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~ T R O D U C T I O N  

Cav i ty  f lows in  f lu ids  o c c u r  in  n a t u r e  u n d e r  a v a r i e t y  of c i r c u m s t a n c e s .  The  
l e a s t  s o p h i s t i c a t e d  of t h e s e  a r e  the  c a s e s  w h e r e  the  f lowing f lu id  i s  a h e a v y  l iquid  
s u c h  as  w a t e r  o r  a v o l a t i l e  fuel ,  and  when  the  c a v i t y  i s  f i l l ed  wi th  a l igh t  g a s  s u c h  as  
a i r  o r  s t e a m  or  v o l a t i l i z e d  fuel .  The  gas '  m a y  be  supp l i ed  e x t e r n a l l y  a s  in  the  c a s e  
of v e n t i l a t e d  f lows s u c h  as  o c c u r  w h e n  a s u r f a c e - p i e r c i n g  s t r u t p r o c e e d s  a t  s u c h  h igh  
s p e e d s  t h r o u g h  w a t e r  tha t  a cav i ty  f o r m s  b e h i n d  i t  in to  wh ich  r u s h e s  a i r  f r o m  the  
a t m o s p h e r e ,  or  the  ga s  m a y  b e  supp l i ed  by  v a p o r i z a t i o n  of the  f lowing f lu id  due to 
f l o w - i n d u c e d  r e d u c t i o n  of p r e s s u r e .  T h i s  i s  c a l l e d  c a v i t a t i o n  and  c o m m o n l y  o c c u r s  
w h e n  h y d r o f o i l s ,  s h i p s '  s c r e w s ,  h y d r a u l i c  m a c h i n e s ,  o r  fue l  p u m p s  a r e  d r i v e n  too 
fa s t ,  o r  when  the  p r e s s u r e  of the  a p p r o a c h i n g  f lu id  i s  o r i g i n a l l y  too  low. T h e s e  c a s e s  
a r e  l e a s t  c o m p l i c a t e d  b e c a u s e  the  p r e s s u r e  of the  ga s  in  the  c a v i t y  i s  n e a r l y  c o n s t a n t  
and  known in a d v a n c e .  Mos t  of the  r e c e n t  i n t e r e s t  in  cav i ty  f lows  h a s  b e e n  m o t i v a t e d  
b y  p r o b l e m s  of c a v i t a t i o n .  

It i s ,  of c o u r s e ,  f o r t u n a t e  t h a t  the  e x t e r n a l  f low m a y  so  o f t en  b e  c o n s i d e r e d  non -  
v i s c o u s ;  when  t h i s  is  not  the  c a s e  c o m p l i c a t i o n s  n a t u r a l l y  e n s u e .  In f ac t  v e r y  lif~le 
i s  known about  the  e f fec t  of v i s c o s i t y  on c a v i t y  f lows.  As a n  i n t e r e s t i n g  e x t r e m e  c a s e ,  
v e r y  v i s c o u s  f lows invo lv ing  ga s  c a v i t i e s  in  f lu ids  o c c u r  s o m e t i m e s  in oi l  b e a r i n g s  
in to  wh ich  a t m o s p h e r i c  a i r  i s  s ucked ,  and  w h e n  ga s  i s  f o r c e d  up t h r o u g h  o i l - f i l l e d  
so i l .  Such i n t e r e s t i n g  p r o b l e m s  have  r e c e n t l y  b e e n  s t ud i ed  by  S i r  G e o f f r e y  T a y l o r  
and  Ph i l l i p  Sa f fman  a t  the  C a v e n d i s h  L a b o r a t o r y a n d w i l l  be  d i s c u s s e d  a t  t h i s  s y m p o -  
s i u m  by  the  l a t t e r .  

P e r h a p s  m o s t  s o p h i s t i c a t e d  of a l l  c a v i t y  f lows  a r e  t h o s e  invo lv ing  h o m o g e n e o u s  
f lu ids  wh ich  " s e p a r a t e "  f r o m  the  o b s t a c l e  a r o u n d  wh ich  t hey  flow. It wi l l  b e  r e m e m -  
b e r e d  t h a t  the  o r i g i n a l  i n f i n i t e - w a k e  t h e o r y  of K i rchof f  was  i n t ended  to dea l  wi th  s u c h  
a f low p a s t  a b luf f  o b s t a c l e .  The  d i f f i cu l ty  in  dea l i ng  wi th  t h e s e  f lows l i e s  in  the  f ac t  
t h a t  a l t hough  the  p r e s s u r e  in  the  c a v i t y  m a y  b e  r o u g h l y  c o n s t a n t  i t  i s  not  known  in  
a d v a n c e .  But  t h a t  d i f f i cu l ty  i s  not  i n s u p e r a b l e ,  a s  an  i n t e r e s t i n g  i l l u s t r a t i o n  d e m o n -  
s t r a t e s .  P r o f e s s o r  M . J .  L i g h t h i l l  ( 1 ) h a s  t r e a t e d  the  p r o b l e m  of a b luf f  two-  
d i m e n s i o n a l  o b s t a c l e  p l a c e d  in  the  pa th  of the  f low a long  a f l a t  p l a t e .  It i s  known t h a t  
a " d e a d - w a t e r "  r e g i o n  f o r m s  a h e a d  of s u c h  a n  o b s t a c l e .  P o s t u l a t i n g  c o n s t a n c y  of 

Note :  The  a u t h o r  w i s h e s  to  e x p r e s s  a p p r e c i a t i o n  to  t he  O f f i c e  of N a v a l  R e s e a r c h  f o r  
i t s  e n c o u r a g e m e n t  a nd  t h o s e  a r r a n g e m e n t s  w h i c h  h a v e  m a d e  i t  p o s s i b l e  f o r  
h i m  to  w r i t e  t h i s  p a p e r  w h i l e  e m p l o y e d  a t  ONR. 
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p r e s s u r e  in the dead-water ,  it maybe  shownthat forward extent of that region depends 
on the p r e s s u r e  therein,  as does the p r e s s u r e  distr ibut ion ahead of it. Lighthill  
reasoned that the boundary layer  on the plate must just  separa te  ~t the beginning of 
the dead-water ,  and he was thus able, by matching boundary layer  behavior  and dead- 
water  p r e s s u r e ,  to de termine  the la t ter ,  and show how it depends on the extent of the 
plate ahead of the obstacle and the state of the boundary layer  on the plate.  Separated 
flows of all  kinds abound in nature, and it is probably not too much tohope that cavity 
flow theorywi l l  soon be put to fur ther  use inproviding understanding of some of them. 
Par t i cu la r ly  tempting and important p roblems involve bluff-body f lame holders  and 
s ta l led cascades,  about which Mr. Cornel l  will  speak at this symposium. 

