
before returning to more "random" motion. Indeed this obser­
vation leads to one of the definitions of chaos: the superposit­
ion of a very large number of periodic motions. A chaotic 
system may dwell for a brief time on a motion that is very 
nearly periodic and then may change to another motion that is 
periodic with a period that is perhaps five times that of the 
original motion and so on. This constant evolution from one 
(unstable) periodic motion to another produces a long-term 
impression of randomness, while showing short-term 
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Figure 1.

Phase space trajectories (a, c, e) and their corresponding Poincare' sections (b, d, f) for period 1, period 2 and chaotic orbits.
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Figure 1. 

Phase space trajectories (a, c, e) and their corresponding Poincare sections (b, d, f) for period 1, period 2 and chaotic orbits. 
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Figure 2.

The geometry around an unstable fixed point on a chaotic

attractor. The shape is that of a saddle.

2.5 3.0 3.5 4.0 4.5

x..,

glimpses of order. These glimpses are not misleading, since

chaos is deterministic and not random in nature.

A second definition of chaos is this: the sensitivity of a

system to small changes in its initial conditions. This is the

"butterfly effect" of legend. The story goes as follows: the

small breeze created by a butterfly's wings in China may

eventually mean the difference between a sunny day and a

torrential rainstorm in California. If you visualize the motion

of a chaotic system in phase space (the space composed of the

usual spatial dimensions plus their accompanying momentum

dimensions), you soon see that all these unstable periodic

motions have corresponding trajectories in phase space. And

since there are a very large number of these unstable motions

in a bounded space, the trajectories corresponding to each

unstable periodic motion must be packed quite closely to-

gether. Thus only a very small perturbation may push the

system from one unstable periodic motion to any of a large

number of others.

This last is both the hope and the despair of those who

have to deal with chaotic systems. It is the despair because it

effectively renders long term prediction of these systems im-

possible. For instance, in a computer simulation a small per-

turbation may be introduced by numerical round-off, while, in

the real world, systems are invariably perturbed by noise.

Thus, if a system is chaotic, these small perturbations quickly

(indeed, exponentially) grow until they completely change the

behavior of the system.

Paradoxically, the cause of the despair is also the reason

to hope. Because if a system is so sensitive to small changes,

could not small changes be used to control it? This realization

led Ott, Grebogi and Yorke10 (OGY) to propose an ingenious

and versatile method for the control of chaos, the details of

which are given in the following section.

The Idea of Control

At which the universal host up sent

A shout that tore hell's concave, and beyond

Frighted the reign of Chaos and old Night.

John Milton, "Paradise Lost"

The starting point for the control of chaos is the phase

space of the system. Dynamical systems trace smooth trajec-

tories in phase space as they proceed forward in time. For

periodic systems these trajectories are curves that are traced

repeatedly every period of the system. For example, the phase

space of a driven simple pendulum consists of one dimension

for its position and one dimension for its momentum. The

trajectory of the pendulum in this space is simply a circle

which is traced over and over, as in Fig. la. This trajectory

contains all the information that is needed to predict the future

Figure 3.

Determining the response of a chaotic attractor to a change in

a system parameter, Hdc- The change in the unstable fixed

point position with a change in the parameter yields the vector

quantity g.
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Figure 2. 

The geometry around an unstable fixed point on a chaotic 
attractor. The shape is that of a saddle. 
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glimpses of order. These glimpses are not misleading, since 
chaos is deterministic and not random in nature. 

A second definition of chaos is this: the sensitivity of a 
system to small changes in its initial conditions. This is the 
"butterfly effect., of legend. The story goes as follows: the 
small breeze created by a butterfly's wings in China may 
eventually mean the difference between a sunny day and a 
torrential rainstorm in California. If you visualize the motion 
of a chaotic system in phase space (the space composed of the 
usual spatial dimensions plus their accompanying momentum 
dimensions), you soon see that all these unstable periodic 
motions have corresponding trajectories in phase space. And 
since there are a very large number of these unstable motions 
in a bounded space, the trajectories corresponding to each 
unstable periodic motion must be packed quite closely to­
gether. Thus only a very small perturbation may push the 
system from one unstable periodic motion to any of a large 
number of others. 

This last is both the hope and the despair of those who 
have to deal with chaotic systems. It is the despair because it 
effectively renders long term prediction of these systems im­
possible. For instance, in a computer simulation a small per­
turbation may be introduced by numerical round-off, while, in 
the real world, systems are invariably perturbed by noise. 
Thus, if a system is chaotic, these small perturbations quickly 
(indeed, exponentially) grow until they completely change the 
behavior of the system. 
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Paradoxically, the cause of the despair is also the reason 
to hope. Because if a system is so sensitive to small changes, 
could not small changes be used to control it? This realization 
led Ott, Grebogi and Yorke10 (OGY) to propose an ingenious 
and versatile method for the control of chaos, the details of 
which are given in the following section. 

The Idea of Control 
At which the universal host up sent 

A shout that tore hell's concave, and beyond 
Frighted the reign of Chaos and old Night. 

John Milton, "Paradise Lost" 
The starting point for the control of chaos is the phase 

space of the system. Dynamical systems trace smooth trajec­
tories in phase space as they proceed forward in time. For 
periodic systems these trajectories are curves that are traced 
repeatedly every period of the system. For example, the phase 
space of a driven simple pendulum consists of one dimension 
for its position and one dimension for its momentum. The 
trajectory of the pendulum in this space is simply a circle 
which is traced over and over, as in Fig. la. This trajectory 
contains all the information that is needed to predict the future 
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a system parameter, ffdc. The change in the unstable fixed 
point position with a change in the parameter yields the vector 
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Figure 4.

An outline of the OGY control method: (a) the system state point approaches the unstable fixed point. It will naturally tend to move

in along the stable direction and out along the unstable direction; (b) the saddle point (unstable fixed point) is positioned so that

the system state point tends to move back toward the original unstable fixed point; (c) the system state point reaches the original

unstable fixed point and the perturbation is turned off. In real-world systems with noise, the control would have to applied

continuously to balance the state point on the saddle.

dynamics of the system. In fact it contains too much informa-

tion. A more useful representation can be obtained by cutting

through this phase space with a plane which intersects the

circle in two places. The infinite number of points on the circle

trajectory has been reduced to merely two. If we further

confine ourselves to directed piercings of the plane, we are left

with only a single point (Fig. lb). Such a Poincare" section

reduces our information to a manageable level.

If our experiment were more complex, perhaps a driven

pendulum with two masses placed at different points on a

flexible string or the simple pendulum driven well beyond its

linear regime, more complex motions might occur. One such

might be a motion in which the trajectory traced a double loop

in its phase space (Fig. lc). A Poincare section through this

trajectory would show two points (Fig. Id). This pendulum

could, of course, still execute a simple, single loop trajectory

given the right initial conditions. This single loop defines the

period one trajectory of the system. The double loop trajectory

takes twice as long and is accordingly dubbed period two. The

usefulness of the Poincare' section is now apparent: the num-

ber of points in the section immediately reveals the underlying

periodicity of the system. Generally, any periodic system of

period n will have a section which consists of a finite set of n

distinct points which reflect the fundamental periodicity of the

system.

By way of contrast, a truly random system will behave in

such a way that the trajectories in phase space wander over the

entire volume of space available to the system. Its correspond-

ing section will be filled uniformly and densely.

Chaos falls between these two extremes. Since chaos is a

superposition of a number of periodic motions, one might

expect to see a finite number of points indicating several

periodic motions characteristic of the chaotic section. This is

true, as far as it goes. However, since chaos is the superposition

of a large (read infinite) number of periodic motions, the

number of points in the section is also infinite. In general, these

points form an extended geometric structure, called the

system's chaotic attractor, which is not a finite set of points

{i.e., does not represent periodic motion) and which also does

not fill space (i.e., is not random), as shown in Fig. If. (Gen-

erally a chaotic attractor is a fractal object.) Knowledge of this

attractor and of its response to small perturbations of the

system are the only ingredients that are necessary for the

control of chaos.

In order to control chaos according to the OGY scheme,

it is only necessary to identify an unstable periodic point in the

attractor, to characterize the shape of the attractor locally

around that point and to determine the response of the attractor

at that point to an external stimulus. Let's look at each of these

three steps in detail.
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Figure 4. 

An outline of the OGY control method: (a) the system state point approaches the unstable fixed point. It will naturally tend to move 
in along the stable direction and out along the unstable direction; (b) the saddle point (unstable fixed point) is positioned so that 
the system state point tends to move back toward the original unstable fixed point; (c) the system state point reaches the original 
unstable fixed point and the perturbation is turned off. In real-world systems with noise, the control would have to applied 
continuously to balance the state point on the saddle. 
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dynamics of the system. In fact it contains too much informa­
tion. A more useful representation can be obtained by cutting 
through this phase space with a plane which intersects the 
circle in two places. The infinite number of points on the circle 
trajectory has been reduced to merely two. If we further 
confine ourselves to directed piercings of the plane, we are left 
with only a single point (Fig. lb). Such a Poincare section 
reduces our information to a manageable level. 

If our experiment were more complex, perhaps a driven 
pendulum with two masses placed at different points on a 
flexible string or the simple pendulum driven well beyond its 
linear regime, more complex motions might occur. One such 
might be a motion in which the trajectory traced a double loop 
in its phase space (Fig. le). A Poincare section through this 
trajectory would show two points (Fig. Id). This pendulum 
could, of course, still execute a simple, single loop trajectory 
given the right initial conditions. This single loop defines the 
period one trajectory of the system. The double loop trajectory 
takes twice as long and is accordingly dubbed period two. The 
usefulness of the Poincare section is now apparent: the num­
ber of points in the section immediately reveals the underlying 
periodicity of the system. Generally, any periodic system of 
period n will have a section which consists of a.finite set of n 
distinct points which reflect the fundamental periodicity of the 
system. 
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By way of contrast, a truly random system will behave in 
such a way that the trajectories in phase space wander over the 
entire volume of space available to the system. Its correspond­
ing section will be filled uniformly and densely. 

Chaos falls between these two extremes. Since chaos is a 
superposition of a number of periodic motions, one might 
expect to see a finite number of points indicating several 
periodic motions characteristic of the chaotic section. This is 
true, as far as it goes. However, since chaos is the superposition 
of a large (read infinite) number of periodic motions, the 
number of points in the section is also infinite. In general, these 
points form an extended geometric structure, called the 
system ,s chaotic attractor, which is not a finite set of points 
(i.e., does not represent periodic motion) and which also does 
not fill space (i.e., is not random), as shown in Fig. If. (Gen­
erally a chaotic attractor is a fractal object.) Knowledge of this 
attractor and of its response to small perturbations of the 
system are the only ingredients that are necessary for the 
control of chaos. 

In order to control chaos according to the OGY scheme, 
it is only necessary to identify an unstable periodic point in the 
attractor, to characterize the shape of the attractor locally 
around that point and to determine the response of the attractor 
at that point to an external stimulus. Let ,s look at each of these 
three steps in detail. Origi al fr m 
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Figure 5.

Schematic of the magnetoelastic ribbon experiment.

H(t) = Hdc+Haccos(27ift)

Ribbon

Fotonic Sensor

Figure 6.

(a) Ribbon position as a function of time for chaotic motion

(gray) followed by controlled motion (black); (b) The same data

presented as a delay coordinate embedding.
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The identification of an unstable periodic point is easy

since every point in the attractor represents an unstable peri-

odic motion with some period n. (Of course it is easier to find

points with low order periodicity (small n), but chaos control

has been successfully implemented to select periodic motions

of order up to about 30!) This is one of the strengths of the

OGY method of control: the ability to control on any periodic

motion from the infinity of motions present in the system. This

capability would allow an engineer to design highly flexible

systems employing chaos control.

Characterizing the shape of the attractor is also easy. Once

we have determined which unstable fixed point we wish to

control about, we observe the motion of the point representing

the current state of the system (system state point) on the

attractor. In low dimensional chaotic systems, this point will

frequently approach the vicinity of our chosen unstable fixed

point and then move away again. It turns out that, in the

neighborhood of the unstable fixed point, the approach is

consistently along the same direction (called the stable direc-

tion) and the departure along another direction (called the

unstable direction), as indicated in Fig. 2. These two direc-

tions, one of which is stable (incoming) and the other of which

is unstable (departing), form a saddle around the unstable fixed

point. These eigenvectors, along with the speed with which the

system state point approaches or departs the vicinity of the

unstable fixed point (stable or unstable eigenvalues respec-

tively), are all that is necessary to characterize the shape of the

attractor locally around our chosen point.

The final requirement, determining the response of the

attractor to an external stimulus, is perhaps the most difficult

of the three to learn. Here we must introduce a change into the

system by varying one of the system parameters. The difficulty

lies in first identifying the system parameters and then locating

one that may be quickly changed. (More on this will be

discussed in the experimental section below.) Once such an

identification has been made, the position of the unstable fixed

point is measured for several values of the parameter just

slightly different from the nominal value (Fig. 3). These mea-

surements tell us the change of the attractor position with

respect to a change in the system parameter and complete the

knowledge of the system needed for control.

All of this information is fed into the OGY control equa-

tions:

6> = Cfo-V)-fu

where

C =

Xu 1_

(1)

(2)

Bp is the amount one needs to change the system param-

eter from its nominal value in order to control the system. The

perturbation 8/7 is updated once every period of the system. It
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Figure 5. 

Schematic of the magnetoelastic ribbon experiment. 
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Figure&. 

(a) Ribbon position as a function of time for chaotic motion 
(gray) followed by controlled motion (black); (b) The same data 
presented as a delay coordinate embedding. 
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The identification of an unstable periodic point is easy 
since every point in the attractor represents an unstable peri­
odic motion with some period n. (Of course it is easier to find 
points with low order periodicity (small n), but chaos control 
has been successfully implemented to select periodic motions 
of order up to about 30!) This is one of the strengths of the 
OGY method of control: the ability to control on any periodic 
motion from the infinity of motions present in the system. This 
capability would allow an engineer to design highly flexible 
systems employing chaos control. 

Characterizing the shape of the attractor is also easy. Once 
we have determined which unstable fixed point we wish to 
control about, we observe the motion of the point representing 
the current state of the system (system state point) on the 
attractor. In low dimensional chaotic systems, this point will 
frequently approach the vicinity of our chosen unstable fixed 
point and then move away again. It turns out that, in the 
neighborhood of the unstable fixed point, the approach is 
consistently along the same direction ( called the stable direc­
tion) and the departure along another direction (called the 
unstable direction), as indicated in Fig. 2. These two direc­
tions, one of which is stable (incoming) and the other of which 
is unstable ( departing), form a saddle around the unstable fixed 
point. These eigenvectors, along with the speed with which the 
system state point approaches or departs the vicinity of the 
unstable fixed point (stable or unstable eigenvalues respec­
tively), are all that is necessary to characterize the shape of the 
attractor locally around our chosen point. 

The final requirement, determining the response of the 
attractor to an external stimulus, is perhaps the most difficult 
of the three to learn. Here we must introduce a change into the 
system by varying one of the system parameters. The difficulty 
lies in first identifying the system parameters and then locating 
one that may be quickly changed. (More on this will be 
discussed in the experimental section below.) Once such an 
identification has been made, the position of the unstable fixed 
point is measured for several values of the parameter just 
slightly different from the nominal value (Fig. 3). These mea­
surements tell us the change of the attractor position with 
respect to a change in the system parameter and complete the 
knowledge of the system needed for control. 

All of this information is fed into the OGY control equa­
tions: 

(1) 

where 

(2) 

Op is the amount one needs to change the system param­
eter from its nominal value in order to control the system. The 
perturbation Bp is updated one 

1- 1 1 • tj.pd of the system. It 
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is proportional to the distance of the system state point,

from the fixed point, ^, projected onto the unstable direction,

fu. The constant C is itself calculable from the change of the

attractor position with respect to a change in the system

parameter, g, projected onto the unstable direction and from

the value of the unstable eigenvalue, Xu. All of these are known

from our earlier measurements.

An example may serve to clarify the matter. Fig. 4a shows

an unstable fixed point with its stable and unstable directions.

The system state point, is shown approaching the fixed

point near the stable manifold. If left to itself, the natural

motion of the system would be to approach the unstable fixed

point along the stable direction and then move away from the

fixed point along the unstable manifold (towards the upper

right). However, if we introduce the OGY perturbation into

the system, we move the old unstable fixed point and its

accompanying manifolds to the other side of the system state

point (Fig. 4b). The new motion of the system state point will

still be along the stable manifold with motion away from the

new fixed point along the unstable manifold (towards the

lower left). However this is motion towards the old unstable

fixed point. Thus the OGY scheme has controlled the system

exactly onto the old unstable fixed point (Fig. 4c). In a perfect

world, it would remain there forever. However if there is even

the slightest error in the calculation of C, it will only move

close to the fixed point. Or in the presence of noise it will be

perturbed from the fixed point after it has reached it. Both of

Figure 7.

The ability of the OGY method to select out various periodic

motions from those comprising the chaotic motion. (Note

that the fact that the motions presented here are all a power

of two is purely coincidental; the control could have as

easily been performed about the period 3 or period 5 motion

instead.)

[No Control| , Period 4 Period 1 iPeriod 2

Control Control Control

Period 1

Control

Period 4

Control

SOD 1000

these problems are easily handled by repeating the OGY

control once each period of the system.

This act of moving the saddle point to control the motion

of the system state point is similar to balancing a baseball on

a saddle or a baseball bat on the palm of your hand. The former

case is directly analogous, with one stable and one unstable

direction. Small movements of the saddle keep the ball at the

point of unstable equilibrium; it is not necessary to change the

shape or nature of the saddle itself.

Many methods of "control" have been proposed. Those

related to the OGY method9,12 use perturbations that are

typically small (a few percent of the magnitude of the acces-

sible system parameter). Thus, it is easy to design systems that

implement this control. This is in sharp contrast to the model-

based methods13 which seek to fundamentally change the

nature of the chaotic system under study by introducing "per-

turbations" to the adjustable parameter that are comparable to

its size. Such methods are more properly named the "removal

of chaos" rather than "control" because they fundamentally

change the nature of the system under study. The gentle nudges

prescribed by OGY control leave the fundamental dynamics

of the system essentially unchanged. The fixed point and its

manifolds are only shifted slightly by the perturbation and,

between perturbations, the motion of the system remains cha-

otic, moving on an attractor that differs little from the original.

It is only in the long term, when averaged over many periods

and over motion on several slightly different attractors, that

the motion is non-chaotic. In this sense the OGY method is

truly a control of chaos and hence it is able to select any of the

periodic orbits that are embedded in the chaotic motion.

Experimental Realities

In all chaos there is a cosmos, in all disorder a secret order.

Carl Jung

An experimental physicist's first reaction to the OGY

scheme might well be one of horror; in any real-world system

the number of degrees of freedom (positions plus momenta)

may be quite large, possibly even infinite and the OGY scheme

requires the measurement of all of them! Two facts conspire

to make the OGY method not only possible but also simple to

implement.

The first is that many physical systems, while technically

infinite dimensional, actually only express a small number of

these dimensions. Thus even though the magnetomechanical

ribbon (discussed below) is a distributed mass system and

therefore technically infinite dimensional, its motion is quite

low dimensional and its attractor is well represented in a three

dimensional phase space and hence a two dimensional

Poincare section. Thus only two experimental variables need

to be measured to correctly characterize its chaotic attractor.

The second fact of importance to the experimentalist is

that the Poincare section may be replaced in the OGY scheme
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is proportional to the distance of the system state point, ~n, 

from the fixed point, ~' projected onto the unstable direction, 
r u, The constant C is itself calculable from the change of the 
attractor position with respect to a change in the system 
parameter, g, projected onto the unstable direction and from 
the value of the unstable eigenvalue, Au, All of these are known 
from our earlier measurements. 

An example may serve to clarify the matter. Fig. 4a shows 
an unstable fixed point with its stable and unstable directions. 
The system state point, ~n, is shown approaching the fixed 
point near the stable manifold. If left to itself, the natural 
motion of the system would be to approach the unstable fixed 
point along the stable direction and then move away from the 
fixed point along the unstable manifold (towards the upper 
right). However, if we introduce the OGY perturbation into 
the system, we move the old unstable fixed point and its 
accompanying manifolds to the other side of the system state 
point (Fig. 4b ). The new motion of the system state point will 
still be along the stable manifold with motion away from the 
new fixed point along the unstable manifold (towards the 
lower left). However this is motion towards the old unstable 
fixed point. Thus the OGY scheme has controlled the system 
exactly onto the old unstable fixed point (Fig. 4c). In a perfect 
world, it would remain there forever. However if there is even 
the slightest error in the calculation of C, it will only move 
close to the fixed point. Or in the presence of noise it will be 
perturbed from the fixed point after it has reached it. Both of 

Figure 7. 

The ability of the OGY method to select out various periodic 
motions from those comprising the chaotic motion. (Note 
that the fact that the motions presented here are all a power 
of two is purely coincidental; the control could have as 
easily been performed about the period 3 or period 5 motion 
instead.) 
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these problems are easily handled by repeating the OGY 
control once each period of the system. 

This act of moving the saddle point to control the motion 
of the system state point is similar to balancing a baseball on 
a saddle or a baseball bat on the palm of your hand. The former 
case is directly analogous, with one stable and one unstable 
direction. Small movements of the saddle keep the ball at the 
point of unstable equilibrium; it is not necessary to change the 
shape or nature of the saddle itself. 

Many methods of "control" have been proposed. Those 
related to the OGY method9

•
12 use perturbations that are 

typically small (a few percent of the magnitude of the acces­
sible system parameter). Thus, it is easy to design systems that 
implement this control. This is in sharp contrast to the model­
based methods13 which seek to fundamentally change the 
nature of the chaotic system under study by introducing "per­
turbations" to the adjustable parameter that are comparable to 
its size. Such methods are more properly named the "removal 
of chaos" rather than "control" because they fundamentally 
change the nature of the system under study. The gentle nudges 
prescribed by OGY control leave the fundamental dynamics 
of the system essentially unchanged. The fixed point and its 
manifolds are only shifted slightly by the perturbation and, 
between perturbations, the motion of the system remains cha­
otic, moving on an attractor that differs little from the original. 
It is only in the long term, when averaged over many periods 
and over motion on several slightly different attractors, that 
the motion is non-chaotic. In this sense the OGY method is 
truly a control of chaos and hence it is able to select any of the 
periodic orbits that are embedded in the chaotic motion. 

Experimental Realities 
In all chaos there is a cosmos, in all disorder a secret order. 

Carl Jung 
An experimental physicist's first reaction to the OGY 

scheme might well be one of horror; in any real-world system 
the number of degrees of freedom (positions plus momenta) 
may be quite large, possibly even infinite and the OGY scheme 
requires the measurement of all of them! Two facts conspire 
to make the OGY method not only possible but also simple to 
implement. 

The first is that many physical systems, while technically 
infinite dimensional, actually only express a small number of 
these dimensions. Thus even though the magnetomechanical 
ribbon (discussed below) is a distributed mass system and 
therefore technically infinite dimensional, its motion is quite 
low dimensional and its attractor is well represented in a three 
dimensional phase space and hence a two dimensional 
Poincare section. Thus only two experimental variables need 
to be measured to correctly characterize its chaotic attractor. 

The second fact of importance to the experimentalist is 
that the Poincare section may b(tl -j 1r1"1the OGY scheme 
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Figure 8.

Current interbeat interval, ln, versus previous interbeat interval, In-1, for the rabbit heart experiment, (a) Starting with point 163,

the system approaches the unstable fixed point along the stable direction and then leaves it along the unstable directions. (The

unstable eigenvalue is negative, thereby causing subsequent points to alternate above and below the unstable fixed point.

However the distance from the fixed point increases in an exponential fashion, as is typical of chaotic motion.) (b) An idealized

drawing of the control. The point a should be identified with point 165 in (a). The next point would naturally tend to be b (point

166). However a stimulus is applied to the heart causing it to beat early and thereby shortening the next interbeat interval to b'

on the stable manifold. Thus the next interval will tend to move along the stable manifold toward the fixed point.

by a delay coordinate embedding. This embedding relies on

the intuition that the information obtained by measuring all

the system variables (positions and momenta) at one given

time may also be obtained by measuring only one system

variable at several subsequent times. The system state vec-

tor (the set of all the positions and momenta, £„=

(x1(tn),x2(tn),...p1(tn),p2(tn),...)). is replaced by a delay coordi-

nate vector, (x^tn), x^tn-At), xi(t„-2At), xXtn-SAt),...), where the

superscript i indicates one particular experimental measurable

and for some appropriately chosen delay, At. (If the system is

periodically driven, At is usually chosen to be the period of the

driving force. In non-driven systems the appropriate delay is

usually related to some fundamental time scale inherent in the

system.) In fact it may be shown that the attractor as repre-

sented in the phase space and the attractor reconstructed from

the delay coordinate embedding have the same topological

properties, thereby allowing one to be substituted for the other

with (relative) impunity.14

With these two simplifications in hand, control of low

dimensional chaotic systems becomes simple. In fact it turns

out that the OGY method is also extremely robust. By this we

mean that, as long as the perturbation dp is sufficient to move

the saddle point to the opposite side of the system state point

as shown in Fig. 4b, it does not matter if the saddle is moved

well past the state point or just barely past it. The corollary to

this is that the control scheme is quite resistant to external noise

and to errors arising from imprecision in the measurement of

the position and shape of the attractor.

We note in passing that eqs. 1 and 2 give rise to two variant

methods of control. In the first method, one completely mea-

sures all the items mentioned above, calculates the constant C,

and then proceeds to control the system. The alternative arises

from the fact that, although many values (Xu, fu, and g) are

needed to characterize the attractor, they are all folded into the

single constant C. Thus, if a period of adjustment can be

tolerated, one might simply guess a value of C and then adjust

it empirically until control is achieved. This latter method,

requiring knowledge only of the location of the desired fixed

point and an educated guess at C makes this quite suitable for

incorporation into automatic control systems.

18 Naval Research Reviews

G
e
n
e
ra

te
d
 f

o
r 

m
e
m

b
e
r 

(U
n
iv

e
rs

it
y
 o

f 
M

a
ry

la
n
d

, 
C

o
lle

g
e
 P

a
rk

) 
o
n
 2

0
1

4
-1

0
-0

7
 1

9
:5

3
 G

M
T
  
/ 

 h
tt

p
:/

/h
d
l.
h
a
n
d
le

.n
e
t/

2
0

2
7

/u
iu

g
.3

0
1

1
2

0
0

5
5

4
5

3
5

2
P
u
b
lic

 D
o
m

a
in

, 
G

o
o
g

le
-d

ig
it

iz
e
d

  
/ 

 h
tt

p
:/

/w
w

w
.h

a
th

it
ru

st
.o

rg
/a

cc
e
ss

_u
se

#
p
d
-g

o
o
g
le

Figure a. 
Current interbeat interval, In, versus previous interbeat interval, ln-1, for the rabbit heart experiment. (a) Starting with point 163, 
the system approaches the unstable fixed point along the stable direction and then leaves it along the unstable directions. (The 
unstable eigenvalue is negative, thereby causing subsequent points to alternate above and below the unstable fixed point. 
However the distance from the fixed point increases in an exponential fashion, as is typical of chaotic motion.) (b) An idealized 
drawing of the control. The point a should be identified with point 165 in (a). The next point would naturally tend to be b (point 
166). However a stimulus is applied to the heart causing it to beat early and thereby shortening the next interbeat interval to b' 
on the stable manifold. Thus the next interval will tend to move along the stable manifold toward the fixed point. 
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by a delay coordinate embedding. This embedding relies on 
the intuition that the infonnation obtained by measuring all 
the system variables (positions and momenta) at one given 
time may also be obtained by measuring only one system 
variable at several subsequent times. The system state vec­
tor (the set of all the positions and momenta, ~n= 

(x1(tn),x2(tn), ... p1(tn),p2(tn), ... )), is replaced by a delay coordi­
nate vector, (xi(tn), xi(tn-~t), xi(tn-2L\t), xi(tn-3~t), ... ), where the 
superscript i indicates one particular experimental measurable 
and for some appropriately chosen delay, ~,. (If the system is 
periodically driven,~, is usually chosen to be the period of the 
driving force. In non-driven systems the appropriate delay is 
usually related to some fundamental time scale inherent in the 
system.) In fact it may be shown that the attractor as repre­
sented in the phase space and the attractor reconstructed from 
the delay coordinate embedding have the same topological 
properties, thereby allowing one to be substituted for the other 
with (relative) impunity.14 

With these two simplifications in hand, control of low 
dimensional chaotic systems becomes simple. In fact it turns 
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out that the OGY method is also extremely robust. By this we 
mean that, as long as the perturbation op is sufficient to move 
the saddle point to the opposite side of the system state point 
as shown in Fig. 4b, it does not matter if the saddle is moved 
well past the state point or just barely past it. The corollary to 
this is that the control scheme is quite resistant to external noise 
and to errors arising from imprecision in the measurement of 
the position and shape of the attractor. 

We note in passing that eqs. I and 2 give rise to two variant 
methods of control. In the first method, one completely mea­
sures all the items mentioned above, calculates the constant C, 
and then proceeds to control the system. The alternative arises 
from the fact that, although many values (Au, fu, and g) are 
needed to characterize the attractor, they are all folded into the 
single constant C. Thus, if a period of adjustment can be 
tolerated, one might simply guess a value of C and then adjust 
it empirically until control is achieved. This latter method, 
requiring knowledge only of the location of the desired fixed 
point and an educated guess at C makes this quite suitable for 
incorporation into automatic c0 . · 11 ~ \tin;is. 
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Implementations of Control

Not chaos-like together crushed and bruised,

But, as the world, harmoniously confused

Alexander Pope, "Windsor Forest"

Mechanics

The first experimental control of chaos was achieved in a

magnetoelastic ribbon experiment4. This system is sketched in

Fig. 5. The ribbon, an amorphous magnetic material about 100

mm long by 3 mm wide by 0.025 mm thick, is extremely

nonlinear in its response to a magnetic field. In zero field it is

stiff enough to support its own weight in an upright position.

When a small magnetic field is applied, its stiffness decreases

by an order of magnitude and the ribbon buckles under its own

weight. At still larger fields, the material again becomes stiff

and resumes an upright position. If a magnetic field, Hdc, is

applied to start the ribbon in the soft regime and to that is added

an ac magnetic field, HaC, that alternately takes the ribbon from

soft to stiff and back again at some frequency,/, the ribbon will

oscillate about its equilibrium point. At high enough values of

Hac and/, the ribbon's motion will become chaotic.

The position of the ribbon is measured once each period, T

= ljf ~ Wz , of the driving field by means of a beam of light

directed at a small spot on the ribbon. The intensity of the reflected

light varies as Mr2, yielding highly accurate and noise-free mea-

surements of the ribbon position. These are sent to the computer

controlling the experiment, which also control the strengths of

the magnetic fields. In theory, either of the three system parame-

ters, Hdc, Hac or/, could be used to control the chaos. We chose

to use Hdc. The gray data in Fig. 6a show the position of the ribbon

as a function of time when the ribbon is moving chaotically. When

the computer initiates the period 1 control, the position of the

ribbon (measured once each period T\ i.e., stroboscopically) is

shown in black in Fig. 6a. The corresponding attractor (plotted as

a delay coordinate embedding and with the same color coding)

is shown in Fig. 6b.

As mentioned above the OGY method may select any of

a number of periods from the chaotic signal. Fig. 7 shows the

same system switching from chaos to period 4 to period 1 to

period 2 to period 1 and finally back to period 4. There are

interludes of chaos between each section of control because

the computer must wait for the ribbon's position to approach

the vicinity of the new unstable fixed point. This time can

actually be decreased by a new technique called targeting,15,16,

in which the sensitivity of the chaotic system to small pertur-

bations plus a global (but still empirical) knowledge of the

chaotic attractor are employed to direct the system rapidly to

any desired point on the attractor.

The question arises as to whether one might control about

a point that does not lie on the chaotic attractor. It turns out

that the difficulty in such a case lies not in the control itself,

but in getting the system to the vicinity of the desired point.

For if the point in question is not on the attractor, it will never

be visited. However, once control is established at a "normal"

unstable fixed point, it is often possible to adjust some system

parameter (in this case the temperature) so that the attractor

smoothly changes to one that does not include the point in

question. Yet it has been shown experimentally that the control

Figure 9.

(a) Interbeat intervals as a function of time for the rabbit heart experiment, (b) Delay coordinate embedding for the same data.