Most of the recent ly  devised theory of supercavi ta t ing flows applies d i rec t ly  to 
p rob lems  of t ruly cavitating or  ventilating flows and it is those problems that have 
most  benefited by t imely  recent  p rogress .  Indeed, as will be revea led  here  by 
P r o f e s s o r  Lerbs ,  and by Mr. Tachmindji  and Mr. Morgan the application of low-drag 
hydrofoil  sect ions to the design of supercav i t a f ingprope l l e r s  was ca r r i ed  out success -  
fully at the David Taylor  Model Basin immediate ly  the theory was available in ea r ly  
1954, with the consequence that the possibi l i ty  of operating ships '  s c rews  efficiently 
at such high speeds that considerable  cavitation occurs  was for the f i r s t  t ime con- 
c lusively proved.  At the same t ime the mental b a r r i e r  that had existed in des igners '  
minds as r ega rds  the safe and efficient use of hydrofoils at ve ry  high speeds was 
also lowered. Indeed, many of us now take for granted the eventual existence of ships '  
sc rews ,  hydrofoil  boats, and hydrofoil-equipped a i rc ra f t ,  all  operating with super -  
cavitating or venti lated sect ions.  For  this change in a tmosphere  we are  in great  par t  
indebted to theore t ica l  developments.  

In re t rospec t ,  the most significant feature of these recent  developments has been 
their  concern with lifting hydrofoil sect ions,  a complete departure  f rom the war t ime 
trend which emphasized bodies of revolution such as torpedoes.  In fact there  now 
exist  reasonably  adequate mathemat ical  tools to deal with lifting problems of con- 
s iderable  complexity.  The fact that so much use has been made of l inear ized theory 
r equ i res  no apology. It is ve ry  fortunate that so m a n y  prac t i ca l  engineering con- 
f igurations are  reasonably s lender .  It should also be noted that exper imenta l  studies 
have provided much valuable information concerning lifting hydrofoils under cavitating 
conditions; the tes ts  pe r fo rmed  between 1955 and 1957 in the Hydrodynamics Labora-  
tory of the California Institute of Technology and in the Langley Laboratory of the 
NACA are pa r t i cu la r ly  to be noted. 

In the papers  to follow, the behavior of supercavi ta t ing hydrofoils in a var ie ty  of 
situations will  be discussed.  I have on different occasions in the past  d iscussed my 
own resu l t s  for blunt s t ruts  and lifting foils,  including the par t icu la r  possibi l i ty  of 
designing for low drag (2-4). For my par t  now I would like to give some new resu l t s  
for seve ra l  different and var ied  cavity flow problems.  The topics involved are  the 
cavity flow past  smooth two-dimensional  s t ruts  with unspecified cavity detachment 
points; effects  of high speed on cavity flows past  blunt s truts;  and the th ree-d imens iona l  
cavity flow past  s lender  delta wings. 

I am sure  that the speakers  to follow me will provide both a thorough review of 
thei r  recent  advances in the general  field of cavity flows and a thorough discussion of 
p rac t i ca l  applications.  It was my interpreta t ion of my role  here  that I t ry  to say 
something about the future. I have thus chosen these d iverse  and what I hope are  
provocat ive  topics. I hope that I will be excused if they have not been dealt  with as 
conclusively as one might wish. 

236 



New D e v e l o p m e n t s  in the T h e o r y  of S u p e r c a v i t a t i n g  F low 

THE S U P E R C A V I T A T I N G  FLOW PAST SL E N D E R STRUTS 

In the  f i r s t  a p p l i c a t i o n  of l i n e a r i z e d  t h e o r y  to p r o b l e m s  of s u p e r c a v i t a t i n g  f lows ,  
I c o n s i d e r e d  t he  c a s e  of s l e n d e r  b l u n t - b a s e d  s t r u t s  of s u c h  s h a p e  t ha t  the  po in t  of 
d e t a c h m e n t  of the  cav i ty  w as  n e c e s s a r i l y  a t  the  v e r y  end  of the  s t r u t .  In t h a t  way the  
p r o b l e m  of d e t e r m i n i n g  an  unknown d e t a c h m e n t  p o s i t i o n  was  avo ided .  The  c a s e  c o n -  
s i d e r e d  was  of p r a c t i c a l  i n t e r e s t ,  h o w e v e r ,  and  i t  was  p o s s i b l e  to  r e d u c e  the  p r o b l e m  
of c a l c u l a t i n g  cav i ty  s h a p e s  and  d r a g s  to one of q u a d r a t u r e s .  L a t e r  the  p r o b l e m  of 
m i n i m u m  d r a g  s t r u t s  was  c o n s i d e r e d ;  I gave  s o m e  r e a s o n s  fo r  p r e f e r r i n g  a s i m p l e  
p a r a b o l i c  s h a p e .  

Now I would l ike  to  show how l i n e a r i z e d  t h e o r y  m a y  b e  u s e d  in  the  m o r e  g e n e r a l  
c a s e  of s l e n d e r  s t r u t s  whose  c a v i t y  d e t a c h m e n t  po in t  i s  unknown a t  the  ou t se t ,  and  to  
p r e s e n t  s o m e  r e s u l t s  fo r  s t r u t s  of s i m p l e  shape .  

The  p e r t i n e n t  t w o - d i m e n s i o n a l  s t e a d y  flow, s y m m e t r i c  abou t  the  x - a x i s ,  i s  s h o w n  
s c h e m a t i c a l l y  in  Fig.  1. The  w e t t e d  b o u n d a r y  of the  s m o o t h  s t r u t  and  the  c a v i t y  wa l l  
a r e  c o n t i n u o u s  s t r e a m l i n e s ,  the  cav i ty  wa l l  b e i n g  in add i t i on  a s u r f a c e  of c o n s t a n t  
p r e s s u r e .  

The  po in t  of d e t a c h m e n t . i s  not  known in  a d v a n c e .  H o w e v e r ,  s o m e t h i n g  c a n  b e  
s a i d  abou t  the  b e h a v i o r  of the  f low t h e r e  in  the  c a s e  w h e r e  the  f low is  t r u l y  cav i t a t i ng .  
The  c u r v a t u r e  of the  cav i ty  j u s t  a t  t he  d e t a c h m e n t  po in t  c a n n o t  b e  in f in i t e  and  c u r v e d  
t o w a r d s  the  body,  l e s t  i t  i n t e r s e c t  the  body;  n o r  c a n  i t  b e  in f in i t e  and  c u r v e d  away 
f r o m  the  body,  l e s t  t he  p r e s s u r e  in  the  s t r e a m  j u s t  away  f r o m  t h a t  po in t  b e  l e s s  t h a n  
the  c a v i t y  p r e s s u r e .  Nor  c an  the  c u r v a t u r e  of the  s t r e a m l i n e  a t  the  po in t  of d e t a c h -  
m e n t  u n d e r g o  a f in i t e  j ump ,  fo r  i t  i s  w e l l  known t h a t  the  p r e s s u r e  c a n n o t  b e  c o n s t a n t  
a l o n g  a s t r e a m l i n e  in  the  n e i g h b o r h o o d  of s u c h  a d i s c o n t i n u i t y .  As  h a s  long  b e e n  
k n o w n  then ,  the  cav i ty  in  a c a v i t a t i n g  f low m u s t  have  j u s t  the  c u r v a t u r e  of t he  s m o o t h  
body  a t  the  d e t a c h m e n t  poin t .  I t  c an  in  add i t i on  be  s t a t e d  t ha t  s i n c e  the  c a v i t y  m u s t  
b e  convex  ( f r o m  the  ou t s ide ) ,  t h e b o d y  i t s e l f  m u s t  be  convex  a t  the  po in t  of d e t a c h m e n t .  