The pre- and post-control data is gray, while the controlled data is shown in black.
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Implementations of Control 
Not chaos-like together crushed and bruised, 

But, as the world, harmoniously confused 
Alexander Pope, "Windsor Forest" 

Mechanics 
The first experimental control of chaos was achieved in a 

magnetoelastic ribbon experiment4. This system is sketched in 
Fig. 5. The ribbon, an amorphous magnetic material about 100 
mm long by 3 mm wide by 0.025 mm thick, is extremely 
nonlinear in its response to a magnetic field. In zero field it is 
stiff enough to support its own weight in an upright position. 
When a small magnetic field is applied, its stiffness decreases 
by an order of magnitude and the ribbon buckles under its own 
weight. At still larger fields, the material again becomes stiff 
and resumes an upright position. If a magnetic field, ffdc, is 
applied to start the ribbon in the soft regime and to that is added 
an ac magnetic field, Hae, that alternately takes the ribbon from 
soft to stiff and back again at some frequency,/, the ribbon will 
oscillate about its equilibrium point. At high enough values of 
Hae and/, the ribbon's motion will become chaotic. 

The position of the ribbon is measured once each period, T 
= 1/f = 1Hz, of the driving field by means of a beam of light 
directed at a small spot on the ribbon. The intensity of the reflected 
light varies as 1/,:i, yielding highly accurate and noise-free mea­
surements of the ribbon position. These are sent to the computer 
controlling the experiment, which also control the strengths of 
the magnetic fields. In theory, either of the three system parame-

Figure 9. 

ters, Ric, Hae or/, could be used to control the chaos. We chose 
to use Ilic. The gray data in Fig. 6a show the position of the ribbon 
~ a function of time when the ribbon is moving chaotically. When 
the computer initiates the period 1 control, the position of the 
ribbon (measured once each period T; i.e., stroboscopically) is 
shown in black in Fig. 6a. The corresponding attractor (plotted as 
a delay coordinate embedding and with the same color coding) 
is shown in Fig. 6b. 

As mentioned above the OGY method may select any of 
a number of periods from the chaotic signal. Fig. 7 shows the 
same system switching from chaos to period 4 to period 1 to 
period 2 to period 1 and finally back to period 4. There are 
interludes of chaos between each section of control because 
the computer must wait for the ribbon's position to approach 
the vicinity of the new unstable fixed point. This time can 
actually be decreased by a new technique called targeting, 15

•
16

, 

in which the sensitivity of the chaotic system to small pertur­
bations plus a global (but still empirical) knowledge of the 
chaotic attractor are employed to direct the system rapidly to 
any desired point on the attractor. 

The question arises as to whether one might control about 
a point that does not lie on the chaotic attractor. It turns out 
that the difficulty in such a case lies not in the control itself, 
but in getting the system to the vicinity of the desired point. 
For if the point in question is not on the attractor, it will never 
be visited. However, once control is established at a "normal" 
unstable fixed point, it is often possible to adjust some system 
parameter (in this case the temperature) so that the attractor 
smoothly changes to one that does not include the point in 
question. Yet it has been shown experimentally that the control 

(a) lnterbeat intervals as a function of time for the rabbit heart experiment. (b) Delay coordinate embedding for the same data. 
The pre- and post-control data is gray, while the controlled data is shown in black. 
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will be maintained about this point. The reason is that, al-

though the point is no longer part of the attractor, the local

geometry about the point has not changed appreciably and thus

the algorithm still calculates the proper control perturbations.

This is an important result for understanding the robustness of

the method even under large changes to the system itself.

Electronics

In an experiment3 of great potential importance for our

electronics-based world, Earle Hunt of Ohio University used

the empirical version of the OGY scheme to control the chaotic

oscillations of a diode resonator. The significance of his ex-

periment lies in the extension of the applicability of the method

to high frequencies (53 kHz) and in his ability to select from

the chaotic attractor periods up to period 23.

Lasers

In conjunction with Hunt, Rajarshi Roy et al.6 of Georgia

Tech controlled the chaotic oscillations of a chaotic multimode

laser. This laser would autonomously become chaotic at pump-

ing levels exceeding a certain threshold. The system is some-

what higher dimensional than the previous systems, making

the control more difficult to obtain. Additionally the system is

not periodically driven, making it necessary to choose a "nat-

ural periodicity characteristic of the system" as the time scale

for analyzing their data and applying the control signals. A

third intricacy is that the natural frequency mentioned above

is on the order of hundreds of kilohertz. They developed a

method related to the OGY method to control of the system up

to period 9. Thus the laser could be operated stably at power

levels exceeding by as much as a factor of 15 those which

might be attained without chaos control.

Biology

The authors have recently extended the techniques of

chaos control to the field of biology.7 In this experiment a

section of a rabbit's heart was induced to beat chaotically by

the injection of the drug ouabain. The measurable quantity

here is the interval between heartbeats, which is about 0.8 sec

in the healthy tissue. The effect of the drug is to accelerate the

heartbeat and to cause the interbeat intervals to vary chaoti-

cally. The chaotic attractor for this situation is shown in

Fig. 8a.

There are several factors that distinguish this experiment

from the earlier successes at chaos control. The first is that the

data for the delay coordinate embedding are no longer equally

spaced in time, but are rather intervals between events. The

second factor is that there are no adjustable system parameters

that may be modified quickly enough to implement the un-

modified OGY control scheme. The authors accordingly de-

veloped a method whereby the perturbation is applied directly

to the system variables, rather than to some system parameter.

This method employs the same local linearization around the

unstable fixed point as used by OGY, but instead of moving

the saddle point to the system state point, this method moves

the system state point back to the saddle by giving the state

point small nudges equal in magnitude but opposite in sign to

those yielded by eqs. 1 and 2. To calculate these nudges it was

necessary to use the observed chaotic attractor to predict the

time of the next heartbeat. Then an electrical stimulus was used

to induce a heartbeat before the predicted natural beat could

occur, thereby shortening the next interbeat interval. The

amount of time to advance the next beat was calculated so as

to place the system state point (Fig. 8b) directly onto the stable

direction of the attractor. Thus the succeeding beat would tend

to naturally move toward the desired unstable fixed point

rather than away from it.

The results are shown in Fig. 9. It was not possible in these

early experiments to achieve a good period 1 (i.e., "normal")

heartbeat. But it was possible to control the chaos consistently

into a period 3 beat, which, while not optimal, is better for

pumping blood than chaotic beating. As for the relevance to

human heart arrhythmias, there is evidence that atrial and

ventricular fibrillation may be examples of chaos. Thus future

work may be able to present strategies for dealing with these

serious and widespread arrhythmias.

Chemistry

The best known oscillatory chemical reaction, the

Belousov-Zhabotinsky reaction, may exhibit either periodic or

chaotic signatures, depending on the flow rates of the reactants

into the tank. These rates comprise the system parameters to

be used for control. The variable that is measured is the voltage

of a bromide electrode inserted into the tank. Using the OGY

method, Petrov et al.8 at West Virginia University were able to

stabilize both period 1 and period 2 oscillations in their reactor.

Rollins et al.9 at Ohio University have also applied chaos

control to a chemical system. They developed a recursive

method (based on the Dressier and Nitsche modification of the

OGY method) that makes available a wider choice of accessi-

ble system parameter for use in controlling the chaos.

Future of Control

Chaos often breeds life, when order breeds habit.

Henry B. Adams,

"The Education of Henry Adams"

Theory

Two fundamental questions govern future chaos control

theories. The first is the problem of controlling higher dimen-

sional chaos in physical systems. A start has been made in this

direction in a recent paper by Auerbach, Grebogi, Ott and

Yorke17 on controlling chaos in systems of arbitrarily high

dimensions. The method can be "implemented directly from

20 Naval Research Reviews
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will be maintained about this point. The reason is that, al­
though the point is no longer part of the attractor, the local 
geometry about the point has not changed appreciably and thus 
the algorithm still calculates the proper control perturbations. 
This is an important result for understanding the robustness of 
the method even under large changes to the system itself. 

Electronics 
In an experiment3 of great potential importance for our 

electronics-based world, Earle Hunt of Ohio University used 
the empirical version of the OOY scheme to control the chaotic 
oscillations of a diode resonator. The significance of his ex­
periment lies in the extension of the applicability of the method 
to high frequencies (53 kHz) and in his ability to select from 
the chaotic attractor periods up to period 23. 

Lasers 
In conjunction with Hunt, Rajarshi Roy et al. 6 of Georgia 

Tech controlled the chaotic oscillations of a chaotic multimode 
laser. This laser would autonomously become chaotic at pump­
ing levels exceeding a certain threshold. The system is some­
what higher dimensional than the previous systems, making 
the control more difficult to obtain. Additionally the system is 
not periodically driven, making it necessary to choose a "nat­
ural periodicity characteristic of the system" as the time scale 
for analyzing their data and applying the control signals. A 
third intricacy is that the natural frequency mentioned above 
is on the order of hundreds of kilohertz. They developed a 
method related to the OOY method to control of the system up 
to period 9. Thus the laser could be operated stably at power 
levels exceeding by as much as a factor of 15 those which 
might be attained without chaos control. 

Biology 
The authors have recently extended the techniques of 

chaos control to the field of biology.7 In this experiment a 
section of a rabbit's heart was induced to beat chaotically by 
the injection of the drug ouabain. The measurable quantity 
here is the interval between heartbeats, which is about 0.8 sec 
in the healthy tissue. The effect of the drug is to accelerate the 
heartbeat and to cause the interbeat intervals to vary chaoti­
cally. The chaotic attractor for this situation is shown in 
Fig. 8a. 

There are several factors that distinguish this experiment 
from the earlier successes at chaos control. The first is that the 
data for the delay coordinate embedding are no longer equally 
spaced in time, but are rather intervals between events. The 
second factor is that there are no adjustable system parameters 
that may be modified quickly enough to implement the un­
modified OOY control scheme. The authors accordingly de­
veloped a method whereby the perturbation is applied directly 
to the system variables, rather than to some system parameter. 
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This method employs the same local linearization around the 
unstable fixed point as used by OGY, but instead of moving 
the saddle point to the system state point, this method moves 
the system state point back to the saddle by giving the state 
point small nudges equal in magnitude but opposite in sign to 
those yielded by eqs. 1 and 2. To calculate these nudges it was 
necessary to use the observed chaotic attractor to predict the 
time of the next heartbeat. Then an electrical stimulus was used 
to induce a heartbeat before the predicted natural beat could 
occur, thereby shortening the next interbeat interval. The 
amount of time to advance .the next beat was calculated so as 
to place the system state point (Fig. 8b) directly onto the stable 
direction of the attractor. Thus the succeeding beat would tend 
to naturally move toward the desired unstable fixed point 
rather than away from it. 

The results are shown in Fig. 9. It was not possible in these 
early experiments to achieve a good period 1 (i.e., "normal") 
heartbeat But it was possible to control the chaos consistently 
into a period 3 beat, which, while not optimal, is better for 
pumping blood than chaotic beating. As for the relevance to 
human heart arrhythmias, there is evidence that atrial and 
ventricular fibrillation may be examples of chaos. Thus future 
work may be able to present strategies for dealing with these 
serious and widespread arrhythmias. 

Chemistry 
The best known oscillatory chemical reaction, the 

Belousov-Zhabotinsky reaction, may exhibit either periodic or 
chaotic signatures, depending on the flow rates of the reactants 
into the tank. These rates comprise the system parameters to 
be used for control. The variable that is measured is the voltage 
of a bromide electrode inserted into the tank. Using the OOY 
method, Petrov et al.8 at West Virginia University were able to 
stabilize both period 1 and period 2 oscillations in their reactor. 

Rollins etal.9 at Ohio University have also applied chaos 
control to a chemical system. They developed a recursive 
method (based on the Dressler and Nitsche modification of the 
OGY method) that makes available a wider choice of accessi­
ble system parameter for use in controlling the chaos. 

Future of Control 
Chaos often breeds life, when order breeds habit. 

Theory 

Henry B. Adams, 
"The Education of Henry Adams" 

Two fundamental questions govern future chaos control 
theories. The first is the problem of controlling higher dimen­
sional chaos in physical systems. A start has been made in this 
direction in a recent paper by Auerbach, Grebogi, Ott and 
Yorke17 on controlling chaos in systems of arbitrarily high 
dimensions. The method can ~ ."im lfremented directly from 
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time series data, irrespective of the overall dimension of the

phase space." Although applied in numerical studies, this

method has yet to be tested experimentally.

The second question has yet to be addressed: the problem

of control in a spatio-temporal system. Many fluid dynamical

and biological systems may be modeled as a multi-dimen-

sional array of oscillators connected to each other in some

complex fashion. Such systems exhibit both spatial as well as

temporal chaos. The study of such systems, while of obvious

importance for real-world applications, is as yet in its infancy.

Experiment

The importance of chaos control in electronic circuits was

mentioned above and should be stressed once again. In a world

dominated by electronics, the ability not only to remove chaos

where it is not wanted, but also to make more flexible circuitry

by exploiting chaos and its control, could have a tremendous

impact on our lives. The control of chemical reactions is no

less important, since an increase of only a few percent in the

efficiency of a commercial chemical reaction could conceiv-

ably save millions of dollars. The 15-fold increase in the power

at which a laser can be operated stably promises new applica-

tions for these modern tools. And the ability to control one of

the great diseases of modern times could be a boon beyond

reckoning. The challenge for experimentalists now lies not

only in achieving control of higher dimensional and spatio-

temporal chaos, but also in guiding the achievements of the

past three years out of the laboratory and into our lives.
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time series data, irrespective of the overall dimension of the 
phase space." Although applied in numerical studies, this 
method has yet to be tested experimentally. 

The second question has yet to be addressed: the problem 
of control in a spatio-temporal system. Many fluid dynamical 
and biological systems may be modeled as a multi-dimen­
sional array of oscillators connected to each other in some 
complex fashion. Such systems exhibit both spatial as well as 
temporal chaos. The study of such systems, while of obvious 
importance for real-world applications, is as yet in its infancy. 

Experiment 
The importance of chaos control in electronic circuits was 

mentioned above and should be stressed once again. In a world 
dominated by electronics, the ability not only to remove chaos 
where it is not wanted, but also to make more flexible circuitry 
by exploiting chaos and its control, could have a tremendous 
impact on our lives. The control of chemical reactions is no 
less important, since an increase of only a few percent in the 
efficiency of a commercial chemical reaction could conceiv­
ably save millions of dollars. The 15-fold increase in the power 
at which a laser can be operated stably promises new applica­
tions for these modem tools. And the ability to control one of 
the great diseases of modem times could be a boon beyond 
reckoning. The challenge for experimentalists now lies not 
only in achieving control of higher dimensional and spatio­
temporal chaos, but also in guiding the achievements of the 
past three years out of the laboratory and into our lives. 
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Their work has twice appeared on the cover of Science 
News. Both have been honored with the NSWC Research 
Department's Outstanding Young Professional of the Year 
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award, Dr. Spano in 1985 and Dr. Ditto in 1991. Their work 
on the control of chaos in a magnetoelastic ribbon received the 
Navy's Independent Research Excellence Award for his FY 91 
and they at present have a patent application pending on the 
Control of Cardiac Chaos. 

References 
1. James Gleick, Chaos (Viking, New York, 1987), p. 65; see 

also T-Y. Li and J. A. Yorke, Amer. Math. Monthly 82, 985 
(1975). 

2. E. N. Lorenz, J. Atmos. Sci. 20, 130 (1963). 

3. E. R. Hunt,Phys. Rev. Lett. 67, 53 (1991). 

4. W. L. Ditto. S. N. Rauseo and M. L. Spano, Phys. Rev. 
Lett. 65, 3211 (1990). 

5. Gerald Jay Sussman and Jack Wisdom, Science 241,433 
(1988). 

6. Rajarshi Roy, T. W. Murphy, Jr., T. D. Maier and Z. Gills, 
Phys. Rev. Lett. 68, 1259 (1992). 

7. Alan Garfinkel, Marie L. Spano, William L. Ditto and 
James N. Weiss, Science 257, 1230 (1992). 

8. Valery Petrov, Vilmos Gaspar, Jonathan Masere and 
Kenneth Showalter.Nature 361,240 (1993). 

9. R. W. Rollins, P. Pannananda and P. Sherard, Phys. Rev. 
E 41, R780 (1993). 

10. E. Ott, C. Grebogi and J. A. Yorke, Phys. Rev. Lett. 64, 
1196 (1990). 

11. Actually these are the covariant eigenvectors, es and eu, 
from which must be derived the contravariant eigenvec­
tors, fs and f u, This is because the two directions are, in 
general, not orthogonal. See Ref. 10 for more detail. 

12. B. Peng, V. Petrov and K. Showalter, J. Chem. Phys. 95, 
4957 (1991). 

13. A. Hubler, Helv. Phys. Acta 62,291 (1989). 

14. However, see Ute Dressler and Gregor Nitsche, Phys. 
Rev. Lett. 68, 1 (1992). 

. 15. T. Shinbrot, E. Ott, C. Grebogi and J. A. Yorke, Phys. 
Rev. Lett. 65, 3215 (1990); T. Shinbrot, E. Ott, C. Grebogi 
and J. A. Yorke,Phys. Rev. A 45, 4165 (1992). 

16. Troy Shinbrot, William Ditto, Celso Grebogi, Ed­
ward Ott, Mark Spano and James A. Yorke, Phys. Rev. 
Lett. 68, 2863 (1992). 

17. Ditza Auerbach, Celso Grebogi, Edward Ott and 
James A. Yorke, Phys. Rev. Lett. 69, 3479 (1992). 

0 rigi na I from 

UNIVERSllY OF ILLINOIS AT 
U ANA-CHAM a ~ 993 21 



Profiles

in Science

B. B. Mandelbrot

Benoit B. Mandelbrot was born in Poland in 1924

and later moved to France, where his life and education

were torn by World War II. These conditions contrib-

uted to his being a self-taught and independent thinker.

Over the last 40 years he has developed the field of

Fractals, a geometric-based concept, where dimension

is a continuous variable. His ideas have become so

compelling, that the citation for Dr. Mandelbrot's 1993

Wolf Prize for Physics credits him for changing our view of

Nature. Dr. Mandelbrot has spent most of his professional life

at IBM. For the past several years he has split his time between

IBM and Yale. At Yale, with Office of Naval Research spon-

sorship, he is delving deeper into research and training a new

generation of students in the world of fractals. Dr. Mandelbrot

is the recipient of numerous awards and honors and is a

member of the National Academy of Sciences.
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Benoit B. Mandelbrot was born in Poland in 1924 

and later moved to France, where his life and education 
were torn by World War II. These conditions contrib­
uted to his being a self-taught and independent thinker. 
Over the last 40 years he has developed the field of 
Fractals, a geometric-based concept, where dimension 
is a continuous variable. His ideas have become so 
compelling, that the citation for Dr. Mandelbrot's I 993 
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Wolf Prize for Physics credits him for changing our view of 
Nature. Dr. Mandelbrot has spent most of his professional life 
at IBM. For the past several years he has split his time between 
IBM and Yale. At Yale, with Office of Naval Research spon­
sorship, he is delving deeper into research and training a new 
generation of students in the world of fractals. Dr. Mandelbrot 
is the recipient of numerous awards and honors and is a 
member of the National Academy of Sciences. 
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Nonlinear Resonance:

Noise-Assisted Information

Processing in Physical and

Neurophysiological Systems

Adi Bulsara

Naval Command, Control & Ocean Surveillance Center

John K. Douglass and Frank Moss

University of Missouri at St. Louis

Introduction

The distinctive hiss of radio "noise" is familiar to all of

us old enough to have listened to vintage a.m. radio shows and

certainly to all those personnel who ever tried to "pull in" a

weak signal during a tour in military communications. Indeed,

virtually since the birth of the telephone and radio and extend-

ing to today's sophisticated telecommunications designs, en-

gineers have devoted prodigious efforts to eliminating or

minimizing the effects of noise. In consequence, an entire

discipline, known as linear filter theory, has evolved and is

familiar to every electrical engineering and/or communica-

tions student, usually as one or a set of rather rigorous courses.

By contrast, this paper is concerned with a nonlinear filtering

process known as Stochastic Resonance (SR), research on

which has been supported by the Physics Division of the Office

of Naval Research (ONR) for several years and more recently by

the Cognitive and Neural Sciences Division of the ONR.

To those schooled in linear doctrine, filtering with SR

begins with a most radical premise: that the noise, which may

either be inherent or generated externally, can be used to

enhance the flow of information through certain, carefully

designed, nonlinear systems. SR has now been demonstrated

in a variety of physical experiments ranging from ring lasers

through various solid state devices including SQUIDs (super-

conducting quantum interference devices) to noise-driven

chaotic attractors. Moreover, there is accumulating, though

quite preliminary, evidence that nervous systems may have

evolved in such a way as to make use of SR in the transmission

and possibly also the processing of sensory information.

Should this notion withstand the rigors of detailed scientific

scrutiny, it would constitute the discovery of SR as a natural

process as opposed to the demonstration of the phenomenon

in experiments designed by man. This possibility is quite

exciting, since it promises to teach us something fundamen-

tally new. Moreover, it is not difficult to imagine what such a

development would imply for the many signal processing

applications of importance to the Navy. Readers who wish to

learn more about this new field of study may consult the

proceedings of a recent international conference devoted to

SR and jointly sponsored by the ONR, NCCOSC-RDT&E

Division and by NATO1.
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Nonlinear Resonance: 
Noise-Assisted Information 
Processing in Physical and 
Neurophysiological SystetnS 

Adi Bulsara 
Naval Command, Control & Ocean Surveillance Center 

John K. Douglass and Frank Moss 
University of Missouri at St. Louis 

Introduction 
The distinctive hiss of radio "noise" is familiar to all of 

us old enough to have listened to vintage a.m. radio shows and 
certainly to all those personnel who ever tried to "pull in" a 
weak signal during a tour in military communications. Indeed, 
virtually since the birth of the telephone and radio and extend­
ing to today's sophisticated telecommunications designs, en­
gineers have devoted prodigious efforts to eliminating or 
minimizing the effects of noise. In consequence, an entire 
discipline, known as linear filter theory, has evolved and is 
familiar to every electrical engineering and/or communica­
tions student, usually as one or a set of rather rigorous courses. 
By contrast, this paper is concerned with a nonlinear filtering 
process known as Stochastic Resonance (SR), research on 
which has been supported by the Physics Division of the Office 
of Naval Research (ONR) for several years and more recently by 
the Cognitive and Neural Sciences Division of the ONR. 

To those schooled in linear doctrine, filtering with SR 
begins with a most radical premise: that the noise, which may 
either be inherent or generated externally, can be used to 
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enhance the flow of information through certain, carefully 
designed, nonlinear systems. SR has now been demonstrated 
in a variety of physical experiments ranging from ring lasers 
through various solid state devices including SQUIDs (super­
conducting quantum interference devices) to noise-driven 
chaotic attractors. Moreover, there is accumulating, though 
quite preliminary, evidence that nervous systems may have 
evolved in such a way as to make use of SR in the transmission 
and possibly also the processing of sensory information. 
Should this notion withstand the rigors of detailed scientific 
scrutiny, it would constitute the discovery of SR as a natural 
process as opposed to the demonstration of the phenomenon 
in experiments designed by man. This possibility is quite 
exciting, since it promises to teach us something fundamen­
tally new. Moreover, it is not difficult to imagine what such a 
development would imply for the many signal processing 
applications of importance to the Navy. Readers who wish to 
learn more about this new field of study may consult the 
proceedings of a recent international conference devoted to 
SR and jointly sponsored by the ONR, NCCOSC-RDT &E 
Division and by NAT01
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The idea of SR is not difficult to understand. The basic

requirement is for a bistable system (though other configurations

are also admissible) which is most easily imagined by picturing

an energy potential with two wells separated by a barrier such as

the one shown in Fig. 1. Suppose that the ball shown near the

bottom of the right hand well represents the state point of the

system. Information is transmitted through the system in the form

of switching events between the wells. The output is the coordi-

nate x(t), and our interest is only in whether x(t) > 0 or x(t) < 0

(that is, whether the ball is in the right or left well). Imagine that

a weak, time-periodic input signal, for example a sinusoidal

wave, is applied in such a way as to rock the potential as shown

by the three images in Fig. 1, alternately raising and lowering each

well in relation to the barrier. The signal is assumed to be "weak"

in the sense that its amplitude is never sufficient by itself to cause

the state point to switch wells. Thus, the signal by itself cannot

cause information to flow through the system. Now consider that

noise, in the form of a random, time dependent, horizontal force,

is applied to the ball. If the noise is distributed like, for example,

a Gaussian, there will always be a non zero probability for a

switching event to take place. Of course, the probability of a

switching event becomes greatest when the state point is in the

elevated well, so that it "sees" a barrier reduced in height sepa-

rating it from the lower, or more stable, well. This condition

occurs at the time when the signal is at a maximum, so that the

probability of a transition is coherent with the input signal. In

consequence, the sequence of switching events, while largely

random, will also be coherent to some degree with the input

signal. Information about the input signal is, therefore, manifest

in the switching events which themselves occur only by virtue of

the presence of the noise.

The statistical physics governing such processes (how-

ever, without external signals) was put forth over 50 years ago

by H.A. Kramers2. The rate at which switching events take

place, we call it the "Kramers rate", is given by

coK = Cexp^ -

AUC

~T7

(i)

where AU0 is the barrier height, D is the noise intensity (the

variance) and C is a constant which depends on the detailed

shape of the potential and is of no interest to us here. The key

point, and the single most important property of this formula-

tion from a signal processing point of view, is that the Kramers

rate is an exponential function of the instantaneous barrier

height. This causes the rate to be extremely sensitive to small

changes in the barrier height, and to transmit those changes to

the output in the sequence of switching events. In the presence

of the weak sinusoidal signal,

AUG (t)->AUQ + f (5sincot),

(2)

Figure 1.

A representation of a bistable potential modulated by a cosine

function of phase 0 radians, top;n/2, middle and n, bottom. The

unmodulated barrier height is AUoas shown by the middle view.

U(x) /

\ I ^

X

1

i

T

AU,

and the Kramers rate becomes periodic, coK -> coK (t). Thus,

we can easily understand the exponential sensitivity of co^t)

on the signal strength 8. The switching events can be thought

of as sampling the input waveform at more-or-less random

times. Obviously, in order for the output to convey a maximum

amount of information about the input signal, the "sampling

rate" must be sufficiently large. This means that the signal

frequency should be small compared to the Kramers rate,

co «(Oj^, a condition called the "adiabatic approximation"

which is characteristic of most current statistical theories of

SR. A modern theory of SR was first put forth by McNamara

and Wiesenfeld3. Indeed, recent research in this laboratory

(J.D. & F.M.) has shown that, just as is the case with digital

signal processing, a Nyquist frequency, coN = (1/2) coK, can be

identified, which plays the role of a cutoff frequency in SR,

just as it does when the waveform is periodically sampled in

the more familiar way.

The output is thus a sequence of switching events be-

tween, for example, +1 and -1, as shown in Fig. 2(a). [We

completely neglect the intra well motion and replace the raw

output by a sequence of +/-1 's denoting the well in which the

ball is instantaneously confined.] The sequence of time inter-

vals, TQ, Tj ... Ti5 identify the time intervals between like
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The idea of SR is not difficult to understand. The basic 
requirement is for a bistable system (though other configurations 
are also admissible) which is most easily imagined by picturing 
an energy potential with two wells separated by a barrier such as 
the one shown in Fig. 1. Suppose that the ball shown near the 
bottom of the right hand well repre.5ents the state point of the 
system. Infonnation is transmitted through the system in the form 
of switching events between the wells. The output is the coordi­
nate x(t), and our interest is only in whether x(t) > 0 or x(t) < 0 
(that is, whether the ball is in the right or left well). Imagine that 
a weak, time-periodic input signal, for example a sinusoidal 
wave, is applied in such a way as to rock the potential as shown 
by the three images in Fig. 1, alternately raising and lowering each 
well in relation to the barrier. The signal is assumed to be "weak" 
in the sense that its amplitude is never sufficient by itself to cause 
the state point to switch wells. Thus, the signal by itself cannot 
cause information to flow through the system. Now consider that 
noise, in the form of a random, time dependent, horizontal force, 
is applied to the ball. If the noise is distributed like, for example, 
a Gaussian, there will always be a non zero probability for a 
switching event to take place. Of course, the probability of a 
switching event becomes greatest when the state point is in the 
elevated well, so that it "sees" a barrier reduced in height sepa­
rating it from the lower, or more stable, well. This condition 
occurs at the time when the signal is at a maximum, so that the 
probability of a transition is coherent with the input signal. In 
consequence, the sequence of switching events, while largely 
random, will also be coherent to some degree with the input 
signal. Information about the input signal is, therefore, manifest 
in the switching events which themselves occur only by virtue of 
the presence of the noise. 

The statistical physics governing such processes (how­
ever, without external signals) was put forth over 50 years ago 
by H.A. Kramers2. The rate at which switching events take 
place, we call it the "Kramers rate", is given by 

(1) 

where '1U0 is the barrier height, D is the noise intensity (the 
variance) and C is a constant which depends on the detailed 
shape of the potential and is of no interest to us here. The key 
point, and the single most important property of this formula­
tion from a signal processing point of view, is that the Kramers 
rate is an exponential function of the instantaneous barrier 
height. This causes the rate to be extremely sensitive to small 
changes in the barrier height, and to transmit those changes to 
the output in the sequence of switching events. In the presence 
of the weak sinusoidal signal, 

(2) 

and the Kramers rate becomes periodic, coK ➔ coK (t). Thus, 

we can easily understand the exponential sensitivity of Oli((t) 
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Figure 1. 

A representation of a bistable potential modulated by a cosine 
function of phase O radians, top; rc/2, middle and re, bottom. The 
unmodulated barrier height is ~Lb as shown by the middle view 

U(x) 

X 

on the signal strength 6. The switching events can be thought 
of as sampling the input waveform at more-or-less random 
times. Obviously, in order for the output to convey a maximum 
amount of information about the input signal, the "sampling 
rate" must be sufficiently large. This means that the signal 
frequency should be small compared to the Kramers rate, 
co<< Oli(, a condition called the "adiabatic approximation" 

which is characteristic of most current statistical theories of 
SR. A modem theory of SR was first put forth by McNamara 
and Wiesenfeld3. Indeed, recent research in this laboratory 
(J.D. & F.M.) has shown that, just as is the case with digital 
signal processing, a Nyquist frequency, CON= (1/2) ~' can be 
identified, which plays the role of a cutoff frequency in SR, 
just as it does when the waveform is periodically sampled in 
the more familiar way. 

The output is thus a sequence of switching events be­
tween, for example, + 1 and -1, as shown in Fig. 2(a). [We 
completely neglect the intra well motion and replace the raw 
output by a sequence of+/- 1 's denoting the well in which the 
ball is instantaneously confined.] The sequence of time inter­
vals, T

0
, T1 ... Ti, identify th rH · e 1i; t ~vals between like 
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switching events, say from the -1 to the +1 well. Two objects

can be assembled and averaged from such a time series, and

from each a signal-to-noise (SNR) can be extracted. The first

is the residence time probability density, P(T), which is a

histogram of the residence times, T{. An example histogram is

shown in Fig. 2(b). Note the exponentially decaying sequence

of peaks at all integer multiples of the signal period4"6. An SNR

can be defined by counting the number of events in some

narrow range centered on each peak, summing these for all

peaks, and counting and summing all counts in the same range

centered on each minimum between peaks. The SNR is formed

from the ratio of the peak count to the valley count. The second

object is more familiar. It is the power spectrum, an example of

which, obtained from analog simulation, is shown in Fig. 2(c).

This power spectrum shows a sharp signal feature at the signal

frequency (and other much weaker ones at the odd harmonics)

riding on a Lorentzian background due to the noise. The strength,

S (= the area under the peak) is obtained by locally integrating

the neighborhood including the peak. The strength represents that

fraction of the total number of switching events (or neural spikes)

which are coherent in frequency with the signal (or stimulus). The

incoherent fraction shows up in this spectrum as the fluctuating,

wide band, Lorentzian background curve. The noise intensity, N,

is given by the amplitude of this background at the base of the

fundamental signal feature, i.e. the value of the noise background

at the signal frequency. The SNR is then defined in the standard

way familiar from communications engineering:

SNR = ioiog10 JiJ in decibels (dB).

These two SNR's, of course, depend upon, and change

with, the external noise intensity D. The essence of SR is the

remarkable property that both SNR's attain maxima at specific

values of D, that is, there exists an optimal noise intensity

which maximizes the transmission of information through the

system. An example of this behavior, which happens to have

been obtained from an analog simulation of a simple single

neuron model, is shown in Fig. 3.

Though the current applications of SR are very exciting,

and consequently have stimulated a vigorous research enter-

prise currently in progress at various institutes scattered

around the globe, the concept of SR is not new. We therefore

begin this paper with a brief historical background. Though

SR has been demonstrated in a variety of experimental set-

tings, including the sensory, or peripheral, nervous system as

indicated below, it has not been experimentally observed in

collections of coupled neurons as are found in the central

nervous system. In order to explore the feasibility of this

possibility, we have included a section devoted to a unique

theoretical approach to modeling the dendritic system with a

set of coupled bistable systems. In this model, the important

and interesting case of nonlinear coupling is treated for the

first time. This is followed by a section which describes an

experimental search for SR in crayfish mechanosensory recep-

tors. In addition, we discuss the results of an experiment

designed to demonstrate SR in a bistable SQUID. We conclude

with a summary of our research and discuss a number of

speculative questions.