The  cond i t i on  of con t inuous  c u r v a t u r e  i s  j u s t  s u f f i c i e n t  to  a l low s o l u t i o n  of the  
p r e s e n t  p r o b l e m ,  w h e n  u s e d  t o g e t h e r  wi th  the  c o n d i t i o n s  i m p o s e d  in the  e a r l i e r  

Y Detachment Point 
/ " C a v i t y  

Yc Yc (x~ 

'Slender Strut (Weffed Portion ] 
Shaded) I 

, , . -x  

I I I I 
x:O x =a x:l x : L  

Fig.  1 - S u p e r c a v i t a t i n g  flow p a s t  a s l e n d e r  s t r u t  
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l inear ized problem in which the detachment point was known in advance. For s t ru ts  
considered here  ( th i rd-degree  polynominals),  only one convex solution is found for 
each strut.  It s eems  c lear  that the smoothness  and convexity condition, while neces-  
sary,  a re  not sufficient to yield a physical ly  meaningful solution represent ing  the 
infinite cavity past  a t ruly cavitating body, for it need only be supposed that a ve ry  
smal l  but ve ry  sharp bump be placed near  the nose of such a body. Surely a convex 
cavity with continuous curvature  at detachment will s t i l l  exist  with a detachment point 
close to its previous  position, despite the fact that the l o c a l p r e s s u r e s  near  the sharp 
bt~mp will  fal l  far  below the cavity p re s su re .  The s t ru ts  considered here  do not, of 
course,  have smal l  sharp bumps on them. When s lender  enough they have in fact 
monotonic curvature ,  increas ing in some cases ,  decreas ing  in others .  For  those 
cases  where the wetted body is convex and the curvature  is nondecreasing (i.e., the 
convexity is nondecreasing) it s eems  likely that with smooth detachment the flow is 
a t ruly cavitating one, for it has been shown (5) that such is the case for bodies of 
nondecreasing convexity (accolades). Some of the s t ruts  considered here  are  not of 
that type however,  and it must only be hoped that the flows produced are  meaningful. 
No ver i f ica t ion is at tempted through computation of the p r e s s u r e s  on the forebody. 
Interest ingly enough it is found that for some of these s t ru ts  which have monotonically 
decreas ing curvature  two smooth cavi t ies  exist:  one detaching forward and ini t ial ly 
convex, the other detaching aft and concave at detachment.  The la t ter  is c lea r ly  
meaningless  with regard  to cavitat ion problems .  

The per t inent  l inear ized  p rob lem here  involves the determinat ion,  Subje'ct to the 
conditions i l lus t ra ted  in Fig. 2, of a harmonic  function 9, the potential  of the pe r tu rba -  
tion velocity,  and at the same t ime,  of the p roper  cavity detachment point and cavity 
length, these being unknown in advance. 

The determinat ion of the cavity shape for a r b i t r a r y  detachment point was, in 
fact, made in the e a r l i e r  work on blunt-based s t ruts .  The method employed involved 
the determinat ion of the unknown source  distr ibut ion for the cavity through invers ion 
of the well  known integral  equation of incompress ib le  thin a i r foi l  theory. 

y; V=~y 

-.v(x,o)=o 

I 
0 - a (unknown) 

¢_ Po.'Pc 

~rUoo 
u(x,ol = T ' -I x u= 

I 
~(unknown) 

is harmonic and symmetric about y =0 .  

Cavity Closure Condition: d(v(x,o) dx = O. 

Continuous Slope and Curvature at Detachment:, 
dyo(a.~__) dy©(a) • 

dx dx 
2 2 

d yo(a)d~c(a) 

Fig. Z - Linearized boundary value problem 

238 



New D e v e l o p m e n t s  in  t he  T h e o r y  of S u p e r c a v i t a t i n g  F l o w  

The  r e s u l t s  a r e  g i v e n  be low:  

dYe 
2U c ~ = -~U - -  + - -  

/~-x f0 0-Uc° ~w r a dY0 ~ t  a dYo ~ d t  a n d  ~xx - a 2U c ___ = 
7zv/~--~ d t  ( x - t ) ~  2U c 2 J o  d t  aV~a-t 

dt  

w h e r e  
Uc o- 
- - = I + - -  U~ 2 '  

F o r  a g i v e n  s t r u t  s h a p e  Y0 = Y 0 ( t ) .  The  f i r s t  of t h e s e  e x p r e s s i o n s  m a y  be  d i f -  
f e r e n t i a t e d  to y ie ld  the  c a v i t y  c u r v a t u r e ;  and  t hus  m a y  the  d e t a c h m e n t  po in t  a be  
d e t e r m i n e d  by  i m p o s i n g  the  cond i t ion  of s m o o t h  c u r v a t u r e  t h e r e .  F o r  c a v i t a t i o n  
n u m b e r s  o t h e r  t h a n  z e r o ,  the  s e c o n d  e x p r e s s i o n ,  s t a t i n g  tha t  the  c a v i t y  i s  c losed ,  
m u s t  s i m u l t a n e o u s l y  be  used .  

The  a c t u a l  exp lo i t a t i on  of t h e s e  r e l a t i o n s  m a y  not  be  s i m p l e  b e c a u s e  of c o m p l i -  
c a t e d q u a d r a t u r e s ,  bu t  if only  v e r y  long c a v i t i e s  ( ~ / a  >> 1) and  s i m p l e  s t r u t s  (po lynomia l  
s h a p e s )  a r e  c o n s i d e r e d ,  r e s u l t s  a r e  r e a d i l y  ob ta ined .  

F o r  v e r y  long c a v i t i e s :  

 d,0 
?r dt  ( x - t )  vZa:_t U c 4 d t  V~a~t 

F o r  s t r u t s  of the  s h a p e ,  Yo/b = a , t  + a2t  2 + a3 t3 ,  t hen ,  

~xc { ~ 2Ucb ~ V a 
2U c = - c rU  ,-'--~ + ~ 2a l  + 4a2x + 6a3x2) t a n - I  x - a  

+ V~x-a ( - 4 a  2 v~a - 6a 3 v"~xax- 4 a 3 a 3 / 2 ) ] }  

and,  d i f f e r e n t i a t i n g  to o b t a i n  the  c u r v a t u r e ,  

2U c Y c = ~ ~U~ 
dx 2 xv/~-a 2v~ 

2Ucb f 17 
+ ~ ~-2~x ( 2 a l + 4 a 2 x + 6 a 3  x 2 ) -  (2a2v~aa +3a3 ~/~a x + 2 a 3 a 3 / 2 ) ~ J  

2Ucb 2Ucb xV-~--___~a a 
+ - - ~ x x - a  ( -Sa  3 v~a'a) + -  t an  "I (4a  2 + 1 2 a 3 x  ) z r 77 " 

The  s m o o t h  c u r v a t u r e  cond i t i on  i s  c o n s e q u e n t l y  s a t i s f i e d  only  w h e n  a s a t i s f i e s  
the  r e l a t i o n :  

cru = 1 
(1 + o / 2 )  4v"~ b - ~ a  ( a l  + 4a2a + 8a3a2)  " 

The  o t h e r  n e c e s s a r y  r e l a t i o n  w h i c h  fo l lows  f r o m  the  cav i ty  c l o s u r e  cond i t ion  i s  

ow ¢~ = ~aa (2a I + 8/3 a2a + 16/5 a3 a2) " 
(1 + 0-/2) 4b 

These two relations may fortunately be combined to give simple formulas relating 
(a) detachment point to strut shape and cavitation number, and (b) cavity length to the 
same quantities. These are: 
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= - (a I + 4a2a + 8/3 a3 a2) (2a I + 8/3 a2a + 16/5 a3 a2) 

4 = - a  
(2a I + 8/3 a2a + 16/5 a3 a2) 

(a I + 4a2a + 8a3 a2) 

In the  c a s e  of z e r o  cav i t a t i on  n u m b e r  and inf in i te  cav i ty  length ,  the  d e t a c h m e n t  
po in t  i s  g iven  by  the  v a n i s h i n g  of the  q u a d r a t i c ,  a 1 + 4a2a + 8a3a 2, and is  i ndependen t  
of the  s t r u t  t h i c k n e s s .  The c o e f f i c i e n t s  a l ,  a2, a3, which  def ine  a s t r u t ,  cannot  be 
c h o s e n  independen t ly  of one ano the r .  If a z is  z e r o ,  t hen  8~ may  be  t aken  a s  unity;  in 
o r d e r  fo r  the s t r u t  o r d i n a t e  to van i sh  at  t = o, 1 t hen  a 3 = -1.  If az is  not z e r o  then  
i t  m a y  be  c h o s e n  a s  un i ty  and aga in  fo r  a s t r u t  spann ing  the i n t e r v a l  0.1 i t  m u s t  be 
tha t  a 2 = - ( a  s + 1); a one p a r a m e t e r  f ami ly  of s t r u t s  r e s u l t s .  It may  be  shown tha t  
t h e s e  s t r u t s  a r e  s e g m e n t s  of the  t h i r d - d e g r e e  p o l y n o m i a l  w h o s e  z e r o s  a r e  a t  
(0, 1, l /a3) ;  the  coe f f i c i en t  a 3 m u s t  then  be  l e s s  than  unity.  

T h e p o s i t i o n  of the d e t a c h m e n t p o i n i  is  p l o t t ed  a g a i n s t t h e  p a r a m e t e r  a 3 in  Fig .  3. 
F o r  v a l u e s  of a 3 b e t w e e n  1 and 3/4, two d e t a c h m e n t  po in t s  a r e  found. The f o r w a r d  
poin t ,  fa l l ing  w h e r e  the  body  i s  convex ,  may  have  p h y s i c a l  mean ing ,  but  the a f t e r  one 
c l e a r l y  d o e s  not a s  the  body  i s  concave  t h e r e ;  only the  f o r w a r d  poin t  is  p l o t t ed  in 
Fig .  3. The fac t  i s  i l l u s t r a t e d ,  h o w e v e r ,  tha t  at  l e a s t  fo r  v e r y  s l e n d e r  b o d i e s ,  the  
cont inuous  c u r v a t u r e  condi t ion  is  not su f f i c i en t  in  i t s e l f  to g u a r a n t e e  t r u l y  cav i t a t ing  
f lows .  

Ca lcu la t ions  have  b e e n  made  to d e t e r m i n e  the m o v e m e n t s  of d e t a c h m e n t  po in t  
wi th  c~. T h e s e  ind ica t e  tha t  the  po in t  m o v e s  aft  v e r y  s l o w l y w i t h  inc~7~.~ing cav i t a t i on  
n u m b e r ,  and that  i t s  p o s i t i o n  d e p e n d s  on the  s t r u t  t h i c k n e s s .  I ~  the  r a t i o  of 
s t r u t  m a x i m u m  t h i c k n e s s  to s t r u t  cho rd ,  and ~ is  the  d i s p l a c e m e n t  of the d e t a c h m e n t  
po in t  f o r w a r d o f  i t s p o s i t i o n f o r  z e r o  ~, the  a p p r o x i m a t e  r e s u l t s  hold  tha t  ~ i s  p r o p o r -  
t i o n a l t o  the  s q u a r e  of the  r a t i o  of ~ to r and tha t  the  c a v i t y l e n g t h  ~, i s  i n v e r s e l y p r o -  
p o r t i o n a l  to ~. The c a l c u l a t e d  c o n s t a n t s  of p r o p o r t i o n a l i t y  fo r  t h r e e  d i f f e r e n t  s t r u t s  
a r e  shown in Fig.  4. 

(a, Detachment Point, o- =0) 

(Pt. Strut Max. Thickness) 

7 
Q3 =-GO 

I 

- o o  

l b= I 

1.0 
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Fig.  4 - Cav i ty  l eng th  and d e t a c h m e n t  point ,  
or<< 1 

The  r e s i s t a n c e  of any  s t r u t ,  the  d e t a c h m e n t  po in t  hav ing  b e e n  d e t e r m i n e d ,  m a y  
b e  o b t a i n e d  u s i n g  the  r e s u l t  of p r e v i o u s  work .  N e g l e c t i n g  t e r m s  of o r d e r  o.2, the  d r a g  
c o e f f i c i e n t  b a s e d  on m a x i m u m  s t r u t  t h i c k n e s s  T i s  

D = 2(1 +c~) (" (~)  dy0 dt 
1/2;.U2T c , :  ~ -  LJo dt 

The  t h e o r y  i n d i c a t e s  t ha t  the  v e r y  s low f o r w a r d  m o v e m e n t  of the  d e t a c h m e n t  
po in t  c o n t r i b u t e  o n l y t e r m s  of o r d e r  h i g h e r  t h a n  ~ to the  d r a g  i n t e g r a l ,  s o  t ha t  j u s t  a s  
fo r  b l u n t - b a s e d  s t r u t s :  

CD(Cr ) = CD(0 ) [1 +c~] . 