Historical Background

The mechanism of SR was first propounded by Vulpiani

and his co workers7 as an interesting stochastic effect in

nonlinear dynamics which might have useful applications in

a variety of fields. C. Nicolis8, independently, and the afore-

mentioned authors, together with Parisi9, proposed SR, in

1982, as a possible explanation of the observed periodicities

in the recurrences of the earth's ice ages. In this view, the

earth's climate is represented by a one dimensional bistable

potential, one (meta) stable state of which represents a largely

ice covered earth10. The external noise is assumed to come

from short term fluctuations in the balance between radiative and

convective transport processes, and the periodic modulation is

most often supposed to originate from variations in the insolation

resulting from a small observed oscillation in the eccentricity of

the earth's orbit having a period of 100,000 years11.

In 1983, Fauve and Heslot made detailed measurements

on a noise driven, periodically modulated, bistable electronic

system (a Schmidt trigger)12. They measured the power spec-

trum of the output from which they extracted the SNR, and

observed that this quantity passed through a maximum with

increasing noise intensity, thus demonstrating SR for the first

time in a laboratory experiment. The location of the maximum

in the SNR was identified (roughly) with the specific value of

the noise intensity for which the Kramers rate in the unper-

turbed potential becomes comparable to the modulation fre-

quency. No theory was put forth by these authors. Instead, their

experiment served to clearly demonstrate the observable,

physical aspects of SR.

Interest in SR seems then to have waned until 1988 when

McNamara, Wiesenfeld and Roy demonstrated it in an inge-

nious experiment with a ring laser13. This experiment im-

mediately stimulated a rash of theoretical activity3,14-19 as well

as a number of digital and analog simulations18 21.

Bifurcation and Stochastic

Resonance in Coupled

Neuro-Dendritic Processes

(A. Bulsara)

Cooperative effects arising from the interaction of large

numbers of nonlinear dynamical systems with nonlinear cou-

pling, are of considerable importance in neural information

processing systems. We can create a richer and more neuro-

physiologically realistic model of neural activity in the brain

by developing a model of neural-dendritic coupling which

expressly accounts for the way in which the many afferent
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switching events, say from the -1 to the + 1 well. Two objects 
can be assembled and averaged from such a time series, and 
from each a signal-to-noise (SNR) can be extracted. The first 
is the residence time probability density, P(T), which is a 
histogram of the residence times, Ti. An example histogram is 
shown in Fig. 2(b). Note the exponentially decaying sequence 
of peaks at all integer multiples of the signal period4-6. An SNR 
can be defined by counting the number of events in some 
narrow range centered on each peak, summing these for all 
peaks, and counting and summing all counts in the same range 
centered on each minimum between peaks. The SNR is formed 
from the ratio of the peak count to the valley count. The second 
object is more familiar. It is the power spectrum, an example of 
which, obtained from analog simulation, is shown in Fig. 2(c). 
This power spectrum shows a sharp signal feature at the signal 
frequency (and other much weaker ones at the odd harmonics) 
riding on a Lorentzian background due to the noise. The strength, 
S (= the area under the peak) is obtained by locally integrating 
the neighborhood including the peak. The strength represents that 
fraction of the total number of switching events ( or neural spikes) 
which are coherent in frequency with the signal ( or stimulus). The 
incoherent fraction shows up in this spectrum as the fluctuating, 
wide band, Lorentzian background curve. The noise intensity, N, 
is given by the amplitude of this background at the base of the 
fundamental signal feature, i.e. the value of the noise background 
at the signal frequency. The SNR is then defined in the standard 
way familiar from communications engineering: 
SNR = 10log10 {Min decibels (dB). 

These two SNR 's, of course, depend upon, and change 
with, the external noise intensity D. The essence of SR is the 
remarkable property that both SNR 's attain maxima at specific 
values of D, that is, there exists an optimal noise intensity 
which maximizes the transmission of information through the 
system. An example of this behavior, which happens to have 
been obtained from an analog simulation of a simple single 
neuron model, is shown in Fig. 3. 

Though the current applications of SR are very exciting, 
and consequently have stimulated a vigorous research enter­
prise currently in progress at various institutes scattered 
around the globe, the concept of SR is not new. We therefore 
begin this paper with a brief historical background. Though 
SR has been demonstrated in a variety of experimental set­
tings, including the sensory, or peripheral, nervous system as 
indicated below, it has not been experimentally observed in 
collections of coupled neurons as are found in the central 
nervous system. In order to explore the feasibility of this 
possibility, we have included a section devoted to a unique 
theoretical approach to modeling the dendritic system with a 
set of coupled bistable systems. In this model, the important 
and interesting case of nonlinear coupling is treated for the 
first time. This is followed by a section which describes an 
experimental search for SR in crayfish mechanosensory recep­
tors. In addition, we discuss the results of an experiment 
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designed to demonstrate SR in a bistable SQUID. We conclude 
with a summary of our research and discuss a number of 
speculative questions. 

Historical Background 
The mechanism of SR was first propounded by Vulpiani 

and his co workers 7 as an interesting stochastic effect in 
nonlinear dynamics which might have useful applications in 
a variety of fields. C. Nicolis8, independently, and the afore­
mentioned authors, together with Parisi9, proposed SR, in 
1982, as a possible explanation of the observed periodicities 
in the recurrences of the earth's ice ages. In this view, the 
earth's climate is represented by a. one dimensional bistable 
potential, one (meta) stable state of which represents a largely 
ice covered earth10

. The external noise is assumed to come 
from short term fluctuations in the balance between radiative and 
convective transport processes, and the periodic modulation is 
most often supposed to originate from variations in the insolation 
resulting from a small observed oscillation in the eccentricity of 
the earth's orbit having a period of 100,000 years11

. 

In 1983, Fauve and Heslot made detailed measurements 
on a noise driven, periodically modulated, bistable electronic 
system (a Schmidt trigger)12. They measured the power spec­
trum of the output from which they extracted the SNR, and 
observed that this quantity passed through a maximum with 
increasing noise intensity, thus demonstrating SR for the first 
time in a laboratory experiment. The location of the maximum 
in the SNR was identified (roughly) with the specific value of 
the noise intensity for which the Kramers rate in the unper­
turbed potential becomes comparable to the modulation fre­
quency. No theory was put forth by these authors. Instead, their 
experiment served to clearly demonstrate the observable, 
physical aspects of SR. 

Interest in SR seems then to have waned until 1988 when 
McNamara, Wiesenfeld and Roy demonstrated it in an inge­
nious experiment with a ring laser13. This experiment im­
mediately stimulated a rash of theoretical activity3

•
14

-
19 as well 

as a number of digital and analog simulations18-21 . 

Bifurcation and Stochastic 
Resonance in Coupled 
Neuro-Dendritic Processes 
(A. Bulsara) 

Cooperative effects arising from the interaction of large 
numbers of nonlinear dynamical systems with nonlinear cou­
pling, are of considerable importance in neural information 
processing systems. We can create a richer and more neuro­
physiologicall y realistic model of neural activity in the brain 
by developing a model of neural-dendritic coupling which 
expressly accounts for the wa rl !\lir • r~he many afferent 
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Figure 2.

Results obtained from analog simulations of typical bistable systems driven by weak sinusoidal signals buried in a Gaussian,

quasi white noise, here displayed for illustrative purposes, (a) A time series showing noise driven switching between the two

states represented by±1. (b) A residence time probability density showing successive peaks at integer multiples of the period

of the modulation, in this example To=1.66 ms. (c) The power spectrum obtained from a time series similar to the one shown in

(a) for a modulation frequency fa=500 Hz. Note the sharp signal features at fo and at3fo. (The delta function-like features and the

amplification of only the odd harmonics are signatures of SR.) The noise background curve is accurately a Lorentzian,

—^rr, where Q is a constant, and xm—.

1 + CO2!2 0>K
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Figure 2. 

Results obtained from analog simulations of typical bistable systems driven by weak sinusoidal signals buried in a Gaussian, 
quasi white noise, here displayed for illustrative purposes. (a) A time series showing noise driven switching between the two 
states represented by± 1. (b) A residence time probability density showing successive peaks at integer multiples of the period 
of the modulation, in this example To=1.66 ms. (c) The power spectrum obtained from a time series similar to the one shown in 
(a) for a modulation frequency fo=500 Hz. Note the sharp signal features at fo and at 3fo. (The delta function-like features and the 
amplification of only the odd harmonics are signatures of SR.) The noise background curve is accurately a Lorentzian, 
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connections into the cell body influence the somatic mem-

brane potential. Such a model would begin to fill the need

within the Artificial Neural Network Community for neural

models which go beyond current "weighted sum" paradigm

for artificial neuron connectivity. Such models also have use

in engineering applications. Moving from simple "axonal"

connection weight neural models to neural-dendritic models

with a richer structure will allow investigation both of events

at the neural level (e.g. interspike interval histograms and

stochastic resonance) and also potentially at the neural sys-

tems level. This will also introduce the possibility of introduc-

ing cross-scale interactions into artificial neural systems.

In dealing with neurophysiologically realistic networks,

one of the most interesting problems is the modeling of the

relationship between the input to a neuron via its many afferent

connections, and the corresponding output via action poten-

tials generated at the axon hillock. Adequate models must take

into account both the nature and the temporal properties of the

input and output phenomena. Most models of interconnected

neurons treat the input to the neuron as being related, in a

functionally simple manner, to the output of the connecting

neuron. Such "artificial" neural network models22"25 assume

that the "connectivity" of neuron i to neuron j may be modeled

by multiplying the axonal output activity of neuron i by a

"connection weight". Such simple models do not, however,

accurately depict neural connectivity, which is mediated by a

"feltwork" of dendro-dendritic synapses. Recent simplified

models have made it possible to explore some interesting

physics of coupled elements and to develop artificial neural

networks with useful properties, however, more neurophysio-

logically realistic models require consideration of the time-de-

pendent neural spiking activity as well as the influence of the

surrounding dendro-dendritic "bath".

Recently, we have considered25 the influence of a large

number (0(N3)) of dendritic connections on the dynamics of

a single neuron. We include a priori self-coupling terms as

well as a weak periodic external modulation. In addition, we

assume the presence of background noise in each element i of

the N-body system under consideration. We model the dynam-

ics of both the neuron and a large number of small non-over-

lapping volume elements of "dendro-dendritic space" near the

reference neuron as

ciui = X Jij (uj) - — + FA (t) + q sin (cot).

j = i 1

(3)

An equation of this form describes a set of N nonlinear

coupled bistable oscillators (the coupling is also nonlinear).

The i= 1 index is taken to denote the cell body and the indices

i=2 ... N (where N is large) denote the dendritic spaces. Uj

represents the activation (i.e. the somatic membrane potential)

at the trigger zone of the reference neuron. R1Cl is the activa-

tion decay time due to repeated firings of action potentials

Figure 3.

A typical SR curve showing the maximum in SNR at an optimal

noise intensity, in this case -0.3 v2. . s. The SNR values were

obtained from the power spectra as discussed in the text. This

example was obtained from a bistable single neuron model of

the type treated here as a network. See Ref. 27.

down the axon. Alternately, we may think of Cx and Rj as the

input capacitance and trans-membrane resistance, respec-

tively. For both the neuron and dendritic spaces, F^t) is taken

to be Gaussian, delta-correlated (that is "white") noise having

zero mean and variance (the noise sources for different

indices i are uncorrected). JL represents the coupling be-

tween the cell body and the dendritic spaces, and Jy(ij >1)

represents the (local) coupling between the dendritic spaces.

We allow the matrix J to be asymmetric with the excitatory or

inhibitory nature of the couplings determined by the sign of

the elements £=. The synaptic activity in the i* dendritic

volume is represented by u{ with (i >1). We assume that the

input into the cell as well as each dendritic volume is bounded

and can be represented by a weighted sigmoid function. By

modeling the interaction of the neuron with the tessellation of

dendritic volume spaces in the manner described above, we

create a more neurophysiologically realistic model.

In order to extract the dynamics of the neuron (described

by the activation u^ from the coupled system (3), we invoke

the ansatz that the time scale for neural activation at the soma,

is much longer than that for dendritic activity.

CiRi<C1R1, (i> 1)

(4)

This assumption, justified in references 25, constitutes the

cornerstone of our theory. However, while it is quite simple to
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connections into the cell body influence the somatic mem­
brane potential. Such a model would begin to fill the need 
within the Artificial Neural Network Community for neural 
models which go beyond current "weighted sum" paradigm 
for artificial neuron connectivity. Such models also have use 
in engineering applications. Moving from simple "axonal" 
connection weight neural models to neural-dendritic models 
with a richer structure will allow investigation both of events 
at the neural level ( e.g. interspike interval histograms and 
stochastic resonance) and also potentially at the neural sys­
tems level. This will also introduce the possibility of introduc­
ing cross-scale interactions into artificial neural systems. 

In dealing with neurophysiologically realistic networks, 
one of the most interesting problems is the modeling of the 
relationship between the input to a neuron via its many afferent 
connections, and the corresponding output via action poten­
tials generated at the axon hillock. Adequate models must take 
into account both the nature and the temporal properties of the 
input and output phenomena. Most models of interconnected 
neurons treat the input to the neuron as being related, in a 
functionally simple manner, to the output of the connecting 
neuron. Such "artificial" neural network models22

-25 assume 
that the "connectivity" of neuron i to neuron j may be modeled 
by multiplying the axonal output activity of neuron i by a 
"connection weight". Such simple models do not, however, 
accurately depict neural connectivity, which is mediated by a 
"feltwork" of dendro-dendritic synapses. Recent simplified 
models have made it possible to explore some interesting 
physics of coupled elements and to develop artificial neural 
networks with useful properties, however, more neurophysio­
logically realistic models require consideration of the time-de­
pendent neural spiking activity as well as the influence of the 
surrounding dendro-dendritic "bath". 

Recently, we have considered25 the influence of a large 
number (O(N3)) of dendritic connections on the dynamics of 
a single neuron. We include a priori self-coupling terms as 
well as a weak periodic external modulation. In addition, we 
assume the presence of background noise in each element i of 
the N-body system under consideration. We model the dynam­
ics of both the neuron and a large number of small non-over­
lapping volume elements of "dendro-dendritic space" near the 
reference neuron as 

An equation of this form describes a set of N nonlinear 
coupled bistable oscillators (the coupling is also nonlinear). 
The i= 1 index is taken to denote the cell body and the indices 
i=2 ... N (where N is large) denote the dendritic spaces. u1 
represents the activation (i.e. the somatic membrane potential) 
at the trigger zone of the reference neuron. R1C1 is the activa­
tion decay time due to repeated firings of action potentials 

Digitized by 

Figure 3. 

A typical SR curve showing the maximum in SNR at an optimal 
noise intensity, in this case z 0.3 V .. s. The SNR values were 
obtained from the power spectra as discussed in the text. This 
example was obtained from a bistable single neuron model of 
the type treated here as a network. See Ref. 27. 
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down the axon. Alternately, we may think of C1 and R1 as the 
input capacitance and trans-membrane resistance, respec­
tively. For both the neuron and dendritic spaces, Fi(t) is taken 
to be Gaussian, delta-correlated (that is "white") noise having 
zero mean and variance cri (the noise sources for different 
indices i are uncorrelated). J tj represents the coupling be­
tween the cell body and the dendritic spaces, and Ii/ij > 1) 
represents the (local) coupling between the dendritic spaces. 
We allow the matrix J to be asymmetric with the excitatory or 
inhibitory nature of the couplings determined by the sign of 
the elements Iw The synaptic activity in the ith dendritic 
volume is represented by ui with (i > 1). We assume that the 
input into the cell as well as each dendritic volume is bounded 
and can be represented by a weighted sigmoid function. By 
modeling the interaction of the neuron with the tessellation of 
dendritic volume spaces in the manner described above, we 
create a more neurophysiologically realistic model. 

In order to extract the dynamics of the neuron (described 
by the activation u) from the coupled system (3), we invoke 
the ansatz that the time scale for neural activation at the soma, 
is much longer than that for dendritic activity. 

(4) 

This assumption,justified in references 25, constitutes the 
cornerstone of our theory. However, while it is quite simple to 
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electronically implement a network subject to the constraint

(4), one cannot apply this assumption to all classes of neurons.

Networks of neurons and dendrites having time constraints

that violate (4) must be treated via more general quasi-linear

mean field theories. For the case when (4) is satisfied, how-

ever, we can25 adiabatically eliminate the bath variables from

(3) and write down an equation for the variable u{ in terms of

the bath variables. Specifically, an N-body Fokker Planck

Equation (FPE) is constructed from (3). Haken's slaving prin-

ciple26 then permits us to factorize the N-body probability

density function describing the system (3) into a product of a

single-body density function for the slow variable u{ and a

conditional density function for the remainder of the system.

This, in turn, leads to a separation of the N-body FPE into a

FPE for the probability density function of Uj (which contains

the bath variables uu) and a FPE for the bath variables. The

latter is solved in the long-time limit, after invoking a local

equilibrium assumption for the bath variables (this is tanta-

mount to a quasi-linearization of the bath dynamics). We are

ultimately lead to a closed FPR for the slow variable uls

whence a stochastic differential equation may be readily writ-

ten down by inspection:

U! = -cui! + ptanh (uj) + 8sin (wt) + Vct^F (t), (5)

where the coefficients a, p, 8 and azc are now functions of the

dendritic bath parameters and the coupling matrix J with F(t)

being the noise. In carrying out the procedure leading to (5)

we have assumed further that the modulation frequency is

smaller than the Kramers frequency of the unmodulated sys-

tem. This assumption is a cornerstone of the adiabatic theory

of stochastic resonance3 on which our subsequent results are

based. Further, we assume that

^iR^q (/ > 1) (6)

This assumption guarantees the convergence of the steep-

est descent techniques used to obtain the reduced dynamics (5)

and places an upper limit on the noise strengths (with very

large amounts of noise, the interesting cooperative behavior is

lost). Note also the absence of terms involving coupling be-

tween pairs of bath oscillators; these terms are 0(RjRj) (ij>l)

or higher and are assumed to be negligible.

The bifurcation properties of the reduced system (5) may

be studied (in the absence of the noise and modulation terms)

via the potential function,

U(u1) = |u12-pincosh(u1). (7)

For positive a and p, the potential is bimodal (for p/oc > 1)

with minima located at c = (P/a) tanh (p/a). The transition to

mimodality is accompanied by a pitchfork bifurcation in the

most probable value of the activation U! with the two states

(attractors) corresponding roughly to the quiescent and firing

states of the neuron. The flow (given by the derivative of the

first term on the rhs of (7)) exhibits the characteristic N-shaped

relationship known to exist in excitable cells over certain

parameter ranges. The magnitudes as well as the signs of the

elements of J govern (via the coefficients a and P) the transi-

tion to bimodality as well as the occurrence and magnitude of

other cooperative effects (e.g. stochastic resonance) in the

reduced system. Further, it has been found that for the case in

which the isolated cell body admits of a monostable potential,

the coupling to the dendritic bath can actually induce bimo-

dality. The opposite effect can also occur: a potential that is

bistable in the absence of the dendritic bath can be rendered

monostable by the coupling to the bath.

We now consider the effects of the deterministic modula-

tion, which leads to stochastic resonance wherein a small

amount of noise can introduce correlated switching events in

the dynamics (5), corresponding to the system described by

the effective potential (7). We define the deterministic switch-

ing threshold as the critical value 8C of the scaled modulation

amplitude 8, above which one would obtain deterministic

switching in the o^2 = 0 = c22 case- Then, in order to satisfac-

torily explain stochastic resonance using the adiabatic theory

of McNamara-Wiesenfeld3, we must ensure that 8 < 8C and co

<coK, the Kramers rate for the unmodulated system. The adia-

batic conditions can be satisfied in the reduced dynamics (5),

if we ensure that there is no deterministic switching in the

isolated (1^=0) case, and we operate within the realm of

validity (defined by (6)) of the theory.

The signal-to-noise ratio (SNR) corresponding to the

membrane potential variable Uj has been calculated25,27 using

the adiabatic theory and plotted as a function of the noise

strength a2e. The curve is the bell-shaped curve that character-

izes stochastic resonance, with the maximum occurring at a

critical noise value equal to the height of the barrier of the

effective potential (5) (this maximum corresponds to a match-

ing of the modulation frequency co to twice the Kramers rate

(Ok, hence the description of the effect as a "resonance"). For

a given noise strength, the SNR is found to be enhanced over

the value it would take in the absence of any coupling (1^=0)

to the dendritic bath, with the maximum enhancement occur-

ring for the case of a non-noisy bath. The important result is

that the coupling to the bath enhances the SNR even in the

presence of noise (recall that the inequality (6) imposes an

upper limit on the noise). Similar effects have been observed

recently in a mean field model of linearly coupled bistable

oscillators28. The enhancement of the SNR through the den-

dritic coupling is readily explained25 on the basis of the

renormalization of the potential barrier height and the modu-

lation amplitude in the effective equation (5), by the coupling

to the dendritic bath. Plotting the peak SNR vs. the bath

resistance R2 (we assume that the different dendritic volume

elements have the same resistances Ri>{ = R2 and the same

28 Naval Research Reviews
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electronically implement a network subject to the constraint 
( 4 ), one cannot apply this assumption to all classes of neurons. 
Networks of neurons and dendrites having time constraints 
that violate (4) must be treated via more general quasi-linear 
mean field theories. For the case when (4) is satisfied, how­
ever, we can25 adiabatically eliminate the bath variables from 
(3) and write down an equation for the variable ui in terms of 
the bath variables. Specifically, an N-body Fokker Planck 
Equation (FPE) is constructed from (3). Haken 's slaving prin­
ciple26 then permits us to factorize the N-body probability 
density function describing the system (3) into a product of a 
single-body density function for the slow variable ui and a 
conditional density function for the remainder of the system. 
This, in turn, leads to a separation of the N-body FPE into a 
FPE for the probability density function of u1 (which contains 
the bath variables uu) and a FPE for the bath variables. The 
latter is solved in the long-time limit, after invoking a local 
equilibrium assumption for the bath variables (this is tanta­
mount to a quasi-linearization of the bath dynamics). We are 
ultimately lead to a closed FPR for the slow variable u1, 

whence a stochastic differential equation may be readily writ­
ten down by inspection: 

u1 = -exu1 + ~tanh (u1) + 6sin (cot)+ ✓cr2e F (t), (5) 

where the coefficients ex, ~. 5 and cr2 e are now functions of the 
dendritic bath parameters and the coupling matrix J with F(t) 
being the noise. In carrying out the procedure leading to (5) 
we have assumed further that the modulation frequency is 
smaller than the Kramers frequency of the unmodulated sys­
tem. This assumption is a cornerstone of the adiabatic theory 
of stochastic resonance3 on which our subsequent results are 
based. Further, we assume that 

(6) 

This assumption guarantees the convergence of the steep­
est descent techniques used to obtain the reduced dynamics (5) 
and places an upper limit on the noise strengths (with very 
large amounts of noise, the interesting cooperative behavior is 
lost). Note also the absence of terms involving coupling be­
tween pairs of bath oscillators; these terms are O~Rj) (iJ>l) 
or higher and are assumed to be negligible. 

The bifurcation properties of the reduced system (5) may 
be studied (in the absence of the noise and modulation terms) 
via the potential function, 

U(u1) = I u1
2 - ~ In cosh(u1). (7) 

For positive ex and~. the potential is bimodal (for ~/ex> I) 
with minima located at c ~ $/ex) tanh (~/ex). The transition to 
mimodality is accompanied by a pitchfork bifurcation in the 
most probable value of the activation u1 with the two states 
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(attractors) corresponding roughly to the quiescent and firing 
states of the neuron. The flow (given by the derivative of the 
first term on the rhs of (7)) exhibits the characteristic N-shaped 
relationship known to exist in excitable cells over certain 
parameter ranges. The magnitudes as well as the signs of the 
elements of J govern (via the coefficients a and~) the transi­
tion to bimodality as well as the occurrence and magnitude of 
other cooperative effects (e.g. stochastic resonance) in the 
reduced system. Further, it has been found that for the case in 
which the isolated cell body admits of a monostable potential, 
the coupling to the dendritic bath can actually induce bimo­
dality. The opposite effect can also occur: a potential that is 
bistable in the absence of the dendritic bath can be rendered 
monostable by the coupling to the bath. 

We now consider the effects of the deterministic modula­
tion, which leads to stochastic resonance wherein a small 
amount of noise can introduce correlated switching events in 
the dynamics (5), corresponding to the system described by 
the effective potential (7). We define the deterministic switch­
ing threshold as the critical value oc of the scaled modulation 
amplitude o, above which one would obtain deterministic 
switching in the cr1

2 = 0 = cr/ case. Then, in order to satisfac­
torily explain stochastic resonance using the adiabatic theory 
of McNamara-Wiesenfeld3

, we must ensure that o < oc and co 
<Oli(, the Kramers rate for the unmodulated system. The adia­
batic conditions can be satisfied in the reduced dynamics (5), 
if we ensure that there is no deterministic switching in the 
isolated (J lj=O) case, and we operate within the realm of 
validity (defined by (6)) of the theory. 

The signal-to-noise ratio (SNR) corresponding to the 
membrane potential variable u1 has been calculated25

•
27 using 

the adiabatic theory and plotted as a function of the noise 
strength ex2

e. The curve is the bell-shaped curve that character­
izes stochastic resonance, with the maximum occurring at a 
critical noise value equal to the height of the barrier of the 
effective potential (5) (this maximum corresponds to a match­
ing of the modulation frequency co to twice the Kramers rate 
Oli(, hence the description of the effect as a "resonance"). For 
a given noise strength, the SNR is found to be enhanced over 
the value it would take in the absence of any coupling (J ij=O) 
to the dendritic bath, with the maximum enhancement occur­
ring for the case of a non-noisy bath. The important result is 
that the coupling to the bath enhances the SNR even in the 
presence of noise (recall that the inequality (6) imposes an 
upper limit on the noise). Similar effects have been observed 
recently in a mean field model of linearly coupled bistable 
oscillators28

. The enhancement of the SNR through the den­
dritic coupling is readily explained25 on the basis of the 
renormalization of the potential barrier height and the modu­
lation amplitude in the effective equation (5), by the coupling 
to the dendritic bath. Plotting the peak SNR vs. the bath 
resistance R2 (we assume that the different dendritic volume 
elements have the same resistan_c~s R;:,. = R2 and the same 
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Figure 4.

(a) A power spectrum obtained from a crayfish mechanoreceptor cell with the associated hair stimulated at 55Hz. Compare with

Fig. 2 (c), and note the similarities: delta function-like features and Lorentzian-like noise background; and the difference: a strong

2nd harmonic. More averaging, i.e. assembling the power spectrum from a longer time series, would result in reduced fluctuations

on the noise background. (b)An example tuning curve used to obtain the best frequency of the cell, in this example at« 55 Hz.

(c) Threshold data. The horizontal axis is the relative attenuation off the stimulus signal. The threshold attenuation is where the

SNR would cross zero. In practice we could measure down to the point where the signal feature, as shown in (a), became

indistinguishable from the fluctuations on the noise background.
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Figure 4. 

(a) A power spectrum obtained from a crayfish mechanoreceptor cell with the associated hair stimulated at 55Hz. Compare with 
Fig. 2 (c), and note the similarities: delta function-like features and Lorentzian-like noise background; and the difference: a strong 
2nd harmonic. More averaging, i.e. assembling the power spectrum from a longer time series, would result in reduced fluctuations 
on the noise background. (b) An example tuning curve used to obtain the best frequency of the cell, in this example at== 55 Hz. 
(c) Threshold data. The horizontal axis is the relative attenuation off the stimulus signal. The threshold attenuation is where the 
SNR would cross zero. In practice we could measure down to the point where the signal feature, as shown in (a), became 
indistinguishable from the fluctuations on the noise background. 
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noise strengths czi >x = a2^ yields a curve peaked at R2 ~ ct22.

This provides a tool for achieving optimum SNRs in electronic

analogs of the neuro-dendritic interaction.

Experiments on Single

Sensory Neurons. (John K.

Douglass and Frank Moss)

Introduction

Though noise assisted information transmission and sto-

chastic resonance have been demonstrated in a variety of

physical experiments1,29, it would be of wide interest to dis-

cover a natural system which exhibits or exploits these pro-

cesses. Certainly, the phenomenon of noise induced switching

among two or several stable or metastable states, in the pres-

ence of a weak, information carrying function, is simple

enough that one might expect to find it in a number of diverse

natural dynamical situations, the onset of ice age climates

coherent with a weak periodic orbital feature8,9 being only one

possibility. A candidate system must have an inherent or

external (natural) source of noise, and it could either be char-

acterized by a fixed, multistable potential, as has been the case

for all of the demonstrated experiments to date, or it could be

a limit cycle or relaxation oscillator, where the noise induced

switching is between a fixed (time-independent) point and the

limit cycle or relaxation oscillation. In order for a system to

exploit SR, for example, in order to enhance some sort of

information transfer process an additional, and perhaps much

rarer, ingredient is necessary: some type of self optimization

process which would adjust either the noise intensity or the

parameters of the potential in such a way that the coherence

between the information carrying function and the response of

the system is maximized. In other words, the system should be

capable of adjusting itself so that it operates at the maximum

signal-to-noise (SNR) as shown, for example, in Fig. 3.

These requirements point to biological systems, espe-

cially systems of neurons, as possible examples of naturally-

occurring SR for the following reasons. First, noise is

ubiquitous in nervous systems, and a paramount function of

nervous systems is to detect very weak signals from the

external world. Second, living creatures excel at self optimi-

zation, in the long term, via Darwinian evolution, and on much

shorter time scales via physiological mechanisms. Just how

much noise is present in biological sensory systems? A recent

and growing literature suggests that the noise intensity ob-

served within some sensory systems is larger (often several

orders of magnitude larger!) than can be accounted for on the

basis of equilibrium statistical mechanics, for example, the

Brownian motion of the sensory element and the measured

transduction of this motion into electrical impulses in hair cells

of the vertebrate inner ear30. Why is this noise so large? Could

it be that mechanisms have evolved which exploit SR in order

to optimize the sensory perception of information? This is a

heady and tantalizing question indeed. In order to further

explore this possibility, we decided to perform experiments on

one of the simplest of all sensory systems: single hair mecha-

noreceptor cells in the tailfan31"33 of the crayfish, Procambarus

clarkii.

In this interesting system, small motions (as small as 30

nanometers) of hairs located on the surface of the crayfish

tailfan are transduced by their associated sensory neurons into

trains of action potentials (spikes). These spikes then travel

along sensory nerves to the caudal ganglion. Moreover, many

such neurons show high spontaneous firing rates, indicating

substantial sources of internal noise. In our experiments, a

piece of the tailfan together with its nerve bundle and gangli-

ons was excised. The nerve bundle and ganglion were exposed

surgically, and the appendage was mounted on an electro-me-

chanical vibrator in a saline solution. The preparation, which

typically persisted in good physiological condition for 8 to 12

hours, was moved by the vibrator thus stimulating the hair with

a sinusoidal motion relative to the solution. An extracellular,

suction pipette electrode was attached to the nerve bundle and

moved with micromanipulators until an appropriate neuron

was identified through its spontaneous spiking activity. The

electrode was attached to a battery operated preamplifier. This

apparatus was mounted on a commercial vibration isolation

table and operated inside a Faraday cage. The preamplifier was

connected to standard extracellular electronics located off the

table and outside the Faraday cage. The outputs of the elec-

tronics (spike times and signal traces) were digitized and

analyzed by computer. The following quantities were mea-

sured, either on line or from later analysis of the time series:

power spectrum (PS), interspike interval histogram (ISIH),

cycle histogram (CH), spike interval return map (SIM), and

the spike phase return map (SPM). These quantities fall into

two groups: those which are coherent with the stimulus fre-

quency (PS, ISIH and SIM), and those which are coherent with

the stimulus phase (CH and SPM). From these two groups, two

SNR's were defined: one based on frequency coherence using

the PS and ISIH and the other based on phase coherence using

the vector strength (VS) obtained from the CH. Stimulus

frequency and intensity could be adjusted as well as the

temperature of the saline solution.

Experiments were performed in one of two general modes

depending on the character of the stimulus and the source of

the noise. In the first mode, the noise source was the neuron's

internal (spontaneous) noise, and the stimulus was a pure

sinusoidal motion. The noise was controlled by varying the

temperature of the preparation, a technique already developed

for similar experiments on the frog auditory system by P.

Narins and his colleagues34. For these experiments, we chose

a neuron with a relatively high spontaneous spike rate, and

measured SNR's as a function of the temperature, keeping the

stimulus intensity and frequency constant. In the second type

30 Naval Research Reviews
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noise strengths a2i >l = a2 ~ yields a curve peaked at R2 = a2 2. 