The  d r a g  c o e f f i c i e n t s  (c~ = 0) of the  p o l y n o m i a l  s t r u t s  c o n s i d e r e d  h e r e  a r e  s h o w n  
in Fig.  5. The  c o n c l u s i o n  m i g h t  be  d r a w n  t h a t  b lun t  n o s e s  a r e  h a r m f u l  to  r e s i s t a n c e ;  
t h i s  i s  c e r t a i n l y  the  c a s e  fo r  the  f a m i l y  c o n s i d e r e d  h e r e .  Howeve r ,  the  s u p e r i o r i t y  
of p a r a b o l i c  s t r u t s  h a s  b e e n  shown  b e f o r e .  In o r d e r  to  put  the  p r e s e n t  r e s u l t s  in  
p r o p e r  p e r s p e c t i v e ,  the  s h a p e s  and  d r a g s  of t h r e e  s t r u t s  which  c o v e r  the  e n t i r e  r a n g e  
of t h o s e  c o n s i d e r e d  h e r e  a r e  c o m p a r e d  wi th  t h r e e  o t h e r  s t r u t s  f r o m  ou t s ide  the  f a m i l y  
in  Fig.  6. T h e s e  a r e  a s y m m e t r i c  d i a m o n d  s t r u t ,  a s y m m e t r i c  s t r u t  wi th  p a r a b o l i c  
n o s e  and  ta i l ,  and  a b lun t  p a r a b o l i c  s t r u t .  

• Al l  of t h e s e  r e s u l t s  c o n c e r n i n g  d r a g  and  p o s i t i o n  of d e t a c h m e n t  po in t  m a y  b e  
bo ld ly  p r e s e n t e d  as  no e x p e r i m e n t a l  r e s u l t s  fo r  t w o - d i m e n s i o n a l  s t r u t s  s e e m  to be  
a v a i l a b l e  (a l though s o m e  r e s u l t s  fo r  b o d i e s  of r e v o l u t i o n  a r e  a v a i l a b l e ;  s e e  E i s e n b e r g  
(6)). It would c l e a r l y  be  w o r t h w h i l e  for  s o m e o n e  to c a r r y  out  p e r t i n e n t  t e s t s .  

F ina l ly ,  i m p l i c a t i o n s  of s o m e  of the  r e s u l t s  ob t a ined  h e r e  wi th  r e g a r d  to the  
u n i q u e n e s s  of s m o o t h  c a v i t y  f lows p a s t  c l o s e d  s t r u t s  m a y  be  s t a t ed .  F i r s t :  a s  m e n -  
t i o n e d  b e f o r e ,  it w as  found tha t  fo r  c e r t a i n  of t hose  s t r u t s  whose  c u r v a t u r e  i s  
m o n o t o n i c a l l y  d e c r e a s i n g  two s m o o t h  c a v i t i e s  w e r e  found, one concave  a t  d e t a c h m e n t ,  
the  o t h e r  convex.  Second:  s t r u t s  g i v e n  by  h i g h e r  d e g r e e  p o l y n o m i a l s  ( than  t h r e e )  
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Fig. 6 - Comparison of strut drags 

may very  well  yield more than two smooth cavity flows, for it is c lear  that the 
posit ion of detachment sa t i s f ies  an a lgebraic  equation of one degree less  than the 
degree  of the polynomial  defining the strut.  It would be interes t ing to see whether a 
s t rut  could be found for which more  than one smooth and convex cavity flow presen t s  
i tself .  

HIGH-SPEED EFFECTS ON SYMMETRIC CAVITY FLOWS 

It is probably not too fr ivolous an undertaking to t ry  to say something about 
cavity flows in compress ib le  fluids, for the successful  and genera l  application of 
cavity flow information to the study of gas flows with "dead-water"  wakes such as 
may exis t  in the case of bluff-body f lame holders  and stal led cascades  will  cer ta in ly  
r equ i re  some understanding of the effects  of high speed. In addition, p roblems of 
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symmet r i c  cavity flows should be tempting to the students of compress ib le  fluids for 
not only are  they re la t ive ly  s imple flows, but they are  flows with finite drag at sub- 
sonic speeds.  The subject is, indeed, not a new one. For cer ta in  polygonal obstacles 
including single wedges, the infinite-wake flow for zero  cavitation number may be 
determined exactly (for Mach numbers at least  as great  as unity) through the use of 
a suitable hodograph method, for then the t ransformed boundaries of the flow are  
known, the boundary conditions imposed thereon are  l inear ,  as a re  the t rans formed  
gas-dynamic equations. Students of t ransonics  have been par t icu la r ly  in teres ted  in 
this possibi l i ty  and attempts at making calculat ions for wedge forebodies  have been 
made by Imai (7) and Mackie and Pack (8). Most recently,  Hell iwell  and Machie (9) 
have t rea ted  the flow past  s lender wedges t ra i l ing f ree  s t reaml ines  with sonic veloci ty  
thereon; they used yon Karman ' s  t ransonic  approximations and Roshko's f ree  s t r e a m -  
line model. 

In the absence of exact resul t s  of sufficient detail  or even of the per t inent  t ran-  
sonic solution, the use Qf a suitably modified Prandt l -Glauer t  rule  to extrapolate  
incompress ib le  resu l t s  for low cavitation number flows past suitably s lender fo re -  
bodies, the cavity detachment point being known, seems  par t icu lar ly  inviting. 

For  suitably low cavitation numbers,  even an unslender body will possess  a ve ry  
s lender  cavity, since the thickness rat io of the la t te r  is, at least  in an incompress ib le  
flow, proport ional  to ~. The Mach number of the flow in the vicinity of these s lender  
cavi t ies  will  be ve ry  close to the Mach number corresponding to the cavity p r e s su re  
coefficient. This cavity Mach number,  Me, will  genera l lybe  g rea te r  than f ree  s t r eam 
Mach number,  MR, except in the case of an infinite cavity when theywil l  be equal. No 
mat ter  how slender the forebody, therefore ,  the s t reamwise  per turbat ion of the f ree  
s t r eam does not tend to vanish, but, instead, approaches on the body and cavity a 
constant value equal to (m - M~). The proper  l inea r i za t ion  of the nonlinear gas-  
dynamic equations is, then, 

(I - M 2) q~xx + ~ y y  = O, 

and the Prandt1-Glauert  rule must be suitably modified. 

As implied above, this l inear ized  equation must be a ve ry  good approximation 
for s lender bodies because of the cavity enforced uniformity of the near flow field. 
For  s t i l l  another reason,  the Prandt l -Glauer t  rule  seems  especia l ly  useful: accord-  
ing to l inear ized theory (2), it is a consequence of D 'Alember t ' s  paradox that the 
cavitation drag of the forebody must be identical with the "nose drag" of the end of 
the cavity (which in turn depends only on the radius of curvature  of that nose). Jones 
and van Dyke (10) have recent ly  shown (but not r igorously)  that the Prandt l -Glauer t  
rule is par t icu lar ly  applicable to the es t imat ion of nose drag. In fact they have 
shown that even though it may fail  to predic t  exactly the distribution of p r e s s u r e s ,  
the P-G rule does extrapolate the overa l l  drag of a parabol ic  half body exactly for 
Mach numbers up to one. All of which implies  that were  the shape of the cavity 
behind a given s lender  forebody known for all  Mach numbers,  t h e  drag could be 
es t imated without e r r o r  for ze ro  a and with smal l  e r r o r  for suitably smal l  ~. Unfor- 
tunately the changing shape of the cavity is not known in advance, but must be es t i -  
mated; hence the use of the P-G rule  involves unknown e r r o r s .  However,  as 
r emarked  previously,  the cavity enforced uniformity of the per turbat ion flow gives 
reason  to hope that nonlinear dis tor t ions of the cavity shape which a re  not predic ted  
by the P-G rule will  be l imited in importance to ve ry  high subsonic Mach numbers 
and that this completely l inear  theory has a large range of applicability. Confi rma-  
tion of this speculation awaits the solution of the pert inent  t ransonic  problem.  
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Figure 7 shows the cavity flow in the rea l  physical  plane (on the left) and in the 
affinely t ransformed incompressible  flow plane (on the right). The pr imed quantit ies 
refer  to the incompress ible  t ransformed plane. The application of the P -G rule is 
well discussed by Sears (11) and only resu l t s  for the case of cavity flows are presented 
here.  Certa in  resu l t s  for incompress ible  cavity flows presented by Tulin (2) are also 
uti l ized without derivation. 

Important resul t s  are that the drag increases  with Mach number as 

1 + o'(1 - Mc 2) 

and that the cavity becomes more s lender  as / ( 1  -M~ 2 ) , the length increas ing as 
(1-Me2) -1 and the thickness as (1 -M~) -½. All of these quanti t ies m a y b e  readi ly  
determined for a given forebody uti l izing the available incompress ib le  theory. Some 
resu l t s  are summar ized  below: 

COMPRESSIBLE 

~ y  (l'McS=/~2 
d ' - - - '~x  o" M 

v:U,  ~ " ~ _/ c 
c d x ~  

u - - Z - ~  
| I I 

x : o  c .~ 

T R A N S F O R M E D  INCOMPRESSIBLE 
., =/3~ 

Y~x'-#x v'=Bv 

22_  
U~ 

I J 
X' = 0 C' ,~' 

" - ~ M  : Moo ~ M' : 0 

( I -  Mc 2) ~xx + ~yy = 0 

_ D Co' 
co-~-?-O~ t - ~ 

Co(M;=)= Co(M=O;o') [l+.8zo -] 
.e [I +o-] 

~/t : e/,, cD/~# 
~'/t : 8 CD (M=O} 

D' = ,8ZD 
' "  

=.v;~-,.J 
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F i g .  7 - T h e  P r a n d t l - G l a u e r t  t r a n s f o r m a t i o n ,  c a v i t y  f l o w s  

244 



N e w  D e v e l o p m e n t s  i n  t h e  T h e o r y  of  S u p e r c a v i t a t i n g  F l o w  

2 [i + cr(l- Mc2)]Ifo I dYo d x l  2"-' 
cr << 1: CD(M,cr ) = ~ A - Mc 2 T dx / i i  

where c D is based on the strut maximum thickness, T, and where yo is the ordinate 
of the strut, which is itself of unit length. 

8T CD(0,0.) 
c~<< I: ~ = - -  

~7cr 2 ( I  - Mc2 ) 

w h e r e  ~ i s  the  cav i ty  l eng th .  

<< I: ~ = 4T CD(0'0) 

7ZCT2 v~--- Mc 2 

where T is the maximum thickness of the cavity. 

The P-G rule predicts infinite drag for sonic cavity Mach numbers and transonic 
theory must be invoked before such speeds are reached. As previously noted, Helli- 
welland Mackie (9)have considered the case of slender wedges trailing free stream- 
lines with sonic velocity thereon. According to their results, the drag coefficient, 
CD, of a wedge of semi-apex angle equal to 0 is, when C D is based on wedge total 
thickness and when the base pressure is taken into account: 

i, 89 8 2 / 3  
C D - ( ' ) , + 1 )  1 /3  

w h i c h  r e s u l t  i m p l i e s  t h a t  the  M a c h  n u m b e r  d i s t r i b u t i o n  on  the  w e t t e d  p o r t i o n  of the  
wedge  i s  i n s e n s i t i v e  to  c h a n g e s  in  f r e e  s t r e a m  M a c h  n u m b e r ;  t h i s  e f f ec t  i s  not  r e a l l y  
s u r p r i s i n g  as ,  in  the  c a s e  c o n s i d e r e d ,  t he  v e l o c i t y  a t  t he  apex  and  s h o u l d e r  of the  
wedge  a r e  f ixed  and  i n d e p e n d e n t  of M~. If the  M a c h  n u m b e r  on  t he  f r e e  s t r e a m l i n e  i s  
not  f ixed  as  un i ty  bu t  i s  i n s t e a d  t a k e n  a s  equa l  to  M~ (~ = 0) ,  t h e n  the  r e a s o n  fo r  t he  
i n s e n s i t i v i t y  of the  wedge  M a c h  n u m b e r  d i s t r i b u t i o n  to M® i s  p a r t i a l l y  r e m o v e d .  It i s  
c o n j e c t u r e d  t ha t ,  in  f ac t ,  t he  wedge  M a c h  n u m b e r  d i s t r i b u t i o n  would  in  t h a t  c a s e  b e  
c l o s e l y  p r o p o r t i o n a l  to  M~. The  d r a g  c o e f f i c i e n t  of the  wedge  would t h e n  b e  r e l a t i v e l y  
insensitive to M~ for subsonic Mach numbers close to unity (since Cp = 4/T + 1 [ 1 ~ M/Mj). 
R would be interesting to verify this conjecture by actual calculation using transonic 
theory. 

The estimated drag of slender wedges of semi-apex angle, 2-1/2, 5, and I0 
degrees with infinite trailing cavities, c~ = 0, are presented in Fig. 8; the ratio of 
specific heats, ~, is assumed to be 1.4. 

T h e s e  b r i e f  c o n s i d e r a t i o n s  have  b e e n  u n d e r t a k e n  m a i n l y  to d i s c o v e r  s o m e  e f f e c t s  
of s p e e d  on  s i m p l e  c a v i t y  f lows ,  bu t  i t  i s  we l l  t h a t  t hey  s e r v e  a t  the  s a m e  t i m e  to  
i n d i c a t e  f o r  the  s y m p o s i u m  r e c o r d  the  e x i s t e n c e  of the  i n t e r e s t i n g  t r a n s o n i c  t h e o r y  
f o r  c a v i t y  f lows .  It i s  w o r t h w h i l e  to  no te  t h a t  a v e r y  r e c e n t  p e r t i n e n t  p a p e r  b y  
N o n w e i l e r  (12) c o n t a i n s  the  i n t e r e s t i n g  r e s u l t  t h a t  a h a l f - b o d y  w h o s e  o r d i n a t e s  v a r y  
a s  x 2/s  h a s  a s o n i c  s u r f a c e  v e l o c i t y  e v e r y w h e r e ,  e x c e p t  a t  t he  nose ,  w h e n  t he  f r e e  
s t r e a m  s p e e d  i s  son ic .  T h i s  g i v e s  h in t  t ha t  the  a s y m p t o t i c  f o r m  of in f in i t e  c a v i t i e s  
a t  son i c  s p e e d  wi l l  b e  of the  f o r m  x2/S; the  r e s u l t  of J o n e s  and  v a n  Dyke (10) shows ,  
of c o u r s e ,  t h a t  the  a s y m p t o t i c  f o r m  of c a v i t i e s  fo r  a l l  s u b s o n i c  s p e e d s  m u s t  b e  x 1/2, 
and  t h a t  a d i f f e r e n t  f o r m  m u s t  ob ta in  a t  son i c  s p e e d .  
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Fig. 8 - The drag of slender wedges, c~ = 0 