This provides a tool for achieving optimum SNRs in electronic 
analogs of the neuro-dendritic interaction. 

Experiments on Single 
Sensory Neurons. (John K. 
Douglass and Frank Moss) 
Introduction 

Though noise assisted information transmission and sto­
chastic resonance have been demonstrated in a variety of 
physical experiments1

•
29

, it would be of wide interest to dis­
cover a natural system which exhibits or exploits these pro­
cesses. Certainly, the phenomenon of noise induced switching 
among two or several stable or metastable states, in the pres­
ence of a weak, information carrying function, is simple 
enough that one might expect to find it in a number of diverse 
natural dynamical situations, the onset of ice age climates 
coherent with a weak periodic orbital feature8

•9 being only one 
possibility. A candidate system must have an inherent or 
external (natural) source of noise, and it could either be char­
acterized by a fixed, multistable potential, as has been the case 
for all of the demonstrated experiments to date, or it could be 
a limit cycle or relaxation oscillator, where the noise induced 
switching is between a fixed (time-independent) point and the 
limit cycle or relaxation oscillation. In order for a system to 
exploit SR, for example, in order to enhance some sort of 
information transfer process an additional, and perhaps much 
rarer, ingredient is necessary: some type of self optimization 
process which would adjust either the noise intensity or the 
parameters of the potential in such a way that the coherence 
between the information carrying function and the response of 
the system is maximized. In other words, the system should be 
capable of adjusting itself so that it operates at the maximum 
signal-to-noise (SNR) as shown, for example, in Fig. 3. 

These requirements point to biological systems, espe­
cially systems of neurons, as possible examples of naturally­
occurring SR for the following reasons. First, noise is 
ubiquitous in nervous systems, and a paramount function of 
nervous systems is to detect very weak signals from the 
external world. Second, living creatures excel at self optimi­
zation, in the long term, via Darwinian evolution, and on much 
shorter time scales via physiological mechanisms. Just how 
much noise is present in biological sensory systems? A recent 
and growing literature suggests that the noise intensity ob­
served within some sensory systems is larger (often several 
orders of magnitude larger!) than can be accounted for on the 
basis of equilibrium statistical mechanics, for example, the 
Brownian motion of the sensory element and the measured 
transduction of this motion into electrical impulses in hair cells 
of the vertebrate inner ear3°. Why is this noise so large? Could 
it be that mechanisms have evolved which exploit SR in order 
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to optimize the sensory perception of information? This is a 
heady and tantalizing question indeed. In order to further 
explore this possibility, we decided to perform experiments on 
one of the simplest of all sensory systems: single hair mecha­
noreceptor cells in the tailfan31-33 of the crayfish, Procambarus 
clarkii. 

In this interesting system, small motions (as small as 30 
nanometers) of hairs located on the surface of the crayfish 
tailfan are transduced by their associated sensory neurons into 
trains of action potentials (spikes). These spikes then travel 
along sensory nerves to the caudal ganglion. Moreover, many 
such neurons show high spontaneous firing rates, indicating 
substantial sources of internal noise. In our experiments, a 
piece of the tailfan together with its nerve bundle and gangli­
ons was excised. The nerve bundle and ganglion were exposed 
surgically, and the appendage was mounted on an electro-me­
chanical vibrator in a saline solution. The preparation, which 
typically persisted in good physiological condition for 8 to 12 
hours, was moved by the vibrator thus stimulating the hair with 
a sinusoidal motion relative to the solution. An extracellular, 
suction pipette electrode was attached to the nerve bundle and 
moved with micromanipulators until an appropriate neuron 
was identified through its spontaneous spiking activity. The 
electrode was attached to a battery operated preamplifier. This 
apparatus was mounted on a commercial vibration isolation 
table and operated inside a Faraday cage. The preamplifier was 
connected to standard extracellular electronics located off the 
table and outside the Faraday cage. The outputs of the elec­
tronics (spike times and signal traces) were digitized and 
analyzed by computer. The following quantities were mea­
sured, either on line or from later analysis of the time series: 
power spectrum (PS), interspilce interval histogram (ISIH), 
cycle histogram (CH), spike interval return map (SIM), and 
the spike phase return map (SPM). These quantities fall into 
two groups: those which are coherent with the stimulus fre­
quency (PS, ISIH and SIM), and those which are coherent with 
the stimulus phase (CH and SPM). From these two groups, two 
SNR 's were defined: one based on frequency coherence using 
the PS and ISIH and the other based on phase coherence using 
the vector strength (VS) obtained from the CH. Stimulus 
frequency and intensity could be adjusted as well as the 
temperature of the saline solution. 

Experiments were performed in one of two general modes 
depending on the character of the stimulus and the source of 
the noise. In the first mode, the noise source was the neuron's 
internal (spontaneous) noise, and the stimulus was a pure 
sinusoidal motion. The noise was controlled by varying the 
temperature of the preparation, a technique already developed 
for similar experiments on the frog auditory system by P. 
Narins and his colleagues34

. For these experiments, we chose 
a neuron with a relatively high spontaneous spike rate, and 
measured SNR 's as a function of the temperature, keeping the 
stimulus intensity and frequen .con nt. In the second type , ma m 
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Figure 5.

A stochastic resonance experiment on a crayfish mechanoreceptor cell for an individual acclimated at high temperatures (circles)

and another individual acclimated at low temperature (triangles), (a) The SNR versus the temperature, which was used to change

the internal noise of the receptor cell, (b)the SNR versus the noise background measured from the power spectrum at the stimulus

frequency for the same data shown in (a). Note the absence of a maximum in the SNR. (c) The noise versus temperature

calibration. Note the sharp maximum at= 30°C and the subsequent rapid decline of the noise for the high temperature individual.
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Figure 5. 

A stochastic resonance experiment on a crayfish mechanoreceptor cell for an individual acclimated at high temperatures ( circles) 
and another individual acclimated at low temperature (triangles). (a) The SNR versus the temperature, which was used to change 
the internal noise of the receptor cell. (b) the SNR versus the noise background measured from the power spectrum at the stimulus 
frequency for the same data shown in (a). Note the absence of a maximum in the SNR. (c) The noise versus temperature 
calibration. Note the sharp maximum at= 30°G and the subsequent rapid decline of the noise for the high temperature individual. 
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Figure 6.

An SR experiment on a crayfish mechanoreceptor with exter-

nal noise added to the periodic signal, (a) The SNR versus the

external noise voltage, (b) The SNR versus the periodic signal

amplitude: with the optimal noise (0.14 V-rms)(squares), and

without added noise (triangles).
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of experiment, the noise source was external. A neuron with a

relatively low spontaneous spike rate was chosen, and wide-

bandwidth, Gaussian noise was added to the periodic signal to

form the stimulus. The tailfan appendage was therefore moved

through the solution more-or-less randomly, but with a weak

periodic coherence. The SNR's were measured as a function

of external noise intensity, with a constant periodic signal and

a constant (room) temperature.

All experiments were begun by first locating the individ-

ual hair to whose cell the electrode was attached and then

measuring its directional sensitivity35. All subsequent mea-

surements were performed in the stimulus direction corre-

sponding to the maximum response. A tuning curve was then

obtained by measuring the previously described VS's and the

SNR's as a function of stimulus frequency (keeping the hair-

fluid relative velocity constant). All subsequent measurements

were obtained with the stimulus tuned to the characteristic or

"best" frequency (the frequency of maximum response). The

last set of measurements in the experimental preface provided

the threshold curve, that is, the SNR and VS as a function of

stimulus intensity. Subsequent measurements were then usu-

ally performed with the stimulus just above threshold (usually

about 10 to 20 percent above the minimum detectable signal

in the power spectrum) though in some of the experiments with

external noise, the SNR's and VS's were measured with and

without the (external) noise applied while varying the periodic

stimulus intensity.

An example measured power spectrum is shown in Fig.

4(a). Note that the fundamental signal feature is a sharp

delta-like peak at 55 Hz which was the stimulus frequency for

this example. The SNR is obtained from the spectrum as

described above. This particular spectrum was obtained from

a spike train measured over an approximately 5 min. period

and was representative of those used to measure all SNR's

reported below. The tuning curve for this neuron is shown in

Fig. 4 (b). The threshold was defined as the value of stimulus

intensity for which the fundamental signal feature became

indistinguishable from the fluctuations in the background

noise curve. Example threshold data are shown in Fig. 4 (c).

Experiments using the internal

neuron noise

In these experiments, the (internal) noised was controlled

with the external temperature of the saline solution, which was

typically varied between about 10°C and 35°C. Experiments

have been performed with 8 separate preparations. Though the

frequency and threshold characteristics of the individual neu-

rons varied among the preparations, the temperature data from

all these preparations were self consistent. The general fea-

tures are represented by the data shown in Fig. 5 in which a

crayfish mechanoreceptor received a constant intensity peri-

odic stimulus while its temperature was varied. Figure 5 (a)

shows the measured SNR, based on the power spectrum,
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Figure 6. 

An SR experiment on a crayfish mechanoreceptor with exter­
nal noise added to the periodic signal. (a) The SNR versus the 
external noise voltage. (b) The SNR versus the periodic signal 
amplitude: with the optimal noise (0.14 V-rms)(squares), and 
without added noise (triangles). 
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of experiment, the noise source was external. A neuron with a 
relatively low spontaneous spike rate was chosen, and wide­
bandwidth, Gaussian noise was added to the periodic signal to 
form the stimulus. The tailfan appendage was therefore moved 
through the solution more-or-less randomly, but with a weak 
periodic coherence. The SNR's were measured as a function 
of external noise intensity, with a constant periodic signal and 
a constant (room) temperature. 

All experiments were begun by first locating the individ­
ual hair to whose cell the electrode was attached and then 
measuring its directional sensitivity35

. All subsequent mea­
surements were performed in the stimulus direction corre­
sponding to the maximum response. A tuning curve was then 
obtained by measuring the previously described VS 's and the 
SNR 's as a function of stimulus frequency (keeping the hair­
fluid relative velocity constant). All subsequent measurements 
were obtained with the stimulus tuned to the characteristic or 
"best" frequency (the frequency of maximum response). The 
last set of measurements in the experimental preface provided 
the threshold curve, that is, the SNR and VS as a function of 
stimulus intensity. Subsequent measurements were then usu­
ally performed with the stimulus just above threshold (usually 
about IO to 20 percent above the minimum detectable signal 
in the power spectrum) though in some of the experiments with 
external noise, the SNR 's and VS 's were measured with and 
without the (external) noise applied while varying the periodic 
stimulus intensity. 

An example measured power spectrum is shown in Fig. 
4(a). Note that the fundamental signal feature is a sharp 
delta-like peak at 55 Hz which was the stimulus frequency for 
this example. The SNR is obtained from the spectrum as 
described above. This particular spectrum was obtained from 
a spike train measured over an approximately 5 min. period 
and was representative of those used to measure all SNR 's 
reported below. The tuning curve for this neuron is shown in 
Fig. 4 (b). The threshold was defined as the value of stimulus 
intensity for which the fundamental signal feature became 
indistinguishable from the fluctuations in the background 
noise curve. Example threshold data are shown in Fig. 4 (c). 

Experiments using the internal 
neuron noise 

In these experiments, the (internal) noised was controlled 
with the external temperature of the saline solution, which was 
typically varied between about l0°C and 35°C. Experiments 
have been performed with 8 separate preparations. Though the 
frequency and threshold characteristics of the individual neu­
rons varied among the preparations, the temperature data from 
all these preparations were self consistent. The general fea­
tures are represented by the data shown in Fig. 5 in which a 
crayfish mechanoreceptor received a constant intensity peri­
odic stimulus while its temperature was varied. Figure 5 (a) 
shows the measured SNR, ba , t,l~ power spectrum, 
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plotted versus the temperature. Consider first the open circles.

These were obtained from a crayfish which had been accli-

mated for many weeks in a rather high temperature environ-

ment: ca. 28 to 35°C. The data show a range of SNR values

with a maximum of about 12 dB near 28°C. While this result

does show a maximum SNR at an optimum temperature, it

cannot be interpreted as stochastic resonance. Fig. 5 (b) shows

why. Here we have plotted the same data versus the noise

background N. The open circles show a monotonic increase in

SNR with spike (internal) noise intensity and specifically, no

maximum at an optimum noise intensity (which we here

assume as the defining characteristic of systems showing SR).

Nevertheless, this result is significant. No analysis carried out

within the framework of linear transform theory can account

for an SNR which increases with internal noise intensity.

Consequently we must seek an explanation of this result using

nonlinear dynamics, and within this framework, the dynamics

which accounts for SR seems the most likely to succeed.

Figure 5 (c) shows why there is no maximum with noise

intensity. This is the "calibration" of the noise intensity versus

the temperature. It is clear that, commencing with the coinci-

dent maxima shown by the open circles in (a) and (c), the noise

intensity itself drops precipitously with further increases in the

temperature. This behavior is unlike that of physical systems

showing SR for which the noise intensity continues to increase

beyond the maximum in the SNR. We do not have a physio-

logical explanation of this behavior considering that our cray-

fish can live (were living) at temperatures up to 36°C. We can

put forth two speculative explanations, one exotic and the

other pedestrian. The exotic speculation is that there exists a

self regulatory mechanism which attempts to maximize the

SNR for every set of external conditions. In this interpretation,

from the low temperatures, the internal noise intensity is

continuously increased in order to increase the SNR in accord

with the basic SR dynamics. However, when some limited

dynamic range for this mechanism is approached, the strategy

changes, and beyond the maximum, the noise drops rapidly in

a (failing) efforts to maintain the SNR. This strategy works

over a very limited range as shown by Fig. 5 (a), where the

SNR on the high temperature side of the maximum does

decline, but not nearly as precipitously as the noise. The

pedestrian explanation is that there is only one signal trans-

mission-noise generating mechanism which operates over the

entire temperature range, albeit an essentially nonlinear one,

but the nerve simply begins to die at about 28°C. We have

noticed that if we exceed about 33°C, the nerve is damaged as

evidenced by the fact that the low temperature data are no

longer reproducible afterwards.

In an effort to increase the temperature range over which

we could observe these effects (and hence possibly observe a

maximum in the SNR versus N data), we acclimated a number

of crayfish in a constant temperature environment at 9°C for

at least six weeks36. We have now performed experiments on

Figure 7.

Schematic of the bistable SQUID experiment showing the

experimental SQUID chip supplied by Quantum Magnetics

and the BTI measuring SQUID. Noise and signal voltages

supplied by the external electronics were transformed into

external magnetic flux in the coil C1.

Q. M. SQUID

CHIP

BTI SQUID

Nb Shield at 4.2 K

To BTI

electronics

four of the low temperature acclimated fish. Only one of these

experiments was successful, in the sense that the data were

easily reproducible and repeatable for substantial changes in

temperature. In that experiment, the appendage was dissected

in cold saline, and we began taking data at the low temperature

end of the scale (at ~ 10°C). The data from this experiment are

shown by the triangles in Fig. 5. We can see that the qualitative

behavior is the same as for the high temperature acclimated

crayfish except shifted down in temperature by about 6°C.

[Unfortunately, we cannot say whether the maximum in SNR

versus temperature was also shifted down because of an appa-

ratus failure during this experiment.] Our research with tem-

perature-acclimated crayfish is still in progress, consequently

we can draw no further conclusions at this time.

Experiments using external noise.

For these experiments, neurons with low spontaneous

rates (low internal noise) were chosen. Wide bandwidth37,

Gaussian noise from a noise generator was then added to the

periodic signal to make up the stimulus. In the course of an

experiment, the external noise intensity was increased from

zero to values considerably larger than the signal intensity (as

measured by the rms amplitudes). The motivation for these

experiments was that since sensory neurons in general behave

like bistable systems operating between fixed point and firing

states, and since SR is easily observable in physical bistable

systems (and also in fixed point-limit cycle systems such as

the FitzHugh-Nagumo model neuron38) when exposed to ex-

ternal noise, then SR might be observable using a sensory

neuron as the bistable element. We have performed only four

such experiments, hence our results must be still considered

as preliminary. Data from one experiment are shown in Fig. 6

(a) where we have plotted the SNR versus the external noise

voltage. It is clear that there is an SR peak at a noise voltage

of = 0.14 V-rms.
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plotted versus the temperature. Consider first the open circles. 
These were obtained from a crayfish which had been accli­
mated for many weeks in a rather high temperature environ­
ment: ca. 28 to 35°C. The data show a range of SNR values 
with a maximum of about 12 dB near 28°C. While this result 
does show a maximum SNR at an optimum temperature, it 
cannot be interpreted as stochastic resonance. Fig. 5 (b) shows 
why. Here we have plotted the same data versus the noise 
background N. The open circles show a monotonic increase in 
SNR with spike (internal) noise intensity and specifically, no 
maximum at an optimum noise intensity (which we here 
assume as the defining characteristic of systems showing SR). 
Nevertheless, this result is significant. No analysis carried out 
within the framework of linear transform theory can account 
for an SNR which increases with internal noise intensity. 
Consequently we must seek an explanation of this result using 
nonlinear dynamics, and within this framework, the dynamics 
which accounts for SR seems the most likely to succeed. 

Figure 5 (c) shows why there is no maximum with noise 
intensity. This is the "calibration" of the noise intensity versus 
the temperature. It is clear that, commencing with the coinci­
dent maxima shown by the open circles in (a) and (c), the noise 
intensity itself drops precipitously with further increases in the 
temperature. This behavior is unlike that of physical systems 
showing SR for which the noise intensity continues to increase 
beyond the maximum in the SNR. We do not have a physio­
logical explanation of this behavior considering that our cray­
fish can live (were living) at temperatures up to 36°C. We can 
put forth two speculative explanations, one exotic and the 
other pedestrian. The exotic speculation is that there exists a 
self regulatory mechanism which attempts to maximize the 
SNR for every set of external conditions. In this interpretation, 
from the low temperatures, the internal noise intensity is 
continuously increased in order to increase the SNR in accord 
with the basic SR dynamics. However, when some limited 
dynamic range for this mechanism is approached, the strategy 
changes, and beyond the maximum, the noise drops rapidly in 
a (failing) efforts to maintain the SNR. This strategy works 
over a very limited range as shown by Fig. 5 (a), where the 
SNR on the high temperature side of the maximum does 
decline, but not nearly as precipitously as the noise. The 
pedestrian explanation is that there is only one signal trans­
mission-noise generating mechanism which operates over the 
entire temperature range, albeit an essentially nonlinear one, 
but the nerve simply begins to die at about 28°C. We have 
noticed that if we exceed about 33°C, the nerve is damaged as 
evidenced by the fact that the low temperature data are no 
longer reproducible afterwards. 

In an effort to increase the temperature range over which 
we could observe these effects (and hence possibly observe a 
maximum in the SNR versus N data), we acclimated a number 
of crayfish in a constant temperature environment at 9°C for 
at least six weeks36

. We have now performed experiments on 

Digitized by gt 

Figure 7. 

Schematic of the bistable SQUID experiment showing the 
experimental SQUID chip supplied by Quantum Magnetics 
and the BT/ measuring SQUID. Noise and signal voltages 
supplied by the external electronics were transformed into 
external magnetic flux in the coil C 1. 

Q. M. SQUID BT/ SQUID 

/ CHIP / 

0 0 
electronics 

+ noise 
gens. 

Nb Shield at 4.2 K 

four of the low temperature acclimated fish. Only one of these 
experiments was successful, in the sense that the data were 
easily reproducible and repeatable for substantial changes in 
temperature. In that experiment, the appendage was dissected 
in cold saline, and we began taking data at the low temperature 
end of the scale (at~ l0°C). The data from this experiment are 
shown by the triangles in Fig. 5. We can see that the qualitative 
behavior is the same as for the high temperature acclimated 
crayfish except shifted down in temperature by about 6°C. 
[Unfortunately, we cannot say whether the maximum in SNR 
versus temperature was also shifted down because of an appa­
ratus failure during this experiment.] Our research with tem­
perature-acclimated crayfish is still in progress, consequently 
we can draw no further conclusions at this time. 

Experiments using external noise. 
For these experiments, neurons with low spontaneous 

rates (low internal noise) were chosen. Wide bandwidth37
, 

Gaussian noise from a noise generator was then added to the 
periodic signal to make up the stimulus. In the course of an 
experiment, the external noise intensity was increased from 
zero to values considerably larger than the signal intensity (as 
measured by therms amplitudes). The motivation for these 
experiments was that since sensory neurons in general behave 
like bistable systems operating between fixed point and firing 
states, and since SR is easily observable in physical bistable 
systems (and also in fixed point-limit cycle systems such as 
the FitzHugh-Nagumo model neuron38

) when exposed to ex­
ternal noise, then SR might be observable using a sensory 
neuron as the bistable element. We have performed only four 
such experiments, hence our results must be still considered 
as preliminary. Data from one experiment are shown in Fig. 6 
(a) where we have plotted the SNR versus the external noise 
voltage. It is clear that there is an SR peak at a noise voltage 
of~ 0.14 V-rms. Origillal fr m 
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We also measured threshold curves with and without

noise for this neuron. The results are shown in Fig. 6 (b), where

we have plotted the SNR versus the intensity of the periodic

component of the stimulus (the signal). The squares represent

measurements in the presence of external noise equal to 0.14

V-rms, which is near the optimal noise intensity as determined

from the data in Fig. 6 (a). The triangles are for zero external

noise. The squares fall consistently above the triangles, indi-

cating that we can detect the periodic signal more easily in the

presence of external noise. Of course, this does not mean that

a living crayfish in a natural environment can improve the

sensitivity of its perceptions by making use of external noise,

though these results certainly do suggest that possibility. Care-

ful behavioral studies would be necessary to confirm or refute

this hypothesis. A step in this direction will be to make simul-

taneous recordings from sensory and motor neurons39, exper-

iments which we have planned for the near future.

We were able to find a peak in the SNR in only two

experiments. In the other two experiments, for reasons that are

unclear, the SNR was maximal at zero external noise and

monotonically decreased for all larger values. The most obvi-

ous explanation for these results is that if the internal noise is

itself large enough that the maximum is already exceeded, the

external noise can only decrease the SNR. All of this under-

scores the mysteries associated with the internal noise but

serves to emphasize the importance of its influence on the

dynamics of stimulus detection.

*e(l) = °DC + *MSin(w8t) + <%(!),

(9)

where the periodic component represents an audio frequency

signal, and the stochastic component was a Gaussian noise

whose bandwidth was in the audio range41. Equation (8) is

bistable for certain values of P and O^. However, the quantity

which shows the bistable dynamics is the flux trapped within

the loop, (|>(t). In order to experimentally observe the bistable

dynamics, one must measure the trapped flux. This requires a

second SQUID, either mounted coaxially with the loop of the

first SQUID42, or coupled to it with a superconducting trans-

former. We chose the latter configuration. The primary SQUID

was a thin film device mounted on a single chip with integrally

mounted, superconducting transformer primaries supplied by

Quantum Magnetics43. The secondary, or measuring, SQUID

was a standard BTI model44. A schematic diagram of the

experimental setup is shown in Fig. 7.

In our experiment, P = 2.0 and = 0.5<I>0, values which

guaranteed that the potential was bistable. Experiments were

performed at two signal frequencies, 17.6 Hz and 100 Hz with

signal peak voltages of 650 mV-pk and 475 mV-pk respec-

tively. The noise, or stochastic, component was supplied by a

standard noise generator and the noise voltage varied over the

range from 100 to 1500 mV-rms. (1.0 V was equivalent to

0.100 of applied external flux.). The power spectra of <))(t) were

measured and averaged in the usual way at the output of the

Experiments with a Bistable

SQUID Loop. (E.W. Jacobs,

A. Hibbs, J. Bekkedahl,

A. Bulsara and F. Moss.)

We have also demonstrated SR in a bistable SQUID loop,

as a first step in stimulating interest in possible applications

using superconducting devices. We begin with an equation

governing the magnetic flux trapped within an rf-SQUID

loop40.

LC$ + TL(f> + <|> + ^psin(2ro}>) = <{>e

(8)

where (() = <t> (t)/<J>0 is the normalized magnetic flux trapped

within the loop, 0e = O^tVO^s the normalized flux externally

imposed on the loop, O0 = h/2e is the flux quantum, L and C

are the loop inductance and junction capacitance respectively,

and xL = L/Rj is the junction resistance. The parameter which

determines the shape of the potential governing the dynamics

of (8) is P = 27iLic/ O0, where ic is the junction critical current.

In our experiment, the external flux Oe was composed of DC,

periodic and tochastic components:

Figure 8.

The SNR versus rms noise voltage for the bistable SQUID

experiment, with k=17.6 Hz, vs=650 mV-rms (filled circles) and

vs=237 mV (open circles); and fs=100 Hz, vs=475 mV (filled

squares) and vs=237 mV (open squares). For these data 1.0

V=0.1®o at the coil C1

CO
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We also measured threshold curves with and without 
noise for this neuron. The results are shown in Fig. 6 (b ), where 
we have plotted the SNR versus the intensity of the periodic 
component of the stimulus (the signal). The squares represent 
measurements in the presence of external noise equal to 0.14 
V-rms, which is near the optimal noise intensity as determined 
from the data in Fig. 6 (a). The triangles are for zero external 
noise. The squares fall consistently above the triangles, indi­
cating that we can detect the periodic signal more easily in the 
presence of external noise. Of course, this does not mean that 
a living crayfish in a natural environment can improve the 
sensitivity of its perceptions by making use of external noise, 
though these results certainly do suggest that possibility. Care­
ful behavioral studies would be necessary to confirm or refute 
this hypothesis. A step in this direction will be to make simul­
taneous recordings from sensory and motor neurons39, exper­
iments which we have planned for the near future. 

We were able to find a peak in the SNR in only two 
experiments. In the other two experiments, for reasons that are 
unclear, the SNR was maximal at zero external noise and 
monotonically decreased for all larger values. The most obvi­
ous explanation for these results is that if the internal noise is 
itself large enough that the maximum is already exceeded, the 
external noise can only decrease the SNR. All of this under­
scores the mysteries associated with the internal noise but 
serves to emphasize the importance of its influence on the 
dynamics of stimulus detection. 

Experiments with a Bistable 
SQUID Loop. (E.W. Jacobs, 
A. Hibbs, J. Bekkedahl, 
A. Bulsara and F. Moss.) 

We have also demonstrated SR in a bistable SQUID loop, 
as a first step in stimulating interest in possible· applications 
using superconducting devices. We begin with an equation 
governing the magnetic flux trapped within an rf-SQUID 
loop40

. 

•• J.. 1 
LCq, + 'tL'+' +<I>+ -

2 
~sin(21tq>) = q, 7t e, 

(8) 

where <I>= <l> (t)/<1>0 is the normalized magnetic flux trapped 
within the loop, <l>c = <l>cCt)/<l>Js the normalized flux externally 
imposed on the loop, <1>0 = h/2e is the flux quantum, Land C 
are the loop inductance and junction capacitance respectively, 
and tL = L/R1 is the junction resistance. The parameter which 
determines the shape of the potential governing the dynamics 
of (8) is ~ = 21tLic / <1>0, where ic is the junction critical current. 
In our experiment, the external flux <l> e was composed of DC, 
periodic and tochastic components: 
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(9) 

where the periodic component represents an audio frequency 
signal, and the stochastic component was a Gaussian noise 
whose bandwidth was in the audio range41

. Equation (8) is 
bistable for certain values of~ and <l>oc, However, the quantity 
which shows the bistable dynamics is the flux trapped within 
the loop, <!>(t). In order to experimentally observe the bistable 
dynamics, one must measure the trapped flux. This requires a 
second SQUID, either mounted coaxially with the loop of the 
first SQUID42

, or coupled to it with a superconducting trans­
former. We chose the latter configuration. The primary SQUID 
was a thin film device mounted on a single chip with integrally 
mounted, superconducting transformer primaries supplied by 
Quantum Magnetics43

. The secondary, or measuring, SQUID 
was a standard BTI model44

. A schematic diagram of the 
experimental setup is shown in Fig. 7. 

In our experiment,~ = 2.0 and <l>oc = 0.5<1>0, values which 
guaranteed that the potential was bistable. Experiments were 
performed at two signal frequencies, 17 .6 Hz and 100 Hz with 
signal peak voltages of 650 mV-pk and 475 mV-pk respec­
tively. The noise, or stochastic, component was supplied by a 
standard noise generator and the noise voltage varied over the 
range from 100 to 1500 mV-rms. (1.0 V was equivalent to 
0.1 <1>0 of applied external flux.). The power spectra of q,(t) were 
measured and averaged in the usual way at the output of the 

Figure a. 
The SNR versus rms noise voltage for the bistable SQUID 
experiment, with fs= 17. 6 Hz, Vs=650 mV-rms (filled circles) and 
Vs=237 mV (open circles),· and fs=100 Hz, Vs=475 mV (filled 
squares) and Vs=237 mV (open squares). For these data 1.0 
V=0. 1cl>o at the coil C 1 
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BTI SQUID electronics, and the SNR's were determined as

described above. The results of this experiment are shown in

Fig. 8 where the circles represent the results for the low signal

frequency and the squares for the high frequency. At each

frequency, data were collected for two different signal

strengths. The maxima occur at a noise voltage of ~ 700 mV

which is equivalent to an rms fluctuation of 0.07<1>0 within

which a coherent signal equivalent to 0.0237O0 peak at 17.6

Hz was easily detectable. This clearly demonstrates that bista-

ble SQUIDs used in combination with SR, can be useful in

detecting weak, coherent magnetic signals buried in external

noise, an application of considerable importance to the Navy.

Discussion and Summary

In this paper we have presented some results accumulated

during the last few years which indicate that noise can be used

effectively in nonlinear systems to improve the information

content of received signals. The prime example of this process

is SR, which has now been demonstrated in a variety of

physical situations. As a prelude to further research on noise

processes in the central nervous system and within the brain,

we have shown that collective effects in networks of coupled

bistable elements using more realistic (nonlinear) coupling

schemes and introducing model synaptic noise, can lead to

enhancements of SR. However, convincing experimental re-

search on noise-driven nonlinear processes in neurons proba-

bly must begin with the simplest possible systems. We have

thus introduced our program on hair mechanoreceptor cells in

the crayfish tailfan. We have shown that the internal neuron

noise can be controlled with the temperature of the prepara-

tion, and we have demonstrated an exponentially increasing

SNR with internal noise intensity. Though an optimum tem-

perature was observed, no optimum internal noise intensity

was discovered. However, using external noise combined with

the signal, we were able to observe SR in some neurons.

Finally, we demonstrated SR at the fractional flux quantum

level in a bistable SQUID arrangement designed to detect

weak, noisy magnetic signals.

A number of questions and speculations are prompted by

this work. First, are there self regulatory mechanisms in neu-

rophysiological systems which are capable of maximizing the

SNR in response to changing environmental conditions? Such

mechanisms are certainly conceivable. In a neuronal network

such as we have described, one can imagine an internal regu-

lating mechanism which continuously adjusts the coupling

coefficients J^ as well as other dendritic and soma parameters

that influence the effective potential function. Similarly, at the

peripheral or receptor level of nervous systems, membrane

noise levels can be adjusted via efferent connections45. Even

in simple receptor systems lacking known efferents (e.g. cray-

fish hair mechanoreceptors), we can speculate that biochemi-

cal feedback mechanisms could adjust membrane noise or

other parameters in order to maximize the SNR. Second, in

view of the success of the SR experiment using external noise

on the crayfish, is it possible that living animals can exploit

external background noise in order to detect signals with

greater sensitivity? This will be a difficult question to answer

satisfactorily, but a step forward is to look simultaneously at

stimulated sensory and motor neurons connected to the caudal

ganglion. Finally, what is the future of the bistable SQUID as

a practical implementation of SR? The next steps in this

direction might include the redesign of the experiment briefly

described above, to make use of integrated thin film chip

SQUID technology and beyond that perhaps to explore the

possibilities for SR in bistable high temperature SQUIDs.
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BTI SQUID electronics, and the SNR 's were determined as 
described above. The results of this experiment are shown in 
Fig. 8 where the circles represent the results for the low signal 
frequency and the squares for the high frequency. At each 
frequency, data were collected for two different signal 
strengths. The maxima occur at a noise voltage of::::: 700 m V 
which is equivalent to an rms fluctuation of 0.07<1>0 within 
which a coherent signal equivalent to 0.0237<1>0 peak at 17 .6 
Hz was easily detectable. This clearly demonstrates that bista­
ble SQUIDs used in combination with SR, can be useful in 
detecting weak, coherent magnetic signals buried in external 
noise, an application of considerable importance to the Navy. 

Discussion and Summary 
In this paper we have presented some results accumulated 

during the last few years which indicate that noise can be used 
effectively in nonlinear systems to improve the information 
content of received signals. The prime example of this process 
is SR, which has now been demonstrated in a variety of 
physical situations. As a prelude to further research on noise 
processes in the central nervous system and within the brain, 
we have shown that collective effects in networks of coupled 
bistable elements using more realistic (nonlinear) coupling 
schemes and introducing model synaptic noise, can lead to 
enhancements of SR. However, convincing experimental re­
search on noise-driven nonlinear processes in neurons proba­
bly must begin with the simplest possible systems. We have 
thus introduced our program on hair mechanoreceptor cells in 
the crayfish tailfan. We have shown that the internal neuron 
noise can be controlled with the temperature of the prepara­
tion, and we have demonstrated an exponentially increasing 
SNR with internal noise intensity. Though an optimum tem­
perature was observed, no optimum internal noise intensity 
was discovered. However, using external noise combined with 
the signal, we were able to observe SR in some neurons. 
Finally, we demonstrated SR at the fractional flux quantum 
level in a bistable SQUID arrangement designed to detect 
weak, noisy magnetic signals. 

A number of questions and speculations are prompted by 
this work. First, are there self regulatory mechanisms in neu­
rophysiological systems which are capable of maximizing the 
SNR in response to changing environmental conditions? Such 
mechanisms are certainly conceivable. In a neuronal network 
such as we have described, one can imagine an internal regu­
lating mechanism which continuously adjusts the coupling 
coefficients Jij as well as other dendritic and soma parameters 
that influence the effective potential function. Similarly, at the 
peripheral or receptor level of nervous systems, membrane 
noise levels can be adjusted via efferent connections45 . Even 
in simple receptor systems lacking known efferents ( e.g. cray­
fish hair mechanoreceptors), we can speculate that biochemi­
cal feedback mechanisms could adjust membrane noise or 
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other parameters in order to maximize the SNR. Second, in 
view of the success of the SR experiment using external noise 
on the crayfish, is it possible that living animals can exploit 
external background noise in order to detect signals with 
greater sensitivity? This will be a difficult question to answer 
satisfactorily, but a step forward is to look simultaneously at 
stimulated sensory and motor neurons connected to the caudal 
ganglion. Finally, what is the future of the bistable SQUID as 
a practical implementation of SR? The next steps in this 
direction might include the redesign of the experiment briefly 
described above, to make use of integrated thin film chip 
SQUID technology and beyond that perhaps to explore the 
possibilities for SR in bistable high temperature SQUIDs. 
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Dialogue on

Noisy Chaos

Robert Cowley and Guan-Hsong Hsu

Naval Surface Warfare Center

I. Introduction

Genesis

What is chaos? Where does it come from? And so what?

Where's the physics? Not only that, what use is it?

With the invention of calculus three centuries ago1, came

the sometimes hard problem of integration, of finding a func-

tion specified by giving only its derivative, or only slightly

more generally - but usually harder - a relation among two or

more of its derivatives. With the calculus came also Newton's

laws of motion, and the usually very hard problem of integra-

tion to find the motion specified by just the expressions of

those laws as relations among the fundamental observables of

the motion, the positions and their derivatives, the velocities

and accelerations. Each unique physical system had its own

version of those laws, and with each came another sometimes

easy, but more often hard, mathematics problem of integration.

The motions of the planets and the moon, of massive objects

connected by springs, of vibrating beams, of the complex

swirling of fluids in a laboratory experiment, of the ocean and

atmosphere, all present their own version of the problem of

integration. As ubiquitous as the kinds of physical systems

governed by Newton's laws, have been the kinds of systems

of differential equations specifying each its own version of the

problem of integration. Today we can add many more such

systems, involving reaction rates among constituents in chem-

ical mixtures, nerve impulse propagation in biological sys-

tems, light propagation in optical laser cavities, and just about

any kind of real world classical system properly modeled by

relations among physical observables and their derivatives,

that is to say, by systems of differential equations. In the

terminology of mathematicians a system of differential equa-

tions is called a "dynamical system."

A dynamical system governing a real world system is

normally derived by application of fundamental laws, such as

those of mechanics, local thermodynamic equilibrium, elec-

tromagnetic theory, and the like, to the actual system at hand,

or rather more often to a simplified model of the actual system.

When a physical system is complex, the importance of mod-

eling may become paramount, simply to be able to have a

picture we can comprehend and hope to keep track of. But

some physical, chemical, biological and engineering systems

may resist modeling efforts, making the governing, or under-

lying dynamical systems that describe them, defy the imagina-

tive efforts of theorists to find a tractable picture. An

apocryphally familiar crucible of examples is the weather,

where the laws and governing equations are pretty well-

known, but the solution is not.

Is complicated behavior chaos then? What is Chaos? And

what uses does it have?

For two centuries our scientific and engineering ancestors

approached the clearly fundamental problem of integration, of

solving differential equations, of quite literally getting the

38 Naval Research Reviews
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Dialogue on 
Noisy Chaos 

Robert Cawley and Guan-Hsong Hsu 
Naval Surf ace Warf are Center 

I. Introduction 

Genesis 
What is chaos? Where does it come from? And so what? 

Where's the physics? Not only that, what use is it? 
With the invention of calculus three centuries ago1, came 

the sometimes hard problem of integration, of finding a func­
'tion specified by giving only its derivative, or only slightly 
more generally - but usually harder - a relation among two or 
more of its derivatives. With the calculus came also Newton's 
laws of motion, and the usually very hard problem of integra­
tion to find the motion specified by just the expressions of 
those laws as relations among the fundamental observables of 
the motion, the positions and their derivatives, the velocities 
and accelerations. Each unique physical system had its own 
version of those laws, and with each came another sometimes 
easy, but more often hard, mathematics problem of integration. 
The motions of the planets and the moon, of massive objects 
connected by springs, of vibrating beams, of the complex 
swirling of fluids in a laboratory experiment, of the ocean and 
atmosphere, all present their own version of the problem of 
integration. As ubiquitous as the kinds of physical systems 
~ovemed by Newton's laws, have been the kinds of systems 
of differential equations specifying each its own version of the 
problem of integration. Today we can add many more such 
systems, involving reaction rates among constituents in chem-
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ical mixtures, nerve impulse propagation in biological sys­
tems, light propagation in optical laser cavities, and just about 
any kind of real world classical system properly modeled by 
relations among physical observables and their derivatives, 
that is to say, by systems of differential equations. In the 
terminology of mathematicians a system of differential equa­
tions is called a "dynamical system." 

A dynamical system governing a real world system is 
normally derived by application of fundamental laws, such as 
those of mechanics, local thermodynamic equilibrium, elec­
tromagnetic theory, and the like, to the actual system at hand, 
or rather more often to a simplified model of the actual system. 
When a physical system is complex, the importance of mod­
eling may become paramount, simply to be able to have a 
picture we can comprehend and hope to keep track of. But 
some physical, chemical, biological and engineering systems 
may resist modeling efforts, making the governing, or under­
lying dynamical systems that describe them, defy the imagina­
tive efforts of theorists to find a tractable picture. An 
apocryphally familiar crucible of examples is the weather, 
where the laws and governing equations are pretty well­
known, but the solution is not. 

Is complicated behavior chaos then? What is Chaos? And 
what uses does it have? 

For two centuries our scientific and engineering ancestors 
approached the clearly fundamental problem of integration, of 
solving differential equations, of quite literally getting the 

Original fr m 

UNIVERSITY O LLINOIS AT 
URBANA-CHA PAIGN 



answers, by hit and miss trickery, or by brute force. Out of this

approach have come the classical elementary functions, such

as elliptic integrals, Bessel functions and hypergeometric

functions of all sorts, nonlinear equations and systems having

proper names attached, like the Riccati equation and Kepler

system, and even the whole framework of classical perturba-

tion theory. No evident chaos here, however.

But about one century ago a central shift in approach was

introduced by the French mathematician, Henri Poincare.2

Instead of attempting to solve given systems of differential

equations, he in effect re-framed the problem as one of "what

are some of the properties of the solutions that can occur?"

Like Newton before him, whose ruminations about Nature had

led him to invent the calculus, Poincare was led to topology,

and to the formulation of the first foundations of modern

dynamical systems theory. Poincar6's immediate intellectual

successor, the American mathematician, George David

Birkhoff, expanded fundamentally on the approach of

Poincare and carried the program further.3 But the conse-

quences of the early work of Poincare' and Birkhoff entailed

such horrendous complexities and were so discouraging that

research into dynamical systems came to a virtual halt for

nearly half a century.

Is this where Chaos came from?! Poincare and Birkhoff

changed the subject?

The shift in approach to the old calculus problem of

integration, of getting the answers, engineered by Poincare

and Birkhoff, the shift from that of a classical algebra-like

analysis to a qualitative geometrical, or topological, approach

to characterizing logically possible solutions, deserves to be

called a paradigm shift. This near still-birth was revived by

mathematicians in the 1960s,4,5 much closer to a time when

the computer would become available as a catalyst. The new

paradigm was on its way to becoming a literally new calculus.

Revelations I-from the back of the Book

Alright, I assume you will tell us what chaos is pretty soon,

if you can, and where it comes from, and all that. What you

have said so far is something like this: Calculus is everywhere

in the scientific and engineering world, and calculus doesn't

give the answers even when I know the governing laws. It gives

problems, systems of differential equations typically, that cry

out for integration. Then you said that Poincari and Birkhoff

cheated by going to the back of the Book to see what kinds of

answers there are, only they couldn't read some of them very

well somehow because the answers are sometimes very com-

plicated. Finally, you mentioned the computer, which I assume

is going to have little trouble displaying the complicated

answers; and you said the new paradigm, the view from the

back of the Book, has by now become a veritable new calculus.

But you still have not told us what chaos is. And, although I

can imagine the technology importance a new calculus could

have, I'd still like to hear about a specific or two.

Figure 1.

Fractal issuing from the Lorenz system. The trajectory

(x(t),y(t),z(t)) quickly settles down to motion along the compli-

cated curve shown.

In the back of the Book, instead of differential equations, and

actually also their close cousins the difference equations (or,

equivalently, maps,) one finds dynamical systems as flows and

maps that act on manifolds. The manifold for the dynamics is

called the phase space. Asystem of ordinary differential equations

will typically possess trivial constant solutions,6 and periodic

(limit cycle) solutions. The constant solution corresponds to a

fixed point in the manifold for the corresponding flow, while the

periodic solution corresponds to a simple closed curve. Owing to

the geometric character of the phase space picture, periodic

solutions are also called periodic orbits. But another kind of

solution which now appears to occur typically in systems of

differential equations, and which often used to be discarded when

it was turned out by a computerj instead is simply aperiodic, that

is, a sustained irregular oscillation. An aperiodic solution ren-

dered in the phase space by a computer gives what looks like a

pretty good fractal8 (see Figure 1). This kind of solution behavior

is called chaos, and the phase space orbit a chaotic orbit. An oft

cited example is the Lorenz system specified by the following

equations in three dimensional space, R3

-£=px-y-xz,(x,y,z)eR3 (1)
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answers, by hitand miss trickery, or by brute force. Out of this 
approach have come the classical elementary functions, such 
as elliptic integrals, Bessel functions and hypergeometric 
functions of all sorts, nonlinear equations and systems having 
proper names attached, like the Riccati equation and Kepler 
system, and even the whole framework of classical perturba­
tion theory. No evident chaos here, however. 

But about one century ago a central shift in approach was 
introduced by the French mathematician, Henri Poincare.2 

Instead of attempting to solve given systems of differential 
equations, he in effect re-framed the problem as one of"what 
are some of the properties of the solutions that can occur?" 
Like Newton before him, whose ruminations about Nature had 
led him to invent the calculus, Poincare was led to topology, 
and to the formulation of the first foundations of modem 
dynamical systems theory. Poincare's immediate intellectual 
successor, the American mathematician, George David 
Birkhoff, expanded fundamentally on the approach of 
Poincare and carried the program further.3 But the conse­
quences of the early work of Poincare and Birkhoff entailed 
such horrendous complexities and were so discouraging that 
research into dynamical systems came to a virtual halt for 
nearly half a century. 

ls this where Chaos came from?! Poincare and Birkhoff 
changed the subject? 

The shift in approach to the old calculus problem of 
integration, of getting the answers, engineered by Poincare 
and Birkhoff, the shift from that of a classical algebra-like 
analysis to a qualitative geometrical, or topological, approach 
to characterizing logically possible solutions, deserves to be 
called a paradigm shift This near still-birth was revived by 
mathematicians in the I 960s,4.s much closer to a time when 
the computer would become available as a catalyst. The new 
paradigm was on its way to becoming a literally new calculus. 

Revelations I-from the back of the Book 
Alright,/ assume you will tell us what chaos is pretty soon, 

if you can, and where it comes from, and all that. What you 
have said so far is something like this: Calculus is everywhere 
in the scientific and engineering world, and calculus doesn't 
give the answers even when I know the governing laws. It gives 
problems, systems of differential equations typically, that cry 
out/or integration. Then you said that Poincare and Birkhoff 
cheated by going to the back of the Book to see what kinds of 
answers there are, only they couldn't read some of them very 
well somehow because the answers are sometimes very com­
plicated. Finally, you mentioned the computer, which I assume 
is going to have little trouble displaying the complicated 
answers; and you said the new paradigm, the view from the 
back of the Book, has by now become a veritable new calculus. 
But you still have not told us what chaos is. And, although I 
can imagine the technology importance a new calculus could 
have. I'd still like to hear about a specific or two. 
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will typically possess trivial constant solutions,6 and periodic 
(limit cycle) solutions. The constant solution corresponds to a 
fixed point in the manifold for the corresponding flow, while the 
periodic solution corresponds to a simple closed curve. Owing to 
the geometric character of the phase space picture, periodic 
solutions are also called periodic orbits. But another kind of 
solution which now appears to occur typically in systems of 
differential equations, and which often used to be discarded when 
it was turned out by a computer,? instead is simply aperiodic, that 
is, a sustained irregular oscillation. An aperiodic solution ren­
dered in the phase space by a computer gives what looks like a 
pretty good fractal& (see Figure I). This kind of solution behavior 
is called chaos, and the phase space orbit a chaotic orbit. An oft 
cited example is the Lorenz system specified by the following 
equations in three dimensional space, R3 

dx 
- = <:r(y - x) 
dt 

di= px - y - xz, (x,y,z) eR3 (I) 

dz 
dt = - ~ tiffJ al from 
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where a, P and p are constants. For the parameter choice, o =

10, p = 10/3 and p = 28 the fractal of Figure 1 results.

So, Chaos is a sustained irregular oscillation solution?

With stress on the word solution, I presume.

With a few buts. There are issues we can't go into here

due to lack of space. For instance, in a mathematical setting,

we should insist upon a precise definition of chaos, so we can

really say something about it, thus we might require there be

a "Smale horseshoe" in the dynamics. At another level of

refinement, we may want to require the existence of at least

one positive Lyapounov exponent in order to distinguish cha-

otic from strange nonchaotic behavior. In the latter the phase

portrait may be a fractal, but a time series issuing from the

equations of motion, although aperiodic, doesn't possess ex-

treme sensitivity to initial conditions, a feature usually re-

quired of chaos.

Gospel

Chaos isn't physics, then, it's a kind of kinematics. Sup-

pose I observe chaotic behavior in an experiment, what then?

Where's the science?

That's right, it isn't physics, or chemistry, or biology, or

meteorology, or any of the scientific or engineering areas in

which chaotic behavior may be found. Like periodic oscilla-

tion, it is a universal category of behavior, and at one level of

description the "science of Chaos" is basically a kinematic

science. The term "science of chaos" is nearly oxymoronic,

however; the science in question is really that of dynamical

systems theory, together with its applications and manifesta-

tions in the world. If I observe chaotic behavior in an experi-

ment, it is a very strong indicator of the presence of an

underlying dynamical system governing the behavior of the

system under observation. This presence is arguably the most

interesting thing at least initially, not the romance of finding

chaos.

Well, suppose I observe periodic behavior. That should be

an equally strong indicator of the presence of an underlying

dynamical system, shouldn't it?

The two phenomena do have an equal status, in that

respect. But there are a couple of important practical differ-

ences nonetheless. The first is that an underlying simplicity of

the sort implicit in a real world system's being well modeled

by just a few coupled ordinary differential equations, let us say,

would not have been expected in general from aperiodic

behavior until now. The evidence of the simplicity in the case

of periodic behavior is immediate in the regular behavior of

the observed date; in the case of aperiodic behavior one doesn't

see that simplicity until one looks at a phase space representa-

tion, a phase portrait, if I may say so. So, the mere determina-

tion that an aperiodic behavior is some simple form of chaos,

rather than random noise is a significant observation about the

data. The second difference is that stable periodic behavior by

itself gives little information about the underlying dynamics.

A simple periodic orbit can sample only a very tiny portion of

the phase space. On the other hand, a chaotic (or strange

nonchaotic) orbit call fill a dimensionally nontrivial fractal set.

It explores possibly several independent directions,9 and in so

doing gives evidence of a better bound, a lower bound, on the

number of first order equations, m, needed for a model. The

latter is synonymous with system size, i.e., with the number of

degrees of freedom needed to specify the underlying dynam-

ics. The number m, which, of course, is always an integer, is

called the topological dimension for the dynamics.

It would be nice if we reliably could measure m directly

from the data!

Yes. It would.

Quest for the Grail

OK, so if I find that a noisy aperiodic quantity is actually

the output of a chaotically behaving system I can infer the

likely existence of a simple set of rules producing that behavior.

And if I know that much, I might be led to search for a simple

model despite the extremely complicated behavior in the data,

and where otherwise I might have missed this opportunity. I'd

just have to put physics in to get physics out, which is fine with

me.

Exactly. Chaos is not a Silver Bullet. Still, you are a gentle

scholar to be so agreeable, and to convert so readily. But you

have just fingered one of the essential points. It naturally

follows that a simple model could require that m not be too

large! So one of the First Holy Grails of a chaos hunt in

experimental time series is the uncovering of good clean

evidence of the likely presence of low dimensional dynamics.

That's nice. Can you tell me another First Holy Grail story

about chaos?

The "science of chaos" is a House with many Mansions,

which space again does not permit me to go into, if I may say

so. One example is the control of chaos, achieved by a loop

generating a sequence of successive small parameter

tweakings-cf. Equation (1), in which a, P and p are system

parameters. It is sometimes possible to exchange chaotic be-

havior for a stably periodic behavior, which is what is meant

by control here. Of course, any system parameters varied to

achieve control, must be experimentally accessible.10,11 The

method exploits the typical circumstance that a chaotic time

series cycles in and out of unstable periodic segments, by

locking in the periodic behavior one seeks to control for.

It seems to me that if I want to control chaos in this way,

the first thing T d like to have is that my system be deterministic

as opposed to random. An m-dimensional governing dynami-

cal system, a system of first-order ordinary differential equa-

tions, gives me this. I don't need m to be small to have

determinism. So maybe I can control high dimensional chaos?

I'm glad to see you've recovered your critical faculty,

gentle scholar. You are probably right, but the experimental

situation is not yet entirely clear; see Reference.12 For a
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where a. ~ and p are constants. For the parameter choice. a= 
IO. ~ = 10/3 and p = 28 the fractal of Figure 1 results. 

So, Chaos is a sustained irregular oscillation solution? 
With stress on the word solution, I presume. 

With a few buts. There are issues we can't go into here 
due to lack of space. For instance, in a mathematical setting, 
we should insist upon a precise definition of chaos, so we can 
really say something about it, thus we might require there be 
a "Smale horseshoe" in the dynamics. At · another level of 
refinement, we may want to require the existence of at least 
one positive Lyapounov exponent in order to distinguish cha­
otic from strange nonchaotic behavior. In the latter the phase 
portrait may be a fractal, but a time series issuing from the 
equations of motion, although aperiodic, doesn't possess ex­
treme sensitivity to initial conditions, a feature usually re­
quired of chaos. 

Gospel 
Chaos isn't physics, then, it's a kind of kinematics. Sup­

pose I observe chaotic behavior in an experiment, what then? 
Where's the science? 

That's right, it isn't physics, or chemistry, or biology, or 
meteorology, or any of the scientific or engineering areas in 
which chaotic behavior may be found. Like periodic oscilla­
tion, it is a universal category of behavior, and at one level of 
description the "science of Chaos" is basically a kinematic 
science. The term "science of chaos" is nearly oxymoronic, 
however; the science in question is really that of dynamical 
systems theory, together with its applications and manifesta­
tions in the world. If I observe chaotic behavior in an experi­
ment, it is a very strong indicator of the presence of an 
underlying dynamical system governing the behavior of the 
system under observation. This presence is arguably the most 
interesting thing at least initially, not the romance of finding 
chaos. 

Well, suppose I observe periodic behavior. That should be 
an equally strong indicator of the presence of an underlying 
dynamical system, shouldn't it? 

The two phenomena do have an equal status, in that 
respect. But there are a couple of important practical differ­
ences nonetheless. The first is that an underlying simplicity of 
the sort implicit in a real world system's being well modeled 
by just a few coupled ordinary differential equations, let us say, 
would not have been expected in general from aperiodic 
behavior until now. The evidence of the simplicity in the case 
of periodic behavior is immediate in the regular behavior of 
the observed date; in the case of aperiodic behavior one doesn't 
see that simplicity until one looks at a phase space representa­
tion, a phase portrait, if I may say so. So. the mere detennina­
tion that an aperiodic behavior is some simple form of chaos, 
rather than random noise is a significant observation about the 
data. The second difference is that stable periodic behavior by 
itself gives little infonnation about the underlying dynamics. 
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A simple periodic orbit can sample only a very tiny portion of 
the phase space. On the other hand, a chaotic (or strange 
nonchaotic) orbit call fill a dimensionally nontrivial fractal set. 
It explores possibly several independent directions,9 and in so 
doing gives evidence of a better bound, a lower bound, on the 
number of first order equations. m, needed for a model. The 
latter is synonymous with system size, i.e., with the number of 
degrees of freedom needed to specify the underlying dynam­
ics. The number m. which, of course, is always an integer, is 
called the topological dimension for the dynamics. 

It would be nice if we reliably could measure m directly 
from the data! 

Yes. It would. 

Quest for the Grail 
OK, so if I find that a noisy aperiodic quantity is actually 

the output of a chaotically behaving system I can infer the 
likely existence of a simple set of rules producing that behavior. 
And if I know that much, I might be led to search/or a simple 
model despite the extremely complicated behavior in the data, 
and where otherwise I might have missed this opportunity. I'd 
just have to put physics in to get physics out, which is fine with 
me. 

Exactly. Chaos is not a Silver Bullet. Still, you are a gentle 
scholar to be so agreeable, and to convert so readily. But you 
have just fingered one of the essential points. It naturally 
follows that a simple model could require that m not be too 
large! So one of the First Holy Grails of a chaos hunt in 
experimental time series is the uncovering of good clean 
evidence of the likely presence of low dimensional dynamics. 

That's nice. Can you tell me another First Holy Grail story 
about chaos? 

The "science of chaos" is a House with many Mansions, 
which space again does not permit me to go into, if I may say 
so. One example is the control of chaos, achieved by a loop 
generating a sequence of successive small parameter 
tweakings-cf. Equation (1), in which a, ~ and p are system 
parameters. It is sometimes possible to exchange chaotic be­
havior for a stably periodic behavior, which is what is meant 
by control here. Of course, any system parameters varied to 
achieve control, must be experimentally accessible.10

•
11 The 

method exploits the typical circumstance that a chaotic time 
series cycles in and out of unstable periodic segments, by 
locking in the periodic behavior one seeks to control for. 

It seems to me that if I want to control chaos in this way, 
the first thing I'd like to have is that my system be deterministic 
as opposed to random. An m-dimensional governing dynami­
cal system, a system of first-order ordinary differential equa­
tions, gives me this. I don't need m to be small to have 
determinism. So maybe I can control high dimensional chaos? 

I'm glad to see you've recovered your critical faculty, 
gentle scholar. You are probably right, but the experimental 
situation is not yet entirely lear· e Reference.12 For a n I rom 
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theoretical treatment see Reference.13 But now that I have told

you more or less what chaos is, exactly where it comes from,

pretty much where the physics is, if I may say so, and a couple

of the motivational so what's for studying it, it is time to add

the noise. For that, I should best turn to experiment, which

indeed some say makes Truth appear!

Does experiment make technology applications appear?

Revelations II-through a glass darkly

Experimentalists operate from the back of the Book. What

they measure are answers, and we'd like to learn as much

about the questions as we can. These reflect the underlying

laws and principles of system behavior. Experimental results

always will be contaminated by some noisy background inter-

ference, however, so one really measures distorted versions of

the answers, seeing through a glass darkly, as it were. From a

theoretical point of view, there are two principal kinds of noise,

additive noise and dynamical noise. The former models exper-

imental effects of instrument noise, such as photomultiplier

tube shot noise, while the latter models more subtle effects

persistently present in the actual behavior of the experimental

system we are trying to observe. The fluctuating effects of

background or reservoir coupling to a system are an example

of dynamical noise. Inevitably, both kinds are present, and

while the presence of such noise may not be effective in

masking a periodic system oscillation, it can create significant

problems in an experimentalist's ability to recognize chaotic

behavior. Noise contamination can also limit the efficacy of

experimental control of chaos.14

/ can't resist observing the irony present in the fact that a

discipline as intricate and abstract as topology should lie bed

fellow in the back of the Book with something as down to earth

as experimental science. But I'll be quiet for a while now and

let you finish your story of noisy chaos.

Thank you, you've been a wonderful foil. I'll make two

final remarks, then describe some actual recent noise reduction

work. The idea that extremely complicated data may some-

times reflect an underlying, albeit nonlinear, simplicity is an

exciting and seductive one. It has been confirmed in numerous

experiments. It has also been over-indulged, unfortunately,

and some of the claims for observation of chaos are surely

erroneous. The idea that chaotic dynamics might be uncovered

after removal of a contaminating noisy background is an easy

extension, and possibly even more exciting and seductive. It

is probably not useless to note that this too is likely to be

abused. If we are lucky, we will nonetheless find some suc-

cesses here, too.

I don't think I can stress enough the fact that "chaos" is

not a Silver Bullet. If I examine data from some complex

system and find chaos, all I have found is a proper character-

ization of the content of an answer in the back of the Book. I

may deduce the presence of some simple governing equations,

but I don't get those equations nor more importantly the

principles of the underlying model they express. This last takes

extra work. As the old saying in the physics community goes,

I do have to put physics in, to get physics out. Or, physiology

in, to get physiology out - medical researchers, please take

note.

Wait. Please don't go on without telling me about technol-

ogy applications potential.

I will. I'll tell you at the end.

II. Approaches to the problem

A complicating feature to the chaotic noise-reduction

problem is that the chaotic signal will have a broadband

spectrum just like the noisy broadband contaminant we wish

to remove. Traditional band-passing techniques might result

in unacceptable signal distortions, or simply be ineffective. A

general approach to the problem may be seen to proceed

through four steps, which exploit the phase space picture of a

dynamical system. The local geometric projection (LGP)

method introduced by the authors15,16 was the first to employ

all four steps in a reasonably systematic way. Previous meth-

ods have employed variously one, two or three of these four

elements. Given a scalar time series which may be a voltage

output of a sensor through which an experimental observation

is being made, for example, the four steps are:

(1) represent v(t) through some kind of embedding con-

struction, as a "data-state" vector time series p(t) in a

d-dimensional Euclidean space Rd;

(2) through some protocol of "noise reduction," construct

from p(r) a "cleaner," ^candidate data-state vector re-

placement time series, p (0;

(3) disembed, i.e., construct from p (t) a suitable scalar

replacement time series v (t); and

(4) iterate the procedure until maximum, or at least satisfac-

tory, noise reduction has been achieved.

The mathematical idea behind this approach is that, under

the dynamical hypothesis on the data, there is a true noise-free

orbit contained in an m-dimensional manifold M. The embed-

ding construction, under which M -* M' c: Rd should give a

complete representation of the orbit dynamics provided d is

large enough that an embedding actually results (see Figure

2). The observed quantity v(t) is then a noisy version of one of

the coordinates for the system, such as the coordinate x(t) in

the Lorenz system, for example.

Most noise reduction methods so far have centered around

various approaches to step (2). It has also been recognized that

some noise reduction may be achieved right away in step (1)

by what amounts to suitable coordinate choices. Except for the

authors, scant notice has been paid the role of step (3); and

likewise step (4) has received little or no attention except as

an end in itself.
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theoretical treatment see Reference. 13 But now that I have told 
you more or less what chaos is, exactly where it comes from, 
pretty much where the physics is, if I may say so, and a couple 
of the motivational so what's for studying it, it is time to add 
the noise. For that, I should best tum to experiment, which 
indeed some say makes Truth appear! 

Does experiment make technology applications appear? 

Revelations II-through a glass darkly 
Experimentalists operate from the back of the Book. What 

they measure are answers, and we'd like to learn as much 
about the questions as we can. These reflect the underlying 
laws and principles of system behavior. Experimental results 
always will be contaminated by some noisy background inter­
ference, however, so one really measures distorted versions of 
the answers, seeing through a glass darkly, as it were. From a 
theoretical point of view, there are two principal kinds of noise, 
additive noise and dynamical noise. The former models exper­
imental effects of instrument noise, such as photomultiplier 
tube shot noise, while the latter models more subtle effects 
persistently present in the actual behavior of the experimental 
system we are trying to observe. The fluctuating effects of 
background or reservoir coupling to a system are an example 
of dynamical noise. Inevitably, both kinds are present, and 
while the presence of such noise may not be effective in 
masking a periodic system oscillation, it can create significant 
problems in an experimentalist's ability to recognize chaotic 
behavior. Noise contamination can also limit the efficacy of 
experimental control of chaos.14 

I can't resist observing the irony present in the fact that a 
discipline as intricate and abstract as topology should lie bed 
fellow in the back of the Book with something as down to earth 
as experimental science. But I'll be quiet for a while now and 
let you finish your story of noisy chaos. 

Thank you, you've been a wonderful foil. I'll make two 
final remarks, then describe some actual recent noise reduction 
work. The idea that extremely complicated data may some­
times reflect an underlying, albeit nonlinear, simplicity is an 
exciting and seductive one. It has been confirmed in numerous 
experiments. It has also been over-indulged, unfortunately, 
and some of the claims for observation of chaos are surely 
erroneous. The idea that chaotic dynamics might be uncovered 
after removal of a contaminating noisy background is an easy 
extension, and possibly even more exciting and seductive. It 
is probably not useless to note that this too is likely to be 
abused. If we are lucky, we will nonetheless find some suc­
cesses here, too. 

I don't think I can stress enough the fact that "chaos" is 
not a Silver Bullet. If I examine data from some complex 
system and find chaos, all I have found is a proper character­
ization of the content of an answer in the back of the Book. I 
may deduce the presence of some simple governing equations, 
but I don't get those equations nor more importantly the 
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principles of the underlying model they express. This last takes 
extra work. As the old saying in the physics community goes, 
I do have to put physics in, to get physics out. Or, physiology 
in, to get physiology out - medical researchers, please take 
note. 

Wait. Please don't go on without telling me about technol­
ogy applications potential. 

I will. I'll tell you at the end. 

II. Approaches to the problem 
A complicating feature to the chaotic noise-reduction 

problem is that the chaotic signal will have a broadband 
spectrum just like the noisy broadband contaminant we wish 
to remove. Traditional band-passing techniques might result 
in unacceptable signal distortions, or simply be ineffective. A 
general approach to the problem may be seen to proceed 
through four steps, which exploit the phase space picture of a 
dynamical system. The local geometric projection (LGP) 
method introduced by the authors15

•
16 was the first to employ 

all four steps in a reasonably systematic way. Previous meth­
ods have employed variously one, two or three of these four 
elements. Given a scalar time series which may be a voltage 
output of a sensor through which an experimental observation 
is being made, for example, the four steps are: 

(1) 

(2) 

(3) 

represent v(t) through some kind of embedding con­
struction, as a "data-state" vector time series p(t) in a 
d-dimensional Euclidean space Rd; 

through some protocol of "noise reduction," construct 
from p(t) a "cleaner," candidate data-state vector re­
placement time series, p (t); 
disembed, i.e., construct from p (t) a suitable scalar 
replacement time series C (t); and 

(4) iterate the procedure until maximum, or at least satisfac­
tory, noise reduction has been achieved. 

The mathematical idea behind this approach is that, under 
the dynamical hypothesis on the data, there is a true noise-free 
orbit contained in an m-dimensional manifold M. The embed­
ding construction, under which M-+ M' c Rd should give a 
complete representation of the orbit dynamics provided d is 
large enough that an embedding actually results (see Figure 
2). The observed quantity v(t) is then a noisy version of one of 
the coordinates for the system, such as the coordinate x(t) in 
the Lorenz system, for example. 