0,4 

0.3 C~0 

0.2 

0.I 

SUPERCA~rITATING FLOW PAST SLENDER DELTA WINGS 

Without implying that in teres t ing and important  problems* do not r emain  to be 
investigated, it may be said that the behavior  of two-dimensional ,  thin, lifting foi ls  
with full cavitation in steady unbounded flow is now fa i r ly  well  understood. Despite 
the ve ry  considerable  work that has been devoted to two-dimensional  problems,  
however,  there  do not seem to exist  any theore t ica l  r esu l t s  per taining pa r t i cu la r ly  to 
the behavior of th ree -d imens iona l  lifting wings with full cavitation. It i s  t rue that the 
d i rec t  application in p rac t i ce  of s tandard aspect  ra t io  cor rec t ions  to the case of 
lightly loaded p rope l l e r s  has so far  given sat isfact ion,  but no attempt to ra t ional ize  
the procedure ,  even for the s imple  case  of a high or  moderate  aspect  ra t io  plane 
wing, has been made. 

When the wing cavity length is somewhat shor t e r  than the span of the wing, no 
difficult ies would seem to p resen t  themse lves  in the d i rec t  extension of lifting line 
resul ts ,  but when the cavity is longer  than the span then even the fo rces  on the high 
aspect  ra t io  foil ~nay very  well  be affected not only by the decreased  effect ive angle 
of attack due to the t ra i l ing  vor tex  sys tem,  but also by the difference,  due to the 
finite span of the cavity, between the two-dimensional  and actual cavity shapes.  For  
a given cavitation number,  c l ea r ly  the cavity at mid-span must become fa t ter  for 
decreas ing  cavity aspect  rat io.  It is not c lea r  now to what o rder  this fattening of the 
t ra i l ing  cavity will  affect the lift on the foil, and it is this ve ry  point which r equ i r e s  
future clarif icat ion.  

In the ex t reme case of ve ry  low aspect  ra t io  (or s lender)  supercavi ta t ing wings, 
the flow pat tern becomes  p r i m a r i l y  dependent on the " t ip"  effects,  and different  

*For  instance, the behavior of a i r foi ls  of conventional shape (rounded nose, sharp tail) 
for which the cavity detachment p6int va r ies  with ~r and is not known in advance. 
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considerat ions apply than in the case of moderate  aspect  ra t io  wings. This ex t reme 
case is, however,  ve ry  interest ing in its own right and seems  to offer a special  oppor- 
tunity to study th ree-d imens iona l  cavi t ies .  Some considerat ions of the flow past  
s lender  supercavi tat ing wings, in par t icu lar  past  the mathemat ical ly  t ractable  flat 
delta wing, a re  now presented.  

As is well known, it is possible  to visual ize  the flow past  lightly loaded, low 
aspect  ra t io  wings having thin c ro s s - s ec t i ons  and fully wetted, as a changing two- 
dimensional  flow in the t r a n s v e r s e  plane being convected with the main s t ream.  The 
theory for such purely  lifting s lender  wings allows, even for incompress ib le  flows, no 
downstream effects to be propagated upstream.  If the s lender  body has significant 
thickness,  however,  the flow at a par t icu la r  point on the body does depend on the shape 
of the body everywhere  else.  If the body is smooth and s lender  and its shape known 
in advance, the s lender  body theory reduces  the problem of finding the flow to one of 
quadrature (for the thickness effects) plus a set of two-dimensional  potential  prob-  
lems,  the normal  der iva t ives  of the potential  being specified. Thus is the problem 
solved. 

• In the p resen t  case,  and charac te r i s t i c  of cavity flow problems,  the cavity thick- 
ness  is not known in advance. Instead the p r e s s u r e  on that par t  of the top of the 
wings just  under the cavity is specified. This p r e s s u r e  has, in general ,  contributions 
f rom both the thickness effects  and the t r a n s v e r s e  flows. Unfortunately, adequate 
boundary conditions in the t r ansve r se  flow planes are  not rea l ly  known in advance, 
but must be determined through considerat ion of the interact ion between thickness 
effects  and t r an sve r se  flows and their  additive effect on the wing p re s su re  dis t r ibu-  
tion. This involves a complicated procedure .  

In the case of flat, s lender ,  deltas the possibi l i ty  exis ts  that the supercavitat ing 
flow past  such wings is essent ia l ly  conical.  The determinat ion of the t r ansve r se  
flow and longitudinal thickness distr ibution may then be simplified.  In the present  
analysis  it is shown that an a lmost  conical flow may be found for all  cavitation num- 
bers ;  the flow being more  conical at the apex of the delta than at the t rai l ing edge. 
Let it be stated in advance that the cavity, which is i tself  conical in shape, does not 
cover  all  of the wing top in any case but as the cavitation number decreases ,  grows 
f rom the leading (or s ide)edge region until at ~ = 0 it covers  all of the wing top except 
for a wedge-shaped region along the wing center l ine  which region is wetted by a sor t  
of r e - en t r an t  je t  flow. The theory, in fact, imposes a ve ry  special  relat ionship 
between the cavity shape and the amount of fluid in the impinging jet. The cavi t ies  
ca r r i ed  off downstream are  assumed to take up such a shape that the p re s su re  within 
them has the proper  value, and they are  assumed to have an important influence on the 
flow over  the wing only at the t ra i l ing  edge where,  of course,  the flow cannot be t ru ly  
conical. The effect of these cavi t ies ,  diminishing toward the apex, will  at any ra te  
only be such as to change the ambient p r e s s u r e  field equally on the top and bottom of 
the wing and it is here  neglected. 

The flow about a flat, s lender  delta wing of apex angle #, inclined at an angle of 
attack ~, operating at cavitation numbers  both ve ry  large  ( ~ / ~  >> 1) and ve ry  smal l  
( ~ / ~  << 1) is shown schemat ica l ly  in Fig. 9. It is these ex t reme cases  for which 
numer ica l  resu l t s  a re  provided in the present  paper.  Some assumptions about the 
flow are  a l ready introduced into the figure.  These are  that (a) the flow over  the wing 
is assumed to be s imi l a r  in the var ious  t r ansve r se  planes - and thus conical, and (b) 
the conical cavity envelops only par t  of the upper surface  of the wing. 

Some of the nomenclature to be used is  i l lus t ra ted in Fig. 10. 

For  s implici ty,  a delta wing of unit length has been chosen. 