Most noise reduction methods so far have centered around 
various approaches to step (2). It has also been recognized that 
some noise reduction may be achieved right away in step (1) 
by what amounts to suitable coordinate choices. Except for the 
authors, scant notice has been paid the role of step (3); and 
likewise step (4) has received little or no attention except as 
an end in itself. Origil)al fr m 
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An imaginative early approach based on linear signal pro-

cessing ideas and constituting the first method based on step (1)

was Broomhead and King's singular value truncation.17 Strictly,

their "trajectory matrix" truncation procedure was not pro-

pounded as a noise reduction method, but rather an approxima-

tion approach based on efficient choice of coordinates to reduce

the relative contribution of the noise. The method can be profit-

ably applied only to moderately well sampled flow data (i.e.,

analog data). An extensive investigation into questions of optimal

choice of coordinates was given by Casdagli, et a/,18 In these

approaches, steps (2)-(4) do not appear.

The most generally useful of the early noise reduction

efforts is probably that of Kostelich and Yorke19. This ap-

proach, which employs steps (1), (2) and (4), never dis-

embedding, makes use of dynamical information implicit in

the data by means of a learning technique. Farmer and

Sidorowich20 also employ a learning technique and exploit

technical properties of chaos, viz. expanding and contracting

behavior along unstable and stable directions, to achieve noise

reduction. These authors use steps (1), (2) and (4), also. The

methods of References 19,20 are applicable to both map and

flow data although the latter reported application to only very

Figure 2.

. The Ruelle-Takens embedding construction shown for the Lorenz system, where M-R3 xt represents a point from the curve

shown in Figure 1. S, in general, is the connection between the system under observation, which mathematically lies in M, and

the experimental observation itself, V(t). The construction is applied here to the case d=2, so it cannot be an embedding. This

is reflected in the evident occasional self-intersections ("imperfections") of the fractal curve shown. When d is large enough the

self-intersections go away, giving then an embedding, a "perfect" presentation. The d-2 picture can also be considered as a

projection into the first two components of an embedding with sufficiently high d. Like the phase portrait in Figure 1, the embedded

trajectory cannot have self-intersections.
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An imaginative early approach based on linear signal pro­
~ing ideas and constituting the first method based on step (I) 
was Broomhead and King's singular value truncation.17 Strictly, 
their "trajectory matrix" truncation procedure was not pro­
pounded as a noise reduction method, but rather an approxima­
tion approach based on efficient choice of coordinates to reduce 
the relative contribution of the noise. The method can be profit­
ably applied only to moderately well sampled flow data (i.e., 
analog data). An extensive investigation into questions of optimal 
choice of coordinates was given by Casdagli, et al,18 In these 
approaches, steps (2)-( 4) do not appear. 

Figure 2. 

The most generally useful of the early noise reduction 
efforts is probably that of Kostelich and Yorke19

. This ap­
proach, which employs steps (I), (2) and (4), never dis­
embedding, makes use of dynamical information implicit in 
the data by means of a learning technique. Farmer and 
Sidorowich20 also employ a learning technique and exploit 
technical properties of chaos, viz. expanding and contracting 
behavior along unstable and stable directions, to achieve noise 
reduction. These authors use steps (1), (2) and (4), also. The 
methods of References 19.2o are applicable to both map and 
flow data although the latter reported application to only very 

. The Ruelle-Takens embedding construction shown for the Lorenz system, where M-R3
. Xt represents a point from the curve 

shown in Figure 1. S, in general, is the connection between the system under observation, which mathematically lies in M, and 
the experimental observation itself. V(t). The construction is applied here to the case d=2 , so it cannot be an embedding. This 
is reflected in the evident occasional self-intersections ("imperfections") of the fractal curve shown. When dis large enough the 
self-intersections go away, giving then an embedding, a "perfect" presentation. The d=2 picture can also be considered as a 
projection into the first two components of an embedding with sufficiently high d. Like the phase portrait in Figure 1, the embedded 
trajectory cannot have self-intersections. 
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low levels of noise. Shadowing methods, ' which have

employed steps (1), (2) and (4), are somewhat related to those

of Reference,19 but they have only been applied to two-dimen-

sional maps. In an unusual approach Marteau and

Arbarbanel23 employ steps (1), (2) and (4), but assume a priori

knowledge of a sample clean reference orbit Noise reduction

is achieved by a conditional probability technique. Substantial

improvements can result from other noise reduction methods

also when a sample reference orbit is available. This is true for

the LGP method24 and it is true for a prediction-based method

(evolved trajectory minimization) due to Kadtke and Brush25.

The latter authors report use of only step (2) in Reference25,

but also have had good results using steps (1) and (2)26.

Grassberger and Schreiber27 implement a modification of a

conventional local smoothing procedure on the given scalar

time series v(t), with the smoothing coefficients being deter-

mined by the local distribution of data-state vector values p(t)

rather than just those of v(t) local in time. Like our own, this

method is actually a local geometric one, but where step (3) is

unnecessary since step (2) is implemented only on v(t) itself;

the method leads to good results. Finally, and most recently,

Sauer28 has implemented a modification of our scheme, which

he also applies to very high levels of noise, and with good

results. He does not report results for application to maps or

to coarsely sampled flows.

III. LGP method for noise

reduction-a case study

To describe the LGP method, we describe what happens

in each of the four steps listed in the previous section. Full

details are in Reference16.

Step 1. Embedding construction. We consider first the

noise-free chaotic case where the observation v(t)=V(t). To

have a complete representation of the chaotic dynamics pro-

ducing V(t) it is not necessary to measure all of the variables

of the system. For example, if V(t)=x(t) for the Lorenz system,

eqs. (1), we do not somehow have to gety(7) and z(t) also. One

possibility may be to choose as coordinates for the phase

space, (V (t),V(t),V (t)), say, where we have assumed three

dimensions-about which more in a moment. This was the state

space reconstruction studied originally by Packard, et al.29

However, the numerical differentiation of observational data

required for this method amplifies high frequency noise that

inevitably must contaminate V(t). Another approach, not suf-

fering from this problem, appears first to have been suggested

by D. Ruelle (see Ref.29), namely, the delay coordinate con-

struction (DCC). Here the coordinate choice for three dimen-

sions is (V (t)y (t + A ),V (t + 2A )), where A * 0 is called the

delay. In each of these examples the data scalar V(t) has been

converted to a three-dimensional data-state vector.

Mathematical justification for each of these procedures

was provided by Takens30. Takens' Theorem says that the map

O from the m-dimensional manifold M for the dynamics

reflected in V(t), into the d-dimensional Euclidean Space Rd

specified by the coordinate choices using V(t) along with its

derivatives (d-l of them) or the delays (up to (d-l) A), is very

generally going to be an embedding (i.e. "perfect") as long as

d >2m. The data-state vector orbit in R* will thus be contained

wholly in the embedded image M' = <X> (Af). Since we may not

know m experimentally we do not generally know whether an

embedding will result for a given choice of d (see Figure 2).

However, more recent mathematical work has provided a

considerable softening of the restriction on d to d >2dA where

dA is the fractal dimension of the attractor a holding the

data-state vector orbit.31

Thus, while in fact an experimental observation is always

somewhat noisy, i.e., so that

v(0 = K(0 + eri(0,e>0, (2)

where T|(t) is a normalized random process representing the

noise, the DCC can at least provide an embedding for the

deterministic part. The main features of the Takens construc-

tion are depicted in Figure 2.

Step 2. "Official" noise reduction. It is here that most

methods differ from one another. But it should be stressed that

significant noise reduction can also occur in Step 3 (see

below)!

The idea of the LGP method is very simple. For suffi-

ciently large d, all the dynamics implicit in V(t) lies in A/', but

the noise contribution to the data-state vector for v(t), i.e. to

p (t) = (v iQtff + A),...,v (f + (d- 1) A)), (3)

explores every possible direction in Rd including those lying

off of M'. So, we just estimate where M' is from the noisy data,

p(7), and move the points of p(7) towards our best guess for

M'! Thus p(t)^>p (t), the "cleaned up" vector time series.

The problem of locating M', whether it is some sort of

distorted donut or hyper-torus, a garbly-looking multi-dimen-

sional ellipsoid, or a funny saddle, in all cases if we look only

at a small cloud of neighboring points, this small part will look

flat. That is exactly what it means for M' to be a (differentiable)

manifold, namely to be locally flat. So, our strategy is to

estimate local hyperplanes tangent to M\ These are the so-

called tangent spaces. Since there will also be some small

non-flatness (see Figure 3), we don't specify p (t) by moving

the noisy points of p(0 into these estimated tangent spaces, but

only halfway towards them.

Step 3. Disembedding. Although p(t) is a delay coordinate

construction by definition (eq. (3)), the cleaned up version is

almost surely not. But the right answer, viz.

P (I) = ( V(t)tV(t + A),V(t + A),...,V(t + (d-l) A)), (4)

certainly is. Thus we seek a best scalar time series v (r) that

will produce a data-state vector orbit as close as possible to
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low levels of noise. Shadowing methods, 21 
;i,

2 which have 
employed steps (1), (2) and (4), are somewhat related to those 
of Reference, 19 but they have only been applied to two-dimen­
s i o nal maps. In an unusual approach Marteau and 
Arbarbanel23 employ steps (1), (2) and (4), but assume a priori 
knowledge of a sample clean reference orbit Noise reduction 
is achieved by a conditional probability technique. Substantial 
improvements can result from other noise reduction methods 
also when a sample reference orbit is available. This is true for 
the LGP method24 and it is true for a prediction-based method 
(evolved trajectory minimization) due to Kadtke and Brush25. 

The latter authors report use of only step (2) in Reference25
, 

but also have had good results using steps (1) and (2)26. 

Grassberger and Schreiber27 implement a modification of a 
conventional local smoothing procedure on the given scalar 
time series v(t), with the smoothing coefficients being deter­
mined by the local distribution of data-state vector values p(t) 
rather than just those of v( t) local in time. Like our own, this 
method is actually a local geometric one, but where step (3) is 
unnecessary since step (2) is implemented only on v(t) itself; 
the method leads to good results. Finally, and most recently, 
Sauer28 has implemented a modification of our scheme, which 
he also applies to very high levels of noise, and with good 
results. He does not report results for application to maps or 
to coarsely sampled flows. 

III. LGP method for noise 
reduction-a case study 

To describe the LGP method, we describe what happens 
in each of the four steps listed in the previous section. Full 
details are in Reference16

. 

Step 1. Embedding construction. We consider first the 
noise-free chaotic case where the observation v(t)=V(t). To 
have a complete representation of the chaotic dynamics pro­
ducing V(t) it is not necessary to measure all of the variables 
of the system. For example, ifV(t)=x(t) for the Lorenz system, 
eqs. (1), we do not somehow have to gety(t) and z(t) also. One 
possibility may be to choose as coordinates for the phase 
space, ( V (t),V (t), V (t) ), say, where we have assumed three 
dimensions-about which more in a moment. This was the state 
space reconstruction studied originally by Packard, et al. '19 

However, the numerical differentiation of observational data 
required for this method amplifies high frequency noise that 
inevitably must contaminate V(t). Another approach, not suf­
fering from this problem, appears first to have been suggested 
by D. Ruelle (see Ref.29), namely, the delay coordinate con­
struction (DCC). Here the coordinate choice for three dimen­
sions is (V (t),v (t + A ),V (t + 2~) ), where A -:t= 0 is called the 
delay. In each of these examples the data scalar V(t) has been 
converted to a three-dimensional data-state vector. 

Mathematical justification for each of these procedures 
was provided by Takens30

. Takens' Theorem says that the map 

Digitized by 

<l> from the m-dimensional manifold M for the dynamics 
reflected in V(t), into the d-dimensional Euclidean Space Rd 
specified by the coordinate choices using V (t) along with its 
derivatives ( d-1 of them) or the delays (up to (d-1) A), is very 
generally going to be an embedding (i.e. "perfect") as long as 
d >2m. The data-state vector orbit in Rd will thus be contained 
wholly in the embedded image M' = <l> (M). Since we may not 
know m experimentally we do not generally know whether an 
embedding will result for a given choice of d (see Figure 2). 
However, more recent mathematical work has provided a 
considerable softening of the restriction on d to d >2d" where 
d" is the fractal dimension of the attractor " holding the 
data-state vector orbit.31 

Thus, while in fact an experimental observation is always 
somewhat noisy, i.e., so that 

V (t) = V (t) + £1'\ (t) , £ >0, (2) 

where Tt(t) is a normalized random process representing the 
noise, the DCC can at least pr9vide an embedding for the 
deterministic part. The main features of the Takens construc­
tion are depicted in Figure 2. 

Step 2. "Official" noise reduction. It is here that most 
methods differ from one another. But it should be stressed that 
significant noise reduction can also occur in Step 3 (see 
below)! 

The idea of the LGP method is very simple. For suffi­
ciently large d, all the dynamics implicit in V(t) lies in M', but 
the noise contribution to the data-state vector for v(t), i.e. to 

p (t) = (v (t),v(t + ~) .... ,v (t + (d - 1) A)), (3) 

explores every possible direction in Rd including those lying 
off of M'. So, we just estimate where M' is from the noisy data, 
p(t), and move the points of p(t) towards our best guess for 
M'! Thus p (t) ➔ p (t), the "cleaned up" vector time series. 

The problem of locating M', whether it is some sort of 
distorted donut or hyper-torus, a garbly-looking multi-dimen­
sional ellipsoid, or a funny saddle, in all cases if we look only 
at a small cloud of neighboring points, this small part will look 
flat. That is exactly what it means for M' to be a (differentiable) 
manifold, namely to be locally flat. So, our strategy is to 
estimate local hyperplanes tangent to M'. These are the so­
called tangent spaces. Since there will also be some small 
non-flatness (see Figure 3), we don't specify p (t) by moving 
the noisy points of p(t) into these estimated tangent spaces, but 
only halfway towards them. 

Step 3. Disembedding. Although p(t) is a delay coordinate 
construction by definition (eq. (3)), the cleaned up version is 
almost surely not. But the right answer, viz. 

P (t) = ( V(t),V(t + ~),V(t + ~) .... ,V(t + (d- 1) ~)), (4) 

certainly is. Thus we seek a best scalar time series C (t) that 
will produce a data-state vector rbit as£ lose as possible to 
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p (O-This is our first guess at V (t). To do this we minimize the

error,

v(t) = V(t) + er\(t),

(8)

E=H^(0-v(f+0'-l)A)f

t j=\

(5)

Except for t-values near the end-points of the sum, the

minimizing v(0 is given by

(6)

Similar expressions result for end-point range f-values.16

Notice if p (f) were actually P(t) as shown in eq,(4), then

v (f) in eq.(6) would become V(t) as we should require. Since

there will surely be some noise still present in p (t), we can

imagine that the averaging that occurs in eq.(6) will provide

further noise reduction. This expectation is borne out in nu-

merical computations.

Summarizing the effects of steps (l)-(3), we have that

v (0 -> P (0 -* p (0 -> v (0, that is, the LGP algorithm A has

mapped the scalar time series v(t) to a cleaned-up scalar time

series v (0, i.e. A : v (0 —»v (/). We are ready now for

Step 4. Iteration to maximum improvement. We define the

improvement in terms of signal-to-noise ratio (SNR). The

initial SNR in dB is

1 6ellr|(0 II

(7)

where II • II denotes root-mean square power. Following eq.

(2), we write the cleaned-up time series as

Figure 3.

Tangent plane Tp M' to M' at a point p. a' refers to the image

of the strange attractorA on which the orbit under observation

is assumed to lie.

so the output SNR in dB is

5 = 201ogIlmS)li'

(9)

Since 6 can measure the strength of the noise, we simply

normalize T|(t) to suit our convenience. We take II r|(0 II = 1.

Then the SNR improvement is

8 = 5-5. = 201og tttv

II 11(0 II'

(10)

which depends only^ on the relative output noise power. Under

n iterates, v (0 -> vn (0. and 8 -> 8n~delta sub n. In Figure 4

(a) we show plots of SNR vs. n for some model calculations.

In all cases, if the iterations are carried far enough, the output

SNR peaks for some «=«M, and falls under further iteration.

IV. Performance of LGP method

We denote the improvement after nM iterates by 8M. The

values achieved vary with the embedding trial dimension d,

the dimension k of the tangent spaces used to estimate M' and

the number of points v + 1 chosen to model the local neigh-

borhoods of M'. 8M also depends on the delay A chosen for

the DCC, the sampling time AT for the case of flow data, the

initial noise fraction j\£ whether it is additive or dynamical

noise, the time series length, and the system itself. We have

performed extensive systematic investigations of almost all

these dependencies, much of which is reported in Refer-

ences.15,16 We offer here a representative sample of perfor-

mance data reported in Reference 32, which includes both

additive and dynamical noise cases, in Figure 4. In Figure 5

we show phase portrait results for a 100% initial noise Lorenz

System example. The initial noise levels in the examples

shown in Figures 4 and 5 range from 1 % to 100%, and the peak

values of 8^ are typically from 6-12db. Longer time series

result in higher improvements, with peak improvements rising

roughly linearly with log N, where N is the number of points

in the time series.15

We remarked earlier that steps (1) and (2) have received

the most attention in noise reduction efforts, but with little

attention paid to steps (3) and (4). We addressed the role of

step (3) in the previous section; here we offer a couple of

remarks about step (4).

Consider the quantity

V om H V(Q II

I=201og||v(0_,(0||

and substitute eqs. (2) and (8) to get, for small e

(11)

44 Naval Research Reviews

G
e
n
e
ra

te
d
 f

o
r 

m
e
m

b
e
r 

(U
n
iv

e
rs

it
y
 o

f 
M

a
ry

la
n
d

, 
C

o
lle

g
e
 P

a
rk

) 
o
n
 2

0
1

4
-1

0
-0

7
 1

9
:5

3
 G

M
T
  
/ 

 h
tt

p
:/

/h
d
l.
h
a
n
d
le

.n
e
t/

2
0

2
7

/u
iu

g
.3

0
1

1
2

0
0

5
5

4
5

3
5

2
P
u
b
lic

 D
o
m

a
in

, 
G

o
o
g

le
-d

ig
it

iz
e
d

  
/ 

 h
tt

p
:/

/w
w

w
.h

a
th

it
ru

st
.o

rg
/a

cc
e
ss

_u
se

#
p
d
-g

o
o
g
le

p (t).This is our first guess at V (t). To do this we minimize the 
error, 

d 

£=LL [_p/t)- ◊ (t + (i- 1) .1 )]2 (5) 
t j=l 

Except for t-values near the end-points of the sum, the 
minimizing ◊(t) is given by 

d 

Cc,>=¼ LP/'- u- 1) .1 > 
j=l 

(6) 

Similar expressions result for end-point range t-values.16 

Notice if p (t) were actually P(t) as shown in eq,(4), then 
C (t) in eq.(6) would become V(t) as we should require. Since 
there will surely be some noise still present in p (t), we can 
imagine that the averaging that occurs in eq.(6) will provide 
further noise reduction. This expectation is borne out in nu­
merical computations. 

Summarizing the effects of steps (1)-(3), we have that 
v (t) ➔ p (t) ➔ p (t) ➔ C (t), that is, the LGP algorithm A has 
mapped the scalar time series v(t) to a cleaned-up scalar time 
series C (t), i.e. A : v (t) ➔ C (t). We are ready now for 

Step 4. Iteration to maximum improvement. We define the 
improvement in terms of signal-to-noise ratio (SNR). The 
initial SNR in dB is 

_ IIV (t) II 
Si - 20logEIIT\(t) II' (7) 

where 11 • II denotes root-mean square power. Following eq. 
(2), we write the cleaned-up time series as 

Figure 3. 

Tangent plane T p M' to M' at a point p. /\ 1 refers to the image 
of the strange attractor A on which the orbit under observation 
is assumed to lie. 
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" " v (t) = V (t) + ET\(t), (8) 

so the output SNR in dB is 

_ II V(t) II 
S - 20loge ll'fi(t) II' (9) 

Since e can measure the strength of the noise, we simply 
normalize T\(t) to suit our convenience. We take II T\U) II= 1. 
Then the SNR improvement is 

1 
B = S - Si= 20log II ~(t) II' 

which depends onlX on the relative output noise power. Under 
n iterates, v (t) ➔ v (t), and B ➔ B --delta sub n. In Figure 4 

n n 

(a) we show plots of SNR vs. n for some model calculations. 
In all cases, if the iterations are carried far enough, the output 
SNR peaks for some n=nM, and falls under further iteration. 

IV. Performance of LGP method 
We denote the improvement after nM iterates by BM. The 

values achieved vary with the embedding trial dimension d, 
the dimension k of the tangent spaces used to estimate M' and 
the number of points v + 1 chosen to model the local neigh­
borhoods of M'. BM also depends on the delay .1 chosen for 
the DCC, the sampling time .1 T for the case of flow data, the 
initial noise fraction ~ whether it is additive or dynamical 
noise, the time series length, and the system itself. We have 
performed extensive systematic investigations of almost all 
these dependencies, much of which is reported in Refer­
ences. 15,16 We offer here a representative sample of perfor­
mance data reported in Reference 32, which includes both 
additive and dynamical noise cases, in Figure 4. In Figure 5 
we show phase portrait results for a 100% initial noise Lorenz 
System example. The initial noise levels in the examples 
shown in Figures 4 and 5 range from 1 % to 100%, and the peak 
values of ~ are typically from 6-12db. Longer time series 
result in higher improvements, with peak improvements rising 
roughly linearly with log N, where N is the number of points 
in the time series.15 

We remarked earlier that steps (1) and (2) have received 
the most attention in noise reduction efforts, but with little 
attention paid to steps (3) and ( 4 ). We addressed the role of 
step (3) in the previous section; here we offer a couple of 
remarks about step (4). 

Consider the quantity 

~ II v(t) II 
Lin= 20log II v(t) - ◊(t) II 

and substitute eqs. (2) and (8) r~rl SrWall £ 
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Figure 4.

Algorithm performance: (a)SNR(db) vs. iteration number n for Hdnon map with N=3,000, N = 10%, k = 3 and v =20; (b) peak

improvement 8m vs. d for H6non map with N = 10,000, 91= 10% and k = 3; (c) peak improvement 8m vs. d for Lorenz system

with AT = 0.25 (3.5 points per typical oscillation). The reduction parameters here are 9t= 10,000, N = 10% and\ = 40; (d) 1%

uniform dynamical noise for Hdnon map with N = 10,000 and k = 3.

(a)
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Figure 4. 

Algorithm performance: (a)SNR(db) vs. iteration number n for Henon map with N=3,000, N = 10%, k = 3 and v =20; (b) peak 
improvement 6M vs. d for He non map with N = 10,000, 'J{_ = 10% and k = 3; ( c) peak improvement 6M vs. d for Lorenz system 
with ll T = 0.25 (3.5 points per typical oscillation). The reduction parameters here are '1{_= 10,000, N = 10% andv = 40; (d) 1% 
uniform dynamical noise for Henon map with N = 1 O, 000 and k = 3. 
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y = S. + 201og„ - 1 (12)

As n rises towards nM Zn falls, and approaches Si itself.

This assumes T| (t) can be neglected in the second term of eq.

(12). Note II T|(0 II = 1. In fact, the theoretical situation is more

complicated, but it is possible in some cases to estimate S{ from

the behavior of 1^ (see Reference 16). This sort of thing is

particularly important for analysis of experimental data, where

En is directly measurable from the raw data by simply applying

the algorithm.

In fact, we believe that systematics of performance of a

general chaotic noise reduction algorithm, A : v (f) -> v (t),

should contain a good deal of useful information. This is an

area where only the surface has been scratched. For example,

in addition to 5, we'd like to know quantitatively what algo-

rithm parameters to choose for best results, e.g., what values

for (d, k, v) in the case of the LGP algorithm and how many

times to iterate; we'd like to know what improvement we

actually achieved. And it would be nice if there were a way to

estimate an effective lower bound to m. These sorts of things

probably do lurk in the ^-dependence of functions like Ln, and

we have found broad hints to this effect in our simulation

studies.15,32

V. Conclusion

/ am not really the gentle scholar you take me for. On the

contrary, Ifancy myself a raging Philistine. Tell me now about

applications.

Chaotic dynamics have been found and precisely ana-

lyzed in an impressively wide range of experimental systems.

Among these are closed flow fluid systems, Taylor-Couette

flow and Rayleigh-Benard convection, coupled mechanical

fluid systems in open flow geometry, surface wave patterns in

a vertically oscillating "coffee-cup" (Faraday experiment), in

the very irregular beating of chick heart cell aggregates under

suitable periodic electrical simulation, numerous solid state

systems, such as di-electric breakdown in Germanium, contin-

uously stirred chemical reactor experiments (Belousov-

Zhabotinsky reaction), chemical oscillations catalyzed on

solid surfaces, numerous nonlinear electronic circuits, Joseph-

son junction arrays, laser operation, and numerous quantum

optical systems and processes, probably including multi-

photon excitation, nonlinear mechanical and magnetoelastic

systems, and even the heavens. Documenting the ubiquitous

character of deterministic chaos, Marek and Schreiber33 cite

more than three hundred references in a chapter on chaotic

dynamics in experiments. The list is dominated by accounts of

hard experimental documentation of the observation of low

dimensional chaotic dynamics.

By far the greatest activity in the field of nonlinear dy-

namics has been among scientists, and much less activity on

the part of engineers and technologists despite the pervasive-

ness of nonlinear effects in real systems. That such a remark-

able list as that above should fail to have important

implications for technology applications, however, is unthink-

able. A story making the rounds ten years ago concerned a

sensor driven by a noisy electronic circuit that couldn't be

"cooled". At liquid Nitrogen temperature the noise tempera-

ture was still 1000K. Three theses are said to have been written

on this "remarkable" system. This was before chaos had be-

come a household word. On the other hand, dynamics have

been exploited more recently in the orbit design for an inter-

planetary probe, to the Jacobini-Zinner comet. It helps to be

aware of the governing dynamical laws to exploit the corre-

sponding phenomena, as well as to avoid mistakes!

There's an obvious moral to your story, and I think you

are setting me up. But go ahead, let me have it!

Figure 5.

Lorenz phase portrait (DCC, A = 3 first 1,000 points): (a)

unsoiled; (b) white noise added; and (c) cleaned up, n=50, 8

= 10.4db.
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1 L,. = S; + 20log 1111 (t) -11 (t) 11 (12) 

As n rises towards nM, 1:,. falls, and approaches Si itself. 
This assumes~ (t) can be neglected in the second tenn of eq. 
(12). Note 1111(1) II= 1. In fact, the theoretical situation is more 
complicated, but it is possible in some cases to estimate Si from 
the behavior of :E,, (see Reference 16). This sort of thing is 
particularly important for analysis of experimental data, where 
:En is directly measurable from the raw data by simply applying 
the algorithm. 

In fact, we believe that systematics of perfonnance of a 
general chaotic noise reduction algorithm, A : v (t) ➔ C (t), 
should contain a good deal of useful infonnation. This is an 
area where only the surface has been scratched. For example, 
in addition to S; we'd like to know quantitatively what algo­
rithm parameteis to choose for best results, e.g., what values 
for (d, k, v) in the case of the LGP algorithm and how many 
times to iterate; we'd like to know what improvement we 
actually achieved. And it would be nice if there were a way to 
estimate an effective lower bound tom. These sorts of things 
probably do lurk in then-dependence of functions like :E,., and 
we have found broad hints to this effect in our simulation 
studies.15

•
32 

V. Conclusion 
I am not really the gentle scholar you take me/or. On the 

contrary.I fancy myself a raging Philistine. Tell me now about 
applications. 

Chaotic dynamics have been found and precisely ana­
lyzed in an impressively wide range of experimental systems. 
Among these are closed flow fluid systems, Taylor-Coueue 
flow and Rayleigh-Benard convection, coupled mechanical 
fluid systems in open flow geometry, surface wave patterns in 
a vertically oscillating "coffee-cup" (Faraday experiment), in 
the very irregular beating of chick heart cell aggregates under 
suitable periodic electrical simulation, numerous solid state 
systems, such as di-electric breakdown in Gennanium, contin­
uously stirred chemical reactor experiments (Belousov­
Zhabotinsky reaction), chemical oscillations catalyzed on 
solid surfaces, numerous nonlinear electronic circuits, Joseph­
son junction arrays, laser operation, and numerous quantum 
optical systems and processes, probably including multi­
photon excitation, nonlinear mechanical and magnetoelastic 
systems, and even the heavens. Documenting the ubiquitous 
character of detenninistic chaos. Marek and Schreiber33 cite 
more than three hundred references in a chapter on chaotic 
dynamics in experiments. The list is dominated by accounts of 
hard experimental documentation of the observation of low 
dimensional chaotic dynamics. 

By far the greatest activity in the field of nonlinear dy­
namics has been among scientists, and much less activity on 
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the part of engineers and technologists despite the pervasive­
ness of nonlinear effects in real systems. That such a remark­
able list as that above should fail to have important 
implications for technology applications, however, is unthink­
able. A story making the rounds ten years ago concerned a 
sensor driven by a noisy electronic circuit that couldn't be 
"cooled". At liquid Nitrogen temperature the noise tempera­
ture was still lOOOK. Three theses are said to have been written 
on this "remarkable" system. This was before chaos had be­
come a household word. On the other hand, dynamics have 
been exploited more recently in the orbit design for an inter­
planetary probe, to the Jacobini-Zinner comet. It helps to be 
aware of the governing dynamical laws to exploit the corre­
sponding phenomena, as well as to avoid mistakes! 

There's an obvious moral to your story, and I think you 
are setting me up. But go ahead, let me have it! 

Figura 5. 

Lorenz phase portrait (DCC, t, = 3 first 1,000 points): (a) 
unsoiled; (b) white noise added; and (c) cleaned up, n=50, 6 
= 10.4db. 
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We expect technology applications for chaotic noise re-

duction to occur in settings of the sort where an underlying

and possibly unsuspected dynamics can be exposed. It is in the

nature of the beast that prediction of just exactly where this

will occur cannot be made with confidence. There are some

places we ought to look, however, with medical applications

at the top of the list. Methods of control of chaos that depend

upon prior dynamical measurements could be applied more

reliably if these could be performed on less noisy versions of

system behavior, and noise reduction might help here. Biolog-

ical processes, such as heart rhythms, should surely be exam-

ined from this point of view.

What else?

How much of the clattering of various kinds of machinery

reflects low dimensional dynamical behavior? Could this be

silenced by control, or by redesign? Radar performance is limited

by system noise. Could some of this be dynamical, and perhaps

be predictable (possibly after noise reduction) over short times,

as chaotic processes typically are? The noise might then be

subtracted on the fly, thereby improving performance! Even

where underlying dynamics is not present, phase space methods

such as those described herein appear to specify a novel signal

separation into "smooth" or dynamics-like (v(0), and "rough"

or noise-like (v (/) - v (f)), parts. Thus these methods may be

regarded as constituting a novel approach to time series mod-

eling. Nothing of this approach as yet appears to have found

its way into the mathematical statistics literature. Nonetheless

these methods may have broad-based signal-processing uses.

It may be that the prediction-subtraction idea could be applied

to suppression of surface and volume reverberation, or of

white-capping noise for sonar applications, or to radar sea

clutter suppression for surface navy ship defense applications.

It sounds as though we need to have more engineers

involved in nonlinear dynamics.

Yes, we do. But it won't likely be easy, the scientific ideas

are still unfamiliar to most people. We may have to wait for a

new generation of young technologists with more modern

technical education.

Has anyone ever used noise reduction to improve the

analysis of chaotic data? Or to uncover hitherto unsuspected

low-dimensional dynamics, as you are suggesting here?

You are not at all the raging Philistine you fancy yourself.

Your response and your questions are pertinent and fair. If the

science of nonlinear dynamics, enabling as it is, is yet young,

the consequent technology realizations and awareness poten-

tialities are younger still. Much opportunity awaits the adven-

turous in this field. But to answer the first of your two

questions: except for a couple of very simple examples of

before and after measurements of Lyapunov exponents for

known case systems16 (Henon and Lorenz) the answer is no -

not as far as I know. As to your last question, again the answer

is no, not to my knowledge.34
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We expect technology applications for chaotic noise re­
duction to occur in settings of the sort where an underlying 
and possibly unsuspected dynamics can be exposed. It is in the 
nature of the beast that prediction of just exactly where this 
will occur cannot be made with confidence. There are some 
places we ought to look, however, with medical applications 
at the top of the list. Methods of control of chaos that depend 
upon prior dynamical measurements could be applied more 
reliably if these could be performed on less noisy versions of 
system behavior, and noise reduction might help here. Biolog­
ical processes, such as heart rhythms, should surely be exam­
ined from this point of view. 

What else? 
How much of the clattering of various kinds of machinery 

reflects low dimensional dynamical behavior? Could this be 
silenced by control, or by redesign? Radar performance is limited 
by system noise. Could some of this be dynamical, and perhaps 
be predictable (possibly after noise reduction) over short times, 
as chaotic processes typically are? The noise might then be 
subtracted on the fly, thereby improving performance! Even 
where underlying dynamics is not present, phase space methods 
such as those described herein appear to specify a novel signal 
separation into "smooth" or dynamics-like (◊(t)), and "rough" 
or noise-like (v (t) - ◊ (t) ), parts. Thus these methods may be 
regarded as constituting a novel approach to time series mod­
eling. Nothing of this approach as yet appears to have found 
its way into the mathematical statistics literature. Nonetheless 
these methods may have broad-based signal-processing uses. 
It may be that the prediction-subtraction idea could be applied 
to suppression of surface and volume reverberation, or of 
white-capping noise for sonar applications, or to radar sea 
clutter suppression for surface navy ship defense applications. 

It sounds as though we need to have more engineers 
involved in nonlinear dynamics. 

Yes, we do. But it won't likely be easy, the scientific ideas 
are still unfamiliar to most people. We may have to wait for a 
new generation of young technologists with more modem 
technical education. 

Has anyone ever used noise reduction to improve the 
analysis of chaotic data? Or to uncover hitherto unsuspected 
low-dimensional dynamics, as you are suggesting here? 

You are not at all the raging Philistine you fancy yourself. 
Your response and your questions are pertinent and fair. If the 
science of nonlinear dynamics, enabling as it is, is yet young, 
the consequent technology realizations and awareness poten­
tialities are younger still. Much opportunity awaits the adven­
turous in this field. But to answer the first of your two 
questions: except for a couple of very simple examples of 
before and after measurements of Lyapunov exponents for 
known case systems16 (Henon and Lorenz) the answer is no­
not as far as I know. As to your last question, again the answer 
is no, not to my knowledge.34 
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Attractors of Iterated

Systems and Their

Application to Image

Compression

E.W. Jacobs andRD. Boss

Naval Command, Control and Ocean Surveillance Center

Introduction

Because of the increasing use of digital imagery, there is

currently considerable interest in the image compression prob-

lem. In particular, image compression is a current and growing

necessity for Navy applications including storage and trans-

mittal of maps, intelligence photographs, weather informa-

tion, etc. General interest in image compression has led to the

establishment by the Joint Photographic Experts Group

(JPEG) of a standard based on discrete cosine transforms

(ADCT).1 There is also an ongoing effort in the research

community to design improved vector quantization2'3 meth-

ods, and to develop schemes that utilize wavelet transforma-

4 S

tions.'

A novel approach to the image compression problem,

iterated transformations, has been presented by Jacquin.6"8 The

iterated transform algorithm has received particular interest

because of its relationship to simple fractal generating algo-

rithms, and in a more general sense, dynamical systems which

possess strange attracting sets. The method has its foundation

in the theory of iterated function systems (IFSs), developed by

Hutchinson9 and Barnsley,10 and recurrent iterated function

systems.11 The image is encoded as a set of transformations

which, upon iteration, possess a fixed point that approximates

the target image. The resulting decoded image can have fractal

characteristics, i.e., by "zooming" into the image, features can

be seen at finer and finer resolution. In this paper, an overview

of some of the ideas leading to the development of the iterated

transformation technique is presented. A brief description of

the technique, some examples, and data that characterizes its

performance relative to other methods follows.

Background

The work of Mandelbrot on fractal geometry has led to an

avalanche of studies in a wide array of disciplines.12 The

driving motivation for this work is that nature often possesses

fractal geometry over a wide range of scales. This fact is no

more clearly evident than in natural imagery, which explains

why some of the most widely disseminated work on fractal

geometry has been that of application to generation of natural

appearing images. Some of the most well known of these

images are those made by R.F. Voss as part of reference 12.

These images are visually stunning, but unfortunately, com-

plex to construct. To better illustrate how complex images

having fractal geometry can be generated from simple algo-
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Attractors of Iterated 
Syste1ns and Their 
Application to l1nage 
Co1npression 

E.W. Jacobs and RD. Boss 
Naval Command, Control and Ocean Surveillance Center 

Introduction 
Because of the increasing use of digital imagery, there is 

currently considerable interest in the image compression prob­
lem. In particular, image compression is a current and growing 
necessity for Navy applications including storage and trans­
mittal of maps, intelligence photographs, weather informa­
tion, etc. General interest in image compression has led to the 
establishment by the Joint Photographic Experts Group 
(JPEG) of a standard based on discrete cosine transforms 
(ADCT).1 There is also an ongoing effort in the research 
community to design improved vector quantization2•3 meth­
ods, and to develop schemes that utilize wavelet transforma­
tions.4•

5 

A novel approach to the image compression problem, 
iterated transformations, has been presented by Jacquin.6-8 The 
iterated transform algorithm has received particular interest 
because of its relationship to simple fractal generating algo­
rithms, and in a more general sense, dynamical systems which 
possess strange attracting sets. The method has its foundation 
in the theory of iterated function systems (IFSs), developed by 
Hutchinson9 and Barnsley, 10 and recurrent iterated function 
systems.11 The image is encoded as a set of transformations 
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which, upon iteration, possess a fixed point that approximates 
the target image. The resulting decoded image can have fractal 
characteristics, i.e., by "zooming" into the image, features can 
be seen at finer and finer resolution. In this paper, an overview 
of some of the ideas leading to the development of the iterated 
transformation technique is presented. A brief description of 
the technique, some examples, and data that characterizes its 
performance relative to other methods follows. 

Background 
The work of Mandelbrot on fractal geometry has led to an 

avalanche of studies in a wide array of disciplines.12 The 
driving motivation for this work is that nature often possesses 
fractal geometry over a wide range of scales. This fact is no 
more clearly evident than in natural imagery, which explains 
why some of the most widely disseminated work on fractal 
geometry has been that of application to generation of natural 
appearing images. Some of the most well known of these 
images are those made by R.F. Voss as part of reference 12. 
These images are visually stunning, but unfortunately, com­
plex to construct. To better illustrate how complex images 
having fractal geometry can be generated from simple algo-
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Figure 1.

Figure 2.

a) A Brownian mountainous island-like surface, and b) the

coastline for the island.

00

rithms, an example of a mountain (and coastline) generating

algorithm, again due to Mandelbrot,13 is presented in the

following paragraph.

Beginning with a flat surface (the xy plane), arbitrarily

choose a line in the plane, and displace the part of the plane

on one side of the line one unit in the z direction (thus

generating a "fault")- Continue by repeating the process,

where for the nth fault in the sequence, the height of the

displacement in the z direction is scaled by 4-. After choosing

a sea level elevation, a surface generated by this algorithm is

shown in figure la, and the corresponding coastline as viewed

from above in figure lb. Both the Brownian surface and the

Brownian islands in figure 1 have fractal dimension, and they

reproduce the qualitative features of real mountains and coast-

lines.

It is also well known that simple iterative systems can

produce fractal images. Perhaps the most well known of these

are the quadratic Julia sets (and the associated Mandelbrot set).

a) The Julia set for c = 1.2, and b) the Julia set for c= 1.0i.

(b)

These Julia sets are the boundary between the basins of attrac-

tive fixed points for the iterative equation z„ +1 = z„2 + c (for a

given value of c). For c=0, this Julia set is the unit circle (i.e.,

points in the complex plane inside the unit circle are attracted

to the fixed point at zero, and points outside to infinity). For

other values of c, the boundary is not so simple. A means to

obtain a quick picture of this boundary for a given value of c

is to "reverse" the iteration, thereby making the boundary an

attracting set. That is, the map becomes z„ + i = ±Vz„- c,

where each root can be thought of as being a separate map;10

Zn + l = G)i(z„) = Vz„-c (1)

Zn+ 1 = m(Zn) = - Vz„- C .

By starting with an arbitrary initial point zi, and at each

iteration, arbitrarily choosing one of the two mappings, the

attractor can be generated. Similarly, a deterministic method

for generating the attractor can be performed by applying both

50 Naval Research Reviews
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Figure 1. Figure 2. 

a) A Brownian mountainous island-like surface, and b) the a) The Julia set for c = 1.2, and b) the Julia setfor C=1.0i. 
coastline for the island. 

(a.) 

(b) 

rithms, an example of a mountain (and coastline) generating 
algorithm, again due to Mandelbrot,13 is presented in the 
following paragraph. 

Beginning with a flat surface (the xy plane), arbitrarily 
choose a line in the plane, and displace the part of the plane 
on one side of the line one unit in the z direction (thus 
generating a "fault"). Continue by repeating the process, 
where for the nth fault in the sequence, the height of the 
displacement in the z direction is scaled by fn. After choosing 
a sea level elevation, a surface generated by this algorithm is 
shown in figure la, and the corresponding coastline as viewed 
from above in figure 1 b. Both the Brownian surf ace and the 
Brownian islands in figure 1 have fractal dimension, and they 
reproduce the qualitative features of real mountains and coast­
lines. 

It is also well known that simple iterative systems can 
produce fractal images. Perhaps the most well known of these 
are the quadratic Julia sets (and the associated Mandelbrot set). 
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( a.) 

(b) 

These Julia sets are the boundary between the basins of attrac­
tive fixed points for the iterative equation Z..+ 1 = z,.2 + c (for a 
given value of c). For c=O, this Julia set is the unit circle (i.e ., 
points in the complex plane inside the unit circle are attracted 
to the fixed point at zero, and points outside to infinity). For 
other values of c, the boundary is not so simple. A means to 
obtain a quick picture of this boundary for a given value of c 
is to "reverse" the iteration, thereby making the boundary an 
attracting set. That is, the map becomes Zn+ 1 = ~. 
where each root can be thought of as being a separate map; 10 

Z11 + I = (l)! ( Z11) = ✓ Z11 - C (1) 

Z11 + I = (1)2(z11) = - ✓z11 - C , 

By starting with an arbitrary initial point z1, and at each 
iteration, arbitrarily choosing one of the two mappings, the 
attractor can be generated. Similarly, a detenninistic method 
for generating the attractor can Pr'i!iO.°.!led by applying both 
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mappings to every point in the attractor at each iteration

(thereby doubling the number of points in the attractor at each

step). The resulting sets for c =1.2 and c = 1.0/ are shown in

figure 2a and b, respectively.

In the context of images, it is clear that to directly describe

an image such as one of the attractors in figure 2 would require

a great deal of information. In fact, for fractal images an

infinite amount of information would be required to store the

image. (In practice, images are digitalized, and the amount of

information required to describe them is limited by the reso-

lution of the display.) But it is seen in the previous example

that the only information necessary to produce the images are

the iterative equations 1, and the value of c. In essence, the

iterative equations 1 are the decoding algorithm, and the

encoded images are represented by the single number c. Con-

sequently, an image, which requires a large amount of infor-

mation to describe directly, can be described simply by

specifying the associated value of c. This clearly represents an

extremely effective compression for the image.

These examples serve to illustrate the power of simple

fractal generating algorithms, and the concept of achieving

compression using iterative equations with a limited number

of parameters. But they do not solve the image compression

problem. The first example in which a Brownian surface was

constructed is a random process. The algorithm always gener-

ates mountain like images, but each time the algorithm is

performed (with a different random sequence), a different

image results. The Julia set example demonstrates how an

image can be encoded in the form of parameters of an iterative

equation, but it does not answer the question relevant to the

image compression problem: How does one find an iterative

system and its associated parameters which will encode a

particular image?

Barnsley first suggested that, given a target image, itera-

tive algorithms that possess (fractal) fixed points approximat-

ing the target image, should be sought.10 Barnsley called these

algorithms iterated function systems (IFSs). He showed that

for the purpose of image compression, affine transformations

Figure 3.

Three affine transformations in the plane.

X

ai bi

X

ei

_y_

ci di

A

(2)

are useful for encoding images. The following IFS example

serves as a simple illustration of some concepts involved in

the iterated transform image-encoding scheme. The main con-

cept is that the image of a set (a Sierpinski gasket, in this case)

can be reconstructed from a set of affine transformations

which may take less memory to store than the original image.

Consider the map which is made of the three transforms

illustrated in figure 3. (The coefficients of the transformations

are given in box 1.) Note that each of these transforms is

contractive. That is, for any two points, they will be closer

together after transformation than they were before the trans-

formation. Transformations which fulfill such a contractivity

W2

and

Box 1.

The transforms shown in figure 3 are:

[:]-[! !][:]♦[:]•

[:]-[! IMAD-

W3

'* 1 -H ?U * 1 + f *'

requirement will have an attractive fixed point which is inde-

pendent of the initial starting point. This fact is stated by the

contractive mapping fixed point theorem. That all compact

initial sets converge under iteration to the same attractor is

important-it means that the attractor is defined by the trans-

forms only. Conceptually, this can be understood by realizing

that, because the transformations are contractive, all detail of

the initial image shrinks away as the mapping is iterated.

The first few iterations of the transforms of figure 3

(beginning with an arbitrary initial image) and the final attrac-

tor for these transformations are shown in figure 4. Each

transform is determined by 6 real values, so that for this

example 18 floating point numbers are required. In single

precision, this requires 72 bytes. The memory required to store

an image depends on the resolution; the image for the example

above (the last image in figure 4) requires 256 x 256 x 1 bit =

8192 bytes of memory. Therefore, the resulting compression

ratio in this simple example is 113.8:1.

The question that still must be answered is, given an

image, what is the method for finding transformations that

encode it? The contractive mapping fixed point theorem sug-

gests how to answer this question. The contractive mapping

fixed point theorem guarantees that, (under certain mathemat-
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mappings to every point in the attractor at each iteration 
(thereby doubling the number of points in the attractor at each 
step). The resulting sets for c = 1.2 and c = 1.0i are shown in 
figure 2a and b, respectively. 

In the context of images, it is clear that to directly describe 
an image such as one of the attractors in figure 2 would require 
a great deal of information. In fact, for fractal images an 
infinite amount of information would be required to store the 
image. (In practice, images are digitalized, and the amount of 
information required to describe them is limited by the reso­
lution of the display.) But it is seen in the previous example 
that the only information necessary to produce the images are 
the iterative equations 1, and the value of c. In essence, the 
iterative equations 1 are the decoding algorithm, and the 
encoded images are represented by the single number c. Con­
sequently, an image, which requires a large amount of infor­
mation to describe directly, can be described simply by 
specifying the associated value of c. This clearly represents an 
extremely effective compression for the image. 

These examples serve to illustrate the power of simple 
fractal generating algorithms, and the concept of achieving 
compression using iterative equations with a limited number 
of parameters. But they do not solve the image compression 
problem. The first example in which a Brownian surface was 
constructed is a random process. The algorithm always gener­
ates mountain like images, but each time the algorithm is 
performed (with a different random sequence), a different 
image results. The Julia set example demonstrates how an 
image can be encoded in the form of parameters of an iterative 
equation, but it does not answer the question relevant to the 
image compression problem: How does one find an iterative 
system and its associated parameters which will encode a 
particular image? 

Barnsley first suggested that, given a target image, itera­
tive algorithms that possess (fractal) fixed points approximat­
ing the target image, should be sought.10 Barnsley called these 
algorithms iterated function systems (IFSs). He showed that 
for the purpose of image compression, affine transformations 

(2) 

are useful for encoding images. The following IFS example 
serves as a simple illustration of some concepts involved in 
the iterated transform image-encoding scheme. The main con­
cept is that the image of a set (a Sierpinski gasket, in this case) 
can be reconstructed from a set of affine transformations 
which may take less memory to store than the original image. 

Consider the map which is made of the three transforms 
illustrated in figure 3. (The coefficients of the transformations 
are given in box 1.) Note that each of these transforms is 
contractive. That is, for any two points, they will be closer 
together after transformation than they were before the trans­
formation. Transformations which fulfill such a contractivity 
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Figure 3. 

Three affine transformations in the plane. 

1 

1 -,: 

and 

Box 1. 
The transforms shown in figure 3 are: 

requirement will have an attractive fixed point which is inde­
pendent of the initial starting point. This fact is stated by the 
contractive mapping fixed point theorem. That all compact 
initial sets converge under iteration to the same attractor is 
important-it means that the attractor is defined by the trans­
forms only. Conceptually, this can be understood by realizing 
that, because the transformations are contractive, all detail of 
the initial image shrinks away as the mapping is iterated. 

The first few iterations of the transforms of figure 3 
(beginning with an arbitrary initial image) and the final attrac­
tor for these transformations are shown in figure 4. Each 
transform is determined by 6 real values, so that for this 
example 18 floating point numbers are required. In single 
precision, this requires 72 bytes. The memory required to store 
an image depends on the resolution; the image for the example 
above (the last image in figure 4) requires 256 x 256 x 1 bit= 
8192 bytes of memory. Therefore, the resulting compression 
ratio in this simple example is 113.8:1. 

The question that still must be answered is, given an 
image, what is the method for finding transformations that 
encode it? The contractive mapping fixed point theorem sug­
gests how to answer this question. The contractive mapping 
fixed point theorem guarantees th t;· 1JJJn rrnertain mathemat-
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Figure 4.

An initial image, the first five iterates, and the fixed point for the

three transforms shown in figure 3.

ical constraints) for a contractive mapping, when the mapping

is iterated there will exist a unique fixed point. It is clear that

the mapping, when applied to the fixed point, will result in the

fixed point. Therefore, the transforms which constitute the

mapping should be chosen so that they are contractive, and so

that when the mapping is applied to the target image, the

resulting image (which is called, after Barnsley, the collage)

should be equivalent to the target image. It then follows that

the fixed point of the mapping will approximate the target

image. Referring back to the Sierpinski triangle example, it is

seen that by satisfying this condition, the transformations

encoding the image could be found.

In the Sierpinski triangle example, the collage of the

image is perfect, resulting in an exact reproduction of the

image. Given an arbitrary image, it is not possible in general

to have a mapping which exactly reproduces the image with a

small number of transforms. The obvious question is then:

What happens if the reproduction is approximate? A corollary

of the contractive mapping fixed point theorem, which Barns-

ley calls the collage theorem,10 puts a bound on the error

between the final image (the fixed point) and the initial image,

when the collage is not exact. The theorem says that the closer

the collage is to the initial image, the closer the fixed point will

be to the initial image, and that this is especially true if the

transforms composing the mapping are very contractive.

The Sierpinski triangle, because of its inherent self simi-

larity, is a particularly simple image to encode using the IFS

technique. Writing a computer code to aid in encoding more

general images is straight forward. Such a code has been used

to encode, and subsequently decode a digitized map of Point

Loma (a peninsula at the opening of San Diego Bay on which

the NCCOSC RDT&E Division is located).14 The digitized

map of Point Loma, is shown in figure 5a. The computer

program supplied an interactive graphics interface to aid the

operator in choosing a set of transforms such that the collage

approximated the target image. In figure 5b, the collage for the

48 transformations making up the mapping are shown (for

clarity each transformation was applied only to the outline of

the original image). When decoded, these transforms result in

the image shown in Figure 5c. This encoding resulted in good

fidelity with moderate compression.

It is important to note that the encoding program in the

previous example did not find the transformations that encode

the image automatically. Furthermore, in this example and the

example of the Sierpinski gasket, the images are described by

a set of pixels, each being either black or white. The problem

of more interest for image compression applications is the

encoding of gray scale images (i.e., an image in which each

pixel has many possible gray levels, not just black or white).

Two generalizations needed to make automated encoding of

gray scale images feasible are discussed in the next section.

Encoding and Decoding Gray

Scale Images Using Iterated

Transformations

In the previous examples, each transformation operated

on the entire image. The first generalization required to encode

gray scale images is to restrict each transformation to operate

on only a section of the image. The theory of IFS's has been

extended by Barnsley and Jacquin to allow transforms to

operate on only parts of the image rather than the entire image,

in a method they call recurrent iterated function systems.11 The

particular section, or domain, upon which each transform acts

must be stored as part of the encoded image. A key benefit of

this partitioning of the image is that the encoding problem is

broken down into a series of simple tasks which a computer

can be programmed to perform.

The second generalization is that the transforms have to

be generalized to three dimensions. A gray scale image can be

thought of as a three-dimensional image, each pixel having a

horizontal and vertical position, and an intensity value (x, y,

and z, respectively). A convenient form of the transform for

encoding gray scale images is

X

"ai bi 0"

X

ei

y

=

a di 0

y

+

Si

z

0 0 Si

z

Oi

Note that in this form the coefficient s\ acts to scale gray

values, Oi acts to offset gray values, and the remaining coefficients
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Figure 4. 

An initial image, the first five iterates, and the fixed point for the 
three transforms shown in figure 3. 

ical constraints) for a contractive mapping, when the mapping 
is iterated there will exist a unique fixed point. It is clear that 
the mapping, when applied to the fixed point, will result in the 
fixed point. Therefore, the transforms which constitute the 
mapping should be chosen so that they are contractive, and so 
that when the mapping is applied to the target image, the 
resulting image (which is called, after Barnsley, the collage) 
should be equivalent to the target image. It then follows that 
the fixed point of the mapping will approximate the target 
image. Referring back to the Sierpinski triangle example, it is 
seen that by satisfying this condition, the transformations 
encoding the image could be found. 

In the Sierpinski triangle example, the collage of the 
image is perfect, resulting in an exact reproduction of the 
image. Given an arbitrary image, it is not possible in general 
to have a mapping which exactly reproduces the image with a 
small number of transforms. The obvious question is then: 
What happens if the reproduction is approximate? A corollary 
of the contractive mapping fixed point theorem, which Barns­
ley calls the collage theorem, 10 puts a bound on the error 
between the final image (the fixed point) and the initial image, 
when the collage is not exact. The theorem says that the closer 
the collage is to the initial image, the closer the fixed point will 
be to the initial image, and that this is especially true if the 
transforms composing the mapping are very contractive. 

The Sierpinski triangle, because of its inherent self simi­
larity, is a particularly simple image to encode using the IFS 
technique. Writing a computer code to aid in encoding more 

52 
i"ct~,. b r C\ 

avmflesearch ~M ge 

general images is straight forward. Such a code has been used 
to encode, and subsequently decode a digitized map of Point 
Loma (a peninsula at the opening of San Diego Bay on which 
the NCCOSC RDT &E Division is located).14 The digitized 
map of Point Loma, is shown in figure Sa. The computer 
program supplied an interactive graphics interface to aid the 
operator in choosing a set of transforms such that the collage 
approximated the target image. In figure Sb, the collage for the 
48 transformations making up the mapping are shown (for 
clarity each transformation was applied only to the outline of 
the original image). When decoded, these transforms result in 
the image shown in Figure Sc. This encoding resulted in good 
fidelity with moderate compression. 

It is important to note that the encoding program in the 
previous example did not find the transformations that encode 
the image automatically. Furthermore, in this example and the 
example of the Sierpinski gasket, the images are described by 
a set of pixels, each being either black or white. The problem 
of more interest for image compression applications is the 
encoding of gray scale images (i.e., an image in which each 
pixel has many possible gray levels, not just black or white). 
Two generalizations needed to make automated encoding of 
gray scale images feasible are discussed in the next section. 

Encoding and Decoding Gray 
Scale Images Using Iterated 
Transformations 

In the previous examples, each transformation operated 
on the entire image. The first generalization required to encode 
gray scale images is to restrict each transformation to operate 
on only a section of the image. The theory of IFS's has been 
extended by Barnsley and Jacquin to allow transforms to 
operate on only parts of the image rather than the entire image, 
in a method they call recurrent iterated function systems.11 The 
particular section, or dommn, upon which each transform acts 
must be stored as part of the encoded image. A key benefit of 
this partitioning of the image is that the encoding problem is 
broken down into a series of simple tasks which a computer 
can be programmed to perform. 

The second generalization is that the transforms have to 
be generalized to three dimensions. A gray scale image can be 
thought of as a three-dimensional image, each pixel having a 
horizontal and vertical position, and an intensity value (x, y, 
and z, respectively). A convenient form of the transform for 
encoding gray scale images is 

(3) 

Note that in this form the coefficient s. acts to scale gray 
values, Oi acts to offset gray valq,~ ru;id fl;leJ ~maining coefficients 
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Figure 5.

The original Point Loma image, the collage, and the decoded image.

Table 1.

The 16 transforms which encode the fractal checkerboard (the

attractor in figure6).

a

b
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d
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e

f

o

0.5

0.0

0.0

0.5

2.0

0.75

0.0

0.0

0.5

0.0

0.0

0.5

2.0

0.75

0.25

0.0

0.5

0.0

0.0

0.5

2.0

0.50

0.0

0.0

0.5

0.0

0.0

0.5

2.0

0.50

0.25

0.0

0.5

0.0

0.0

0.5

2.0

0.0

0.5

0.0

0.5

0.0

0.0

0.5

2.0

0.0

0.75

0.0

0.5

0.0

0.0

0.5

2.0

0.25

0.5

0.0

0.5

0.0

0.0

0.5

2.0

0.25

0.75

0.0

0.0

-0.5

0.5

0.0

0.25

0.25

-0.25

0.0

0.0

-0.5

0.5

0.0

0.25

0.25

0.0

0.25

0.0

-0.5

0.5

0.0

0.25

0.5

-0.25

0.25

0.0

-0.5

0.5

0.0

0.25

0.5

0.0

0.0

0.0

-0.5

0.5

0.0

0.25

0.75

0.25

0.0

0.0

-0.5

0.5

0.0

0.25

0.75

0.5

0.25

0.0

-0.5

0.5

0.0

0.25

1.0

0.25

0.25

0.0

-0.5

0.5

0.0

0.25

1.0

0.5

0.0

Figure 6.

An initial image, the first six iterates and the fixed point for the

16 transformations listed in table 1.
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Figure 5. 

The original Point Loma image, the collage, and the decoded image. 

Table 1. 

The 16 transforms which encode the fractal checkerboard (the 
attractor in figure6). 

a b C d 8 e f 0 

0.5 0.0 0.0 0.5 2.0 0.75 0.0 0.0 
0.5 0.0 0.0 0.5 2.0 0.75 0.25 0.0 
0.5 0.0 0.0 0.5 2.0 0.50 0.0 0.0 
0.5 0.0 0.0 0.5 2.0 0.50 0.25 0.0 
0.5 0.0 0.0 0.5 2.0 0.0 0.5 0.0 
0.5 0.0 0.0 0.5 2.0 0.0 0.75 0.0 
0.5 0.0 0.0 0.5 2.0 0.25 0.5 0.0 
0.5 0.0 0.0 0.5 2.0 0.25 0.75 0.0 
0.0 -0.5 0.5 0.0 0.25 0.25 -0.25 0.0 
0.0 -0.5 0.5 0.0 0.25 0.25 0.0 0.25 
0.0 -0 .5 0.5 0.0 0.25 0.5 -0.25 0.25 
0.0 -0.5 0.5 0.0 0.25 0.5 0.0 0.0 
0.0 -0.5 0.5 0.0 0.25 0.75 0.25 0.0 
0.0 -0.5 0.5 0.0 0.25 0.75 0.5 0.25 
0.0 -0.5 0.5 0.0 0.25 1.0 0.25 0.25 
0.0 -0.5 0.5 0.0 0.25 1.0 0.5 0.0 

Digitiz by 

Figure 6. 

An initial image, the first six iterates and the fixed point for the 
16 transformations listed in table 1. 
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Box 2.

The image is encoded in the form of an iterative system

(a space and a map from the space to itself) W : F —► F.

The space F is a complete metric space of images, and the

mapping W (or some iterate of W) is contractive. The con-

tractive mapping fixed point theorem ensures convergence to

a fixed point upon iteration of W. The goal is to construct

the mapping W with fixed point "close" (based on a properly

chosen metric S(f,g)) to a given image that is to be encoded,

and such that W can be stored compactly. The collage theo-

rem provides motivation that a good mapping can be found.10

Decoding then consists of iterating the mapping W from any

initial image until the iterates converge to the fixed point.

Let J = [0,1] and Jm be the m-fold Cartesian prod-

uct of / with itself. Let F be the space consisting of all

graphs of real Lebesgue measurable functions z = f(x, y) with

(x, y, f(x, y)) € I3. Let Di,Dn and Ri,... ,R„ be sub-

sets of I2 and vi,..., v„ : I3 —► I3 be some collection of maps.

Define wi as the restriction

wi = Vi\Di*i-

The maps wi,..., wn are said to tile I2 if for all / €

F, U"=1 wi(f) € F. This means the following: for any image

f £ F, each Di defines a part of the image f(~\(DiXl) to which

Wi is restricted. When u>i is applied to this part, the result

must be a graph of a function over Ri, and I2 = U?mXRi. This

means that the union U"_i«;*(/) yields a graph of a function

over I2, and that the i?j's are disjoint. The map W is defined

as

W = [£=lwi. (1)

Thus the encoding process is: Partition I2 into a a set

of ranges Ri. Since the goal is to limit the memory required

to specify W, the set of Ri should be geometrically simple.

For each Ri, a Di C I2 and Wi : Di x I —», I3 is sought such

that Wi(f) is as 6 close to / D (Ri x /) as possible; that is,

6(fn(RiX r)Mf)) (2)

is minimized. The map W is determined by specifying

the maps Wi. The w^s must be chosen such that W is

contractive, or some iterate of W is contractive (i.e., W is

eventually contractive).

A brief explanation of how a transformation W : F —* F

can be eventually contractive but not contractive is in order.

The map W is composed of a union of maps to; operating

on disjoint parts of an image. If any of the w, are not con-

tractive, then W will also not be contractive. The iterated

transform Wom is composed of a union of compositions of

the form

W»i ° Wi3 ° • - wim-

Since the product of the contractivities bounds the contrac-

tivity of the compositions, the compositions may be contrac-

tive if each contains sufficiently contractive Wi*. Thus W

will be eventually contractive if it contains sufficient "mix-

ing" so that the contractive Wi eventually dominate the ex-

pansive ones.

represent the component of the transformation in the xy plane only.

The following example illustrates how these two generalizations

can result in a method for encoding gray scale images.

Consider the map consisting of the sixteen transfor-

mations given in table 1. The first eight transformations

are restricted to act on the lower left quarter of the region

(i.e., (x,y) such that 0<x < Vi and 0<y < Vi, and the

second eight transformations are restricted to act on the

lower right quarter of the region (i.e., (x,y) such that

Vi < x < 1 and 0 < y < Vi). Let values of z = 0 be represented

as black, and z=l as white, with intermediate values as shades

of gray. The initial image is arbitrarily chosen as a completely

flat gray image which is shown in figure 6a. The first six

iterates, and the fixed point are shown in figure 6. In practice,

the image is not represented at infinite resolution, but rather is

discretized at some small number of intervals in each direction.

When the image in this example is discretized as 128 x 128

pixels, with 8-bits per pixel (i.e., 256 gray levels), the encoder

used herein automatically encodes this image (using an equiv-

alent set of 16 transformations) with the resulting compression

equal to 356:1.

A mathematical description of the encoding process is

presented in box 2. Two pseudo codes for encoding images are

presented in box 3. The interested reader should study boxes

2 and 3 for a more thorough understanding of the encoding

algorithm. In the following paragraph, a simpler, albeit less

complete explanation of the encoding process is presented.

In figure 7 part of the encoding process for this image is

illustrated. The figure demonstrates how one section of the

image, called a range, is covered as closely as possible by

applying a transform (of the form of equation 3) to a section

of the image called a domain. (In the figure, the domain,

transformed domain, and range squares are expanded for

clarity. In actuality, the transformation maps the section of the

image defined by the domain square onto the section of the

image defined by the range square.) To complete the encoding

process, a transform and domain must be found to cover each

range, and the ranges must completely tile the image. To

facilitate compact specification of the transformations, the sets

from which domains and ranges are chosen are restricted to be

geometrically simple, and limited in number. As shown in

figure 7, all the examples in this paper will use square ranges
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Box 2. 

The image is encoded in the form of an iterative system 
( a space and a map from the space to itself) W : F - F. 
The space F is a complete metric space of images, and the 
mapping W ( or some iterate of W) is contractive. The con­
tractive mapping fixed point theorem ensures convergence to 
a fixed point upon iteration of W. The goal is to construct 
the mapping W with fixed point "close" (based on a properly 
chosen metric 6(/, g)) to a given image that is to be encoded, 
and such that W can be stored compactly. The collage theo­
rem provides motivation that a good mapping can be found. to 

Decoding then consists of iterating the mapping W from any 
initial image until the iterates converge to the fixed point. 

Let I = [O, 1] and Im be the m-fold Cartesian prod­
uct of l with itself. Let F be the space consisting of all 
graphs of real Lebesgue measurable functions z = f(x, y) with 
(x,y,f(x,y)) E 13• Let Dt,,.,,Dn and Rt, ... ,Rn be sub­
sets of 12 and Vt, ..• , Vn : 13 - 13 be some collection of maps. 
Define w, as the restriction 

Wi = Viloixr· 

The maps Wt, ... , Wn are said to tile 12 if for all / E 
F, LJ~=t w,(f) E F. This means the following: for any image 
/ E F, each D, defines a part of the image /n(D, xJ) to which 
Wi is restricted. When w, is applied to this part, the result 
must be a graph of a function over R,, and 12 = Uf=t R,. This 
means that the union Uf=t w,(f) yields a graph of a function 
over 12, and that the R, 's a.re disjoint. The map W is defined 
as 

represent the component of the transfonnation in the xy plane only. 
The following example illustrates how these two generalizations 
can result in a method for encoding gray scale images. 

Consider the map consisting of the sixteen transfor­
mations given in table 1. The first eight transformations 
are restricted to act on the lower left quarter of the region 
(i.e., (x,y) such that O ~ x ~ ½ and O ~ y ~ In, and the 
second eight transformations are restricted to act on the 
lower right quarter of the region (i.e., (x,y) such that 
1,1 ~ x ~ 1 and O ~ y ~ ½). Let values of z = 0 be represented 
as black, and z=l as white, with intermediate values as shades 
of gray. The initial image is arbitrarily chosen as a completely 
flat gray image which is shown in figure 6a. The first six 
iterates, and the fixed point are shown in figure 6. In practice, 
the image is not represented at infinite resolution, but rather is 
discretized at some small number of intervals in each direction. 
When the image in this example is discretized as 128 x 128 
pixels, with 8-bits per pixel (i.e., 256 gray levels), the encoder 
used herein automatically encodes this image (using an equiv­
alent set of 16 transformations) with the resulting compression 
equal to 356: 1. 
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W = U~:l Wi. (1) 
Thus the encoding process is : Partition 12 into a a set 

of ranges R,. Since the goal is to limit the memory required 
to specify W, the set of R, should be geometrically simple. 
For each R,, a D, C 12 and Wi: D, x I - 13 is sought such 
that Wi (/) is a.s 6 close to / n ( R, x J) as possible; that is, 

(2) 
is minimized. The map W is determined by specifying 

the maps w,. The w, 's must be chosen such that W is 
contractive, or some iterate of W is contractive (i.e., W is 
eventually contractive). 

A brief explanation of how a transformation W : F - F 
can be eventually contractive but not contractive is in order. 
The map Wis composed of a union of maps w, operating 
on disjoint parts of an image. If any of the w, a.re not con­
tractive, then W will also not be contractive. The iterated 
transform wom is composed of a union of compositions of 
the form 

Wi 1 0 Wi~ 0 • • •Wi.,.• 

Since the product of the contractivities bounds the contrac­
tivity of the compositions, the compositions may be contrac­
tive if each contains sufficiently contractive Wi; • Thus W 
will be eventually contractive if it contains sufficient "mix­
ing" so that the contractive w, eventually dominate the ex­
pansive ones. 

A mathematical description of the encoding process is 
presented in box 2. Two pseudo codes for encoding images are 
presented in box 3. The interested reader should study boxes 
2 and 3 for a more thorough understanding of the encoding 
algorithm. In the following paragraph, a simpler, albeit less 
complete explanation of the encoding process is presented. 

In figure 7 part of the encoding process for this image is 
illustrated. The figure demonstrates how one section of the 
image, called a range, is covered as closely as possible by 
applying a transform (of the form of equation 3) to a section 
of the image called a domain. (In the figure, the domain, 
transformed domain, and range squares are expanded for 
clarity. In actuality, the transformation maps the section of the 
image defined by the domain square onto the section of the 
image defined by the range square.) To complete the encoding 
process, a transform and domain must be found to cover each 
range, and the ranges must completely tile the image. To 
facilitate compact specification of the transformations, the sets 
from which domains and ranges are chosen are restricted to be 
geometrically simple, and limited in number. As shown in 
figure 7, all the examples in th·. • ,P.Gn µ~ use square ranges 
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Box 3.

Two pseudo-codes for an adaptive encoding algorithm.

Figure 7.

Part of the encoding process.

• Choose a tolerance level ec.

• Set R\ = I2 and mark it uncovered.

• While there are uncovered ranges Ri do {

• Out of the possible domains D, find the domain

Di and the corresponding it;,- which best covers Ri

(i.e., which minimizes expression 2).

• If 6(fC\(Ri x I), Wi(f)) < ec or size of(i^) < rmin

then

• Mark Ri as covered, and write out the transfor-

mation Wi\

• else

• Partition R4 into smaller ranges which are

marked as uncovered, and remove Ri from the list

of uncovered ranges.

}

a. Pseudo-code targeting a fidelity ec

• Choose a target number of ranges Nr.

• Set a list to contain Ri = 72 and mark it covered.

• While there are less than Nr ranges in the list do {

• Out of the list of ranges, find the range Rj with

size of(i2j) > Tmin which has the largest 6(fC\(Rj x

I),Wj(f)) (i.e., which is covered worst).

• Partition Rj into smaller ranges which are added

to the list and marked as uncovered.

• Remove Rj, wj and Dj from the list.

• For each uncovered range in the list, find and store

the domain D,- £ D and map Wi which covers it best.

>

• Write out all the u>< in the list.

b. Pseudo-code targeting a compression having Nr

transformations.

.n 0 Transformed

Range Square Domain gquare

and domains. The transforms must be chosen such that upon

iteration, a fixed point is reached. In light of the collage

theorem which requires contractivity of the transformation

and says that (all other things being equal) the more contrac-

tive the mapping the better, it may be surprising that when the

mapping is constructed, it is not necessary to impose any

contractivity conditions on the individual transforms. The only

necessary contractivity requirement is that the mapping be

eventually contractive. 15,16 A description of what it means to

be eventually contractive is given in box 2. Note that in the

fractal checkerboard example above, half of the transforms are

not contractive in the z direction, (i.e., si > 1), but the total

transformation is eventually contractive, and thus a fixed point

exists.

As shown for the simple examples in the previous section

(figures 4 and 6), decoding an image is performed by starting

with an arbitrary initial image, and iterating the transforma-

tions until the fixed point is reached. This process is shown for

an encoding of "tank farm" in figure 8. The compression of

this 256 x 256,8-bit per pixel image was 8.66:1, and the peak

signal to noise ratio (PSNR = -20iog Cns^or)) was 33.6dfi.

Typical images are not homogeneous. In some parts of an

image there may be lots of detail, and in other areas, the image

may appear flat. Therefore, it is advantageous to have an

algorithm which uses ranges that can vary in size depending

on the local image complexity. Allowing for ranges that can

vary in size leads to a trade-off between compression and

fidelity. For a given image, more transformations lead to better
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Box 3. 

Two pseudo-codes for an adaptive encoding algorithm. 

• Choose a tolerance level ec. 
• Set R 1 = 12 and mark it uncovered. 
• While there are uncovered ranges R; do { 

} 

• Out of the possible domains D, find the domain 
D; and the corresponding w; which best covers R; 
(i.e., which minimizes expression 2). 
• If 6(/n (R; x I), w;(f)) < ec or size_of(R;) :5 rmin 

then 
• Mark R; as covered, and write out the transfor­
mation w;; 

• else 
• Partition R; into smaller ranges which are 
marked as uncovered, and remove R; from the list 
of uncovered ranges. 

a. Pseudo-code targeting a fidelity ec. 

• Choose a target number of ranges Nr. 
• Set a list to contain R1 = 12 and mark it covered. 
• While there are less than Nr ranges in the list do { 

} 

• Out of the list of ranges, find the range R; with 
size_of(R;) > rmin which has the largest 6(/n(R; x 
I) , w;(f)) (i.e., which is covered worst). 
• Partition R; into smaller ranges which are added 
to the list and marked as uncovered. 
• Remove R;, w; and D; from the list. 
• For each uncovered range in the list, find and store 
the domain D; E D and map w; which covers it best. 

• Write out all the w; in the list. 

b. Pseudo-code targeting a compression having Nr 
transformations. 

and domains. The transforms must be chosen such that upon 
iteration, a fixed point is reached. In light of the collage 
theorem which requires contractivity of the transformation 
and says that (all other things being equal) the more contrac­
tive the mapping the better, it may be surprising that when the 
mapping is constructed, it is not necessary to impose any 
contractivity conditions on the individual transforms. The only 
necessary contractivity requirement is that the mapping be 
eventually contractive. I 5, 16-A description of what it means to 
be eventually contractive is given in box 2. Note that in the 
fractal checkerboard example above, half of the transforms are 
not contractive in the z direction. (i.e., s; > 1), but the total 
transformation is eventually contractive, and thus a fixed point 
exists. 

Digitized b Go g e 

Figure 7. 

Part of the encoding process. 

Range Square 

Domain Square 

Transformed 
Domain Square 

As shown for the simple examples in the previous section 
(figures 4 and 6), decoding an image is performed by starting 
with an arbitrary initial image, and iterating the transforma­
tions until the fixed point is reached. This process is shown for 
an encoding of "tank farm" in figure 8. The compression of 
this 256 x 256, 8-bit per pixel image was 8.66: 1, and the peak 
signal to noise ratio (PSNR =.-20log c""' ;z;;''J) was 33.6dB. 

Typical images are not homogeneous. In some parts of an 
image there may be lots of detail, and in other areas, the image 
may appear flat. Therefore, it is advantageous to have an 
algorithm which uses ranges that can vary in size depending 
on the local image complexity. Allowing for ranges that can 
vary in size leads to a trade-off between compression and 
fidelity. For a given image, more lfill1$for'mations lead to better 
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Figure 8.

Initial image, first iterate, second iterate, and tenth iterate for

an encoding of the "tank farm" image.

Figure 9.

The eight possible orientations for a square.

0° 90° 180° 270c

Not Flipped

Flipped

fidelity, but worse compression. This trade-off between com-

pression and fidelity leads to two approaches to encoding an

image, one targeting fidelity and one targeting compression.

These approaches are outlined in the pseudo-codes in box 3.

Clearly, the selection of the domains, ranges, and trans-

forms is one of the most important parts of an automated fractal

encoding scheme. The notation D and R will be used to denote

the set of all potential domains and ranges, respectively. Since

the goal of the encoding is compression, compact specification

of the transforms is a primary concern. To limit memory, only

transforms of the form given by equation 3 are used. Further-

more, as stated above, D and R must be restricted to be

geometrically simple. Restricting D and R to be collections of

squares greatly reduces the information needed to specify the

coefficients au bi, Ci, and di in equation 3. This can be seen in

figure 9, where the eight possible orientations for mapping one

square onto another are shown. The coefficients a and fi, are

determined by the relative position of the range and associated

domain. The values of the intensity transforming coefficients

(.Si and Oi) are computed by least squares regression to mini-

mize the collage error using the rms metric (i.e., expression 2

in box 2 is minimized), and are stored using a fixed number of

bits. One could compute the optimal coefficients and then

adjust them to the nearest allowed value for storage. However,

a significant improvement in fidelity can be obtained if only

storable values are used when computing the error during

encoding.

Another concern is encoding time, which can be signifi-

cantly reduced by employing a classification scheme on the

ranges and domains. Both ranges and domains are classified

using some criteria such as their edge-like nature, or the

orientation of bright spots, etc. Considerable time savings

result from only using domains in the same (or similar) class

as a given range when seeking a cover, the rationale being that

domains in the same class as a range should cover it best.

While varying the number of ranges directly affects the

compression, varying the number of possible domains has a

more complicated effect. It may seem that having a larger set

D should decrease the compression since more information is

required to specify the particular domain used. Likewise, it

may seem that the encoding time must be increased since more

domains must be searched. But with more domains, a range

which would otherwise be partitioned may be covered, so that

fewer ranges need to be covered, resulting in time and memory

savings. Similarly, using more domains does not guarantee a

better fidelity, since an other wise partitioned range may not

be partitioned and thus covered more poorly.

Examples of Compression of

Gray Scale Images

The image in figure 10a has been encoded in a simple way.

The image is a 256 x 256 pixel image with 8-bits per pixel.

The image was subdivided into 1024 non-overlapping squares

(each square is 8 pixels by 8 pixels in size). These squares were

used as the ranges for the encoding process. The set D was

chosen to be all possible 16 pixel squares (there are 241 x

241=58081 of these squares). The encoding process consisted

of searching through all domains to find the domain and

corresponding optimal transformation which best covered

each range. Each domain was tested in all eight possible orienta-

tions (see figure 9). The encoding process was performed using

four values for the maximum allowed intensity scaling factor. The

results of these encodings are given in table 2.

As stated above, the collage theorem suggests that it

should be disadvantageous to allow for less contractive map-

pings. However, the results given in table 2 show that (for the

rms metric), even though the covering accuracy improves only

slightly, the resulting fixed point improves while the con-
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Figure a. 

Initial image, first iterate, second iterate, and tenth iterate for 
an encoding of the "tank farm· image. 

Figure 9. 

The eight possible orientations for a square. 

fidelity, but worse compression. This trade-off between com­
pression and fidelity leads to two approaches to encoding an 
image, one targeting fidelity and one targeting compression. 
These approaches are outlined in the pseudo-codes in box 3. 

Clearly, the selection of the domains, ranges, and trans­
forms is one of the most important parts of an automated fractal 
encoding scheme. The notation D and R will be used to denote 
the set of all potential domains and ranges, respectively. Since 
the goal of the encoding is compression, compact specification 
of the transforms is a primary concern. To limit memory, only 
transforms of the form given by equation 3 are used. Further­
more, as stated above, D and R must be restricted to be 
geometrically simple. Restricting D and R to be collections of 
squares greatly reduces the information needed to specify the 
coefficients a;, b;, c;, and d; in equation 3. This can be seen in 
figure 9, where the eight possible orientations for mapping one 
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square onto another are shown. The coefficients e; and f;, are 
determined by the relative position of the range and associated 
domain. The values of the intensity transforming coefficients 
(s; and o;) are computed by least squares regression to mini­
mize the collage error using the rms metric (i.e., expression 2 
in box 2 is minimized), and are stored using a fixed number of 
bits. One could compute the optimal coefficients and then 
adjust them to the nearest allowed value for storage. However, 
a significant improvement in fidelity can be obtained if only 
storable values are used when computing the error during 
encoding. 

Another concern is encoding time, which can be signifi­
cantly reduced by employing a classification scheme on the 
ranges and domains. Both ranges and domains are classified 
using some criteria such as their edge-like nature, or the 
orientation of bright spots, etc. Considerable time savings 
result from only using domains in the same (o.r similar) class 
as a given range when seeking a cover, the rationale being that 
domains in the same class as a range should cover it best. 

While varying the number of ranges directly affects the 
compression, varying the number of possible domains has a 
more complicated effect. It may seem that having a larger set 
D should decrease the compression since more information is 
required to specify the particular domain used. Likewise, it 
may seem that the encoding time must be increased since more 
domains must be searched. But with more domains, a range 
which would otherwise be partitioned may be covered, so that 
fewer ranges need to be covered, resulting in time and memory 
savings. Similarly, using more domains does not guarantee a 
better fidelity, since an other wise partitioned range may not 
be partitioned and thus covered more poorly. 

Examples of Compression of 
Gray Scale Images 

The image in figure 10a has been encoded in a simple way. 
The image is a 256 x 256 pixel image with 8-bits per pixel. 
The image was subdivided into 1024 non-overlapping squares 
(each square is 8 pixels by 8 pixels in size). These squares were 
used as the ranges for the encoding process. The set D was 
chosen to be all possible 16 pixel squares (there are 241 x 
241=58081 of these squares). The encoding process consisted 
of searching through all domains to find the domain and 
corresponding optimal transformation which best covered 
each range. Each domain was tested in all eight possible orienta­
tions (see figure 9). The encoding process was performed using 
four values for the maximum allowed intensity scaling factor. The 
results of these encodings are given in table 2. 

As stated above, the collage theorem suggests that it 
should be disadvantageous to allow for less contractive map­
pings. However, the results given in table 2 show that (for the 
rms metric), even though the covering accuracy improves only 
slightly, the resulting fixed ~ ii;it 1igmro1ves while the con-
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Figure 10.

a) Original Mara, and b) decoded Mara with smax= 15

(b)

Table 2.

Root mean square errors for the collage and final attractors for

a few simple encodings of Mara (see figure 10a). In each case

the same ranges were used to encode the image with the best

possible transform and domain used for each.

Smax

collage error

attractor error

0.7

20.04

21.48

0.9

19.77

21.16

1.2

19.42

21.16

1.5

19.42

20.97

Figure 11.

PSNR versus compression as a function ofec, rm\n, and ric for

512 x 512 Lena. Open symbols represent rm\r\=4 and solid

symbols rmin=S. Data for ec=5.0, 8.0, and 11.0 appear in

clusters with increasing compression. Within each cluster,

nc=1(o), 4( 0 ), and 72(A). ADCT data ( □ ) is shown for

comparison.
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tractivity of the mapping decreases. Indeed, the last two results

given in table 2 are for mappings which are not even contrac-

tive (although they are eventually contractive). These results

show that the bounds given by the collage theorem should be

viewed as motivation rather than as a real constraint.

A generalization of the previous example is to select

ranges from a quad-tree partitioning of an image. A quad-tree

partition is one in which a square may be subdivided into four

smaller squares, each with one fourth the area of the original

square. In reference 15, results for such an implementation

with an assortment of adjustable parameters have been pre-

sented. A brief description of the encoder, and some results are

presented below.

The encoder essentially followed the pseudo-code of box

3a. The domain squares had variable size and were restricted

to have corners on a lattice with a fixed vertical and horizontal

spacing. The domain set also included domains with sides

slanted at 45 degree angles from the edges of the image. A

classification scheme was used to classify all possible domains

into classes. The classes were defined by the brightness and

edge-like character of the quadrants of each square. Choosing

a classification scheme that ordered the quadrants of a domain

by their brightness determined a symmetry operation which

limited the search for a good cover, since only one of the eight

possible orientations was checked. When covering a range,

domains (with side length twice that of the range square) from

a fixed number of classes (nc) were considered; those classes
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Figure 10. 

a) Original Mara, and b) decoded Mara with Smax= 1.5 

(a) 

(b) 

Table 2. 

Root mean square errors for the collage and final attractors for 
a few simple encodings of Mara (see figure 10a). In each case 
the same ranges were used to encode the image with the best 
possible transform and domain used for each. 

Smax collage error attractor error 
0.7 20.04 21.48 
0.9 19.77 21.16 
1.2 19.42 21.16 
1.5 19.42 20.97 

Digitized b Go g e 

Figure 11, 

PSNR versus compression as a function of ec. rmin, and fie for 
512 x 512 Lena. Open symbols represent rmin=4 and solid 
symbols rmin=B. Data for ec=5.0, 8.0, and 11.0 appear in 
clusters with increasing compression. Within each cluster. 
flc:=1(o), 4( ◊ ), and 72(6). ADCT data ( □ ) is shown for 
comparison. 

38.0 

>-
□ 

36.0'"" f-
0 

>-

m 34.0t- □ 

:!:!. oQ'°" a: z 
Ill 
a.. 32.0t-

□ 

... □ 

>- 0 ◊ ! ... • ♦ 
30.0~ • □ 

• 
♦ ... 

28.0 I I I I I I I I I 

5.0 14.0 23.0 32.0 41 .0 50.0 
COMPRESSION 

tractivity of the mapping decreases. Indeed, the last two results 
given in table 2 are for mappings which are not even contrac­
tive {although they are eventually contractive). These results 
show that the bounds given by the collage theorem should be 
viewed as motivation rather than as a real constraint. 

A generalization of the previous example is to select 
ranges from a quad-tree partitioning of an image. A quad-tree 
partition is one in which a square may be subdivided into four 
smaller squares, each with one fourth the area of the original 
square. In reference 15, results for such an implementation 
with an assortment of adjustable parameters have been pre­
sented. A brief description of the encoder, and some results are 
presented below. 

The encoder essentially followed the pseudo-code of box 
3a. The domain squares had variable size and were restricted 
to have comers on a lattice with a fixed vertical and horizontal 
spacing. The domain set also included domains with sides 
slanted at 45 degree angles from the edges of the image. A 
classification scheme was used to classify all possible domains 
into classes. The classes were defined by the brightness and 
edge-like character of the quadrants of each square. Choosing 
a classification scheme that ordered the quadrants of a domain 
by their brightness determined a symmetry operation which 
limited the search for a good cover, since only one of the eight 
possible orientations was checked. When covering a range, 
domains (with side length twice that of the range square) from 
a fixed number of classes (n,) were-con'sidered; those classes 

UNI ✓ERSITY OF ILLINOIS AT 
URBANA-CHA IIP'.P,!lr~U993 57 



Figure 12.

The original 512x512 8-bit per pixel image of Lena, and images generated using three different compression methods: a) Original

Lena, b) Iterated Transformations, compression-32.05:1, PSNR = 31.16dB, c)ADCT, compression=31.71:1, PSNR = 31.98dB,

and d) MRVQ, compression=32:1, PSNR = 28.38.
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Figure 12. 

The original 512 x 512 8-bit per pixel image of Lena, and images generated using three different compression methods: a) Original 
Lena, b) Iterated Transformations, compression-32.05:1, PSNR = 31.16dB, c)AOCT, compression=31.71:1, PSNR = 31.98dB, 
and d) MRVO, compression=32: 1, PSNR = 28.38. 
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a) Original Lena. 

c) ADCT, compression=31.72:I , PSNR=31.98dB . 

. t ,.,._ rA 
Val Research ~Al/I ge 

b) Iterated Transformations, compression=32.05: l, 
PSNR=3I.16dB. 

d) MRVQ, compression=32:l, PSNR=28.38. 
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Table 3.

Relative time to encode Lena for various parameters. See text

for details concerning the times.

nc

rmin

ec

size

time

Comp.

PSNR

1.2

1

4

8

512

1.0

15.95:1

33.13

1.2

4

4

8

512

3.1

17.04:1

33.19

1.2

72

4

8

512

35.5

17.87:1

33.40

1.0

4

4

8

512

3.1

16.74:1

33.30

1.2

4

4

5

512

5.3

10.49:1

35.92

1.2

4

4

11

512

2.0

24.62:1

30.85

1.2

72

8

8

512

7.5

36.78:1

30.71

1.2

1

4

8

256

0.14

9.09:1

30.63

1.2

72

4

8

256

4.5

9.97:1

31.53

1.2

72

4

10

256

3.7

11.85:1

30.58

were chosen to be the "most" similar to the classification of

the range.

Other adjustable parameters were the target collage error

(ec), the minimum allowable range size rmin, and the maximum

allowable scale factor smiX. When a range square of minimum

size is covered, the best possible transform is stored, regardless

of whether or not the error is less than ec. For data presented

here, Si was stored with five bits, and ox was stored with seven

bits.

Figure 11 presents PSNR versus compression data of the

standard 512x512 Lena (shown in figure 7). The compression

was varied by adjusting ec and rmin. Data is also shown for

different values of «c. The value of ec separates the data into

three widely spaced clusters, with smaller ec leading to higher

PSNR. For comparison, results are also shown for an ADCT

algorithm similar to that described in reference 17. The ADCT

data is comparable to the JPEG standard, being slightly better

at higher compression.1

In table 3, the relative encoding times for several encod-

ings are presented. The data indicate the relative encoding time

as a function of nc, ec, rmin, and image size. On an HP-Apollo

400t workstation, the relative time units in the table are ap-

proximately 1170 cpu seconds. The programs have not been

optimized for speed.

In figure 12, the original Lena image, along with versions

compressed using iterated transformation, ADCT, and mean-

residual vector quantization (MRVQ), are shown. The iterated

transformation encoding was performed with rmin = 8, smax =

1.2, nc = 72, and ec = 6.5. The ADCT implementation was the

same as that used to produce the data of figure 11. The only

significant difference between this algorithm and the JPEG

standard is that the algorithm used here segments the image

into 16x16 squares, where as the JPEG standard uses 8x8

squares. Therefore the box-like artifact pattern resulting from

the segmentation is different than that obtained with a JPEG

implementation. The MRVQ image was generated using the

basic algorithm of reference 2. The code book (256 8x8 code

vectors) for the encoding was generated from a set of five

images, including faces, a crowd scene, and a couple standing

in a room. So that the artifacts characteristic of each method

can be observed, no post-processing was performed on any of

the encodings that are shown. The presentation of these images

is not for the purpose of a critical quantitative test between

iterated transformations, ADCT, and VQ methods. Consider-

ing the vast array of the VQ algorithms, and the wide range of

variations of the iterated transform algorithm that are easily

implemented, such a critical evaluation would be difficult.

Furthermore, when evaluating which image compression

method to use, the requirements of a particular application

may well dictate the choice. Nevertheless, these images do

illustrate the differences in the images generated using the

various algorithms, and indicate the relative level of compres-

sion/fidelity performance.

Conclusion

Some of the basic motivations and concepts leading to the

development of an image compression method in which the

decoded image is the fixed point of a set of iterated transfor-

mations have been presented.

Results of the implementations described above for iter-

ated transformation encoders illustrate several interesting

points. By adjusting appropriate parameters, encodings with

reasonable compression/fidelity performance can be gener-

ated over a large range of compressions. Allowing non-con-

tractive transformations can result in improved encodings

even though this is contrary to what the collage theorem

suggests. Therefore, the collage theorem provides motivation

that a good encoding can be found, not a mathematically useful

bound on the error. Also, based strictly on compression versus

PSNR performance, current implementations do not outper-

form an ADCT method similar to the JPEG standard.

Although iterated transform image encoding is com-

putationally intensive, the decoding process is computation-

ally simple compared to ADCT methods. Because the iterated

transform scheme is based on a self referential coding of an

image as opposed to a fixed code book approach, it is well

suited for the encoding of a more general class of images than

vector quantization algorithms. Therefore, iterated transforms

may be best applied in applications for which a large variety

of pre-encoded images (possibly supplied by a central data

base) need to be decoded quickly with software on off-the-

shelf computer platforms. When confronted with a problem

that requires image compression, there are several methods

(some of them brushed upon in this paper) from which to

choose. Depending on the application, iterated transforma-

tions may be a viable image compression option. Because the

Three/1993 59

G
e
n
e
ra

te
d
 f

o
r 

m
e
m

b
e
r 

(U
n
iv

e
rs

it
y
 o

f 
M

a
ry

la
n
d

, 
C

o
lle

g
e
 P

a
rk

) 
o
n
 2

0
1

4
-1

0
-0

7
 1

9
:5

4
 G

M
T
  
/ 

 h
tt

p
:/

/h
d
l.
h
a
n
d
le

.n
e
t/

2
0

2
7

/u
iu

g
.3

0
1

1
2

0
0

5
5

4
5

3
5

2
P
u
b
lic

 D
o
m

a
in

, 
G

o
o
g

le
-d

ig
it

iz
e
d

  
/ 

 h
tt

p
:/

/w
w

w
.h

a
th

it
ru

st
.o

rg
/a

cc
e
ss

_u
se

#
p
d
-g

o
o
g
le

Table 3. 

Relative time to encode Lena for various parameters. See text 
for details concerning the times. 

Bmax ne Tmin ee size time Comp. PSNR 
1.2 1 4 8 512 1.0 15.95:1 33.13 
1.2 4 4 8 512 3.1 17.04:1 33.19 
1.2 72 4 8 512 35.5 17.87:1 33.40 
1.0 4 4 8 512 3.1 16.74:1 33.30 
1.2 4 4 5 512 5.3 10.49:1 35.92 
1.2 4 4 11 512 2.0 24.62:1 30.85 
1.2 72 8 8 512 7.5 36.78:1 30.71 
1.2 1 4 8 256 0.14 9.09:1 30.63 
1.2 72 4 8 256 4.5 9.97:1 31.53 
1.2 72 4 10 256 3.7 11.85:1 30.58 

were chosen to be the "most" similar to the classification of 
the range. 

Other adjustable parameters were the target collage error 
(ec), the minimum allowable range size Tmin, and the maximum 
allowable scale factor Smax, When a range square of minimum 
size is covered, the best possible transform is stored, regardless 
of whether or not the error is less than ec, For data presented 
here, Si was stored with five bits, and Oi was stored with seven 
bits. 

Figure 11 presents PSNR versus compression data of the 
standard 512x 512Lena (shown in figure 7). The compression 
was varied by adjusting ec and Tmin, Data is also shown for 
different values of nc. The value of ec separates the data into 
three widely spaced clusters, with smaller ec leading to higher 
PSNR. For comparison, results are also shown for an ADCT 
algorithm similar to that described in reference 17. The ADCT 
data is comparable to the JPEG standard, being slightly better 
at higher compression.1 

In table 3, the relative encoding times for several encod­
ings are presented. The data indicate the relative encoding time 
as a function of nc, ec, rmm, and image size. On an HP-Apollo 
400t workstation, the relative time units in the table are ap­
proximately 1170 cpu seconds. The programs have not been 
optimized for speed. 

In figure 12, the original Lena image, along with versions 
compressed using iterated transformation, ADCT, and mean­
residual vector quantization (MRVQ), are shown. The iterated 
transformation encoding was performed with rmm = 8, Smax = 
1.2, nc = 72, and ec = 6.5. The ADCT implementation was the 
same as that used to produce the data of figure 11. The only 
significant difference between this algorithm and the JPEG 
standard is that the algorithm used here segments the image 
into 16x16 squares, where as the JPEG standard uses 8 x 8 
squares. Therefore the box-like artifact pattern resulting from 
the segmentation is different than that obtained with a JPEG 
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implementation. The MRVQ image was generated using the 
basic algorithm of reference 2. The code book (256 8 x 8 code 
vectors) for the encoding was generated from a set of five 
images, including faces, a crowd scene, and a couple standing 
in a room. So that the artifacts characteristic of each method 
can be observed, no post-processing was performed on any of 
the encodings that are shown. The presentation of these images 
is not for the purpose of a critical quantitative test between 
iterated transformations, ADCT, and VQ methods. Consider­
ing the vast array of the VQ algorithms, and the wide range of 
variations of the iterated transform algorithm that are easily 
implemented, such a critical evaluation would be difficult. 
Furthermore, when evaluating which image compression 
method to use, the requirements of a particular application 
may well dictate the choice. Nevertheless, these images do 
illustrate the differences in the images generated using the 
various algorithms, and indicate the relative level of compres­
sion/fidelity performance. 

Conclusion 
Some of the basic motivations and concepts leading to the 

development of an image compression method in which the 
decoded image is the fixed point of a set of iterated transfor­
mations have been presented. 

Results of the implementations described above for iter­
ated transformation encoders illustrate several interesting 
points. By adjusting appropriate parameters, encodings with 
reasonable compression/fidelity performance can be gener­
ated over a large range of compressions. Allowing non-con­
tractive transformations can result in improved encodings 
even though this is contrary to what the collage theorem 
suggests. Therefore, the collage theorem provides motivation 
that a good encoding can be found, not a mathematically useful 
bound on the error. Also, based strictly on compression versus 
PSNR performance, current implementations do not outper­
form an ADCT method similar to the JPEG standard. 

Although iterated transform image encoding is com­
putationally intensive, the decoding process is computation­
ally simple compared to ADCT methods. Because the iterated 
transform scheme is based on a self referential coding of an 
image as opposed to a fixed code book approach, it is well 
suited for the encoding of a more general class of images than 
vector quantization algorithms. Therefore, iterated transforms 
may be best applied in applications for which a large variety 
of pre-encoded images (possibly supplied by a central data 
base) need to be decoded quickly with software on off-the­
shelf computer platforms. When confronted with a problem 
that requires image compression, there are several methods 
(some of them brushed upon in this paper) from which to 
choose. Depending on the application, iterated transforma­
tions may be a viable image com~ • i~h "on. Because the 
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method is relatively young, variations or improvements of the

method may lead to more general application.18

In implementing the iterated transform method, the selec-

tion of classification method and scale and offset parameters

are important, but it is the choices of the partitions for R and

D which are least obvious. Very simple schemes work well for

the same reason as vector quantization methods, i.e., the

information in each transformation is relatively small, so that

a large number of transformations can be used while maintain-

ing reasonable compression. More elaborate partitions which

might better exploit the self similar properties of iterated

transform encodings must be stored as part of the encoding,

and therefore become burdened by their own complexity.

Improvements attained from generalizing a simple approach

(such as the first example in the previous section) to a more

elaborate approach (such as the quadtree method and an even

more general partition utilizing general rectangles16) are not

negligible, but small. When devising an iterated transform

encoder, the issue of optimal algorithmic complexity may be

the most interesting problem.
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method is relatively young, variations or improvements of the 
method may lead to more general application.18 

In implementing the iterated transform method, the selec­
tion of classification method and scale and off set parameters 
are important, but it is the choices of the partitions for R and 
D which are least obvious. Very simple schemes work well for 
the same reason as vector quantization methods, i.e., the 
information in each transformation is relatively small, so that 
a large number of transformations can be used while maintain­
ing reasonable compression. More elaborate partitions which 
might better exploit the self similar properties of iterated 
transform encodings must be stored as part of the encoding, 
and therefore become burdened by their own complexity. 
Improvements attained from generalizing a simple approach 
(such as the first example in the previous section) to a more 
elaborate approach (such as the quadtree method and an even 
more general partition utilizing general rectangles16

) are not 
negligible, but small. When devising an iterated transform 
encoder, the issue of optimal algorithmic complexity may be 
the most interesting problem. 
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