247 



M. P. Tulin 

Oo 

Uo % B 

(a) (b) 

F ig .  9 - (a) Leading  edge cav i t i e s  on Del ta  wing (o/aft >> 1 ), 
(b) heavy  cav i t a t ion  on de l ta  wing (o/aft << 1) 

l 
S(x), CAVITY AREA 

q~xx+~yy +d~zz = 0 

Fig.  10 - Cavi ty  flow pas t  a de l ta  wing. N o m e n c l a t u r e  

The p r e s s u r e  at  inf in i ty  is  t aken  to be z e r o .  Fo r  s m a l l  an g l e s  of a t t ack ,  the  
p r e s s u r e  then  b e c o m e s  

~ap 
P(x ,y ,z )  = -,oU ° ~x ' 

On the  cavi ty ,  w h e r e i n  the p r e s s u r e  p~ is  cons t an t ,  ~/~x i s  thus  cons tan t .  

F o r  s m a l l  ang le s  of a t t ack ,  the  v e r t i c a l  v e l o c i t y  on the b o t t o m of the  wing is  
cons t an t  and equal  to -Uoa. Thus  

~_~¢ : -Uoa ~y 
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e v e r y w h e r e  on the  b o t t o m  of the  wing.  The  a v a i l a b l e  b o u n d a r y  c o n d i t i o n s  have  now 
b e e n  s t a t ed .  

F o r  s u f f i c i e n t l y  s l e n d e r  b o d i e s  (13): 

w h e r e  

• ( x , y , z )  = ¢ ( y , z ; x )  + f ( x )  

and  

~yy + g)zz : 0 

f ( x )  : U° ~ ~ x - x  1 
- 4~ ~x J0 S'(xx) , ~ - ~  ~n 21x-xlldx I . 

The t e r m  <p(y, z; x-) wi l l  be  r e c o g n i z e d  as  the  t w o - d i m e n s i o n a l  f low in the  t r a n s -  
v e r s e  (y - z) p l a n e  whi le  the  f (x)  i s  a flow due to t h i c k n e s s .  

The  t w o - d i m e n s i o n a l  p o t e n t i a l  m a y  be  e x p r e s s e d  in t e r m s  of a c o n t o u r  i n t e g r a l  
a r o u n d  the  b o u n d a r y  of the  body  in the  t r a n s v e r s e  p l a n e  ( G r e e n ' s  T h e o r e m ) .  F o r  
s m a l l  a n g l e s  of a t t ack ,  the  cav i ty  t h i c k n e s s  i s  a l so  s m a l l  and  the  i n t e g r a t i o n  m a y  
thus  b e  m a d e  a r o u n d  the  p r o j e c t i o n  of the  wing and  cav i ty  on the  h o r i z o n t a l  p l a n e  
( i .e . ,  a long  the  top and  b o t t o m  of a s y m m e t r i c  s l i t  in  the  z ax i s ) .  T h e n  

~p(y,z;x) = ~ ~n  - <p ~ n  / ( z - z ' ) 2  + y2  d z  ' . 

The a s s u m p t i o n  tha t  the  flow is  con i ca l  o v e r  the  wing l e a d s ,  t h r o u g h  c o n s i d e r a -  
t i on  of the  above  i n t e g r a l  and  the  de f in i t i ons  ~ = 2 y / s ,  ~ = 2 z / s ,  to the  fol lowing:  

~P('y,z;x) = g(x) + s (_~_~(~,~)  

w h e r e  

g(x) = 4v - ~n " ~x 
-1 

and $ (~ ,z )  i s  h a r m o n i c .  The  l a t t e r  r e p r e s e n t s  the  t w o - d i m e n s i o n a l  flow in the  non -  
d i m e n s i o n a l i z e d  c r o s s - f l o w  p l a n e s .  

The  fac t  t ha t  the  t w o - d i m e n s i o n a l  flow ~ m a k e s  a c o n t r i b u t i o n  to the  to ta l  f low 
which  i s  only a func t ion  of x (the t e r m  ~(x))  is  e s p e c i a l l y  to be  noted.  

The  b o u n d a r y  cond i t i ons  now b e c o m e :  

On the  b o t t o m  of the  wing,  

and,  on the  p a r t  of the  wing top c o v e r e d  by  the  cav i ty  (4 < I¥1 < 1), 
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~ U°°- 1 ( ~ / ~ 
~-'-~ = + - ~ -  : f ' ( x )  + g ' ( x )  + "~ fi <~-~ 

In o r d e r  t ha t  t h i s  c o n d i t i o n  be  s a t i s f i e d ,  

- ~  : c o n s t a n t  

and 

f ' ( x )  + g ' ( x )  = c o n s t a n t .  

H o w e v e r  i t  m a y  r e a d i l y b e  shown,  u t i l i z i n g  the  d e f i n i t i o n s  of f and  g g i v e n  e a r l i e r ,  
t h a t  n e a r  the  apex  of the  d e l t a  ( x---> 0), 

Uok/3a 
f'(x) + g'(x) ~ 2"~Z-- ,~nx 

w h e r e  k i s  de f ined  s u c h  t ha t  S"(x) = 2k a/3. (S(x) i s  the  c o n t o u r  i n t e g r a l o f  ~ / ~ n  in a 
t r a n s v e r s e  p l a n e . )  

Thus ,  in  o r d e r  f o r  the  f low to be  c o n i c a l  a s  a s s u m e d  and  s t i l l  to  c o n t a i n  a c o n s t a n t  
p r e s s u r e  r e g i o n ,  the  c o n t o u r  i n t e g r a l  of ~ / ~ n  (or  ~ / ~ 6 )  i n t h e  t r a n s v e r s e  p l a n e  m u s t  
be  i d e n t i c a l l y  z e r o .  If a g r ow i ng  c a v i t y  e x i s t s  a t  a l l  then ,  the  outf low in the  t r a n s v e r s e  
p l a n e  t ha t  i t  wi l l  c a u s e  m u s t  be  a c c o m p a n i e d  by  an  inf low j u s t  s u f f i c i e n t  to  m a k e  the  
ne t  s o u r c e  f low in the  t r a n s v e r s e  p l a n e  nul l .  The  inf low m a y  be  i m a g i n e d  to go in to  
two s y m m e t r i c a l l y  p l a c e d  r e - e n t r a n t  j e t s .  It i s  j u s t  t h i s  s i t u a t i o n  wh ich  was  a n t i c i -  
p a t e d  in F igs .  9 and  10. The  p r e s e n t  t h e o r y  does  not,  of c o u r s e ,  a l low a d e t a i l e d  d i s -  
c u s s i o n  of the  b e h a v i o u r  of the  f low in the  v i c i n i t y  of the  j u n c t u r e  of cav i ty  and  
w e t t e d  r e g i o n  on  the  top of the  wing.  It i s  b e l i e v e d  n e v e r t h e l e s s  t ha t  the  t h e o r y  wi l l  
r e p r o d u c e  the  g e n e r a l  f e a t u r e s  of the  r e a l  flow. 

The  new c o n d i t i o n  h a s  b e e n  o b t a i n e d  t h a t  the  f low in the  t r a n s v e r s e  p l a n e  c a n n o t  
be  s o u r c e - l i k e ,  o r  

f : o .  
. !  

Since  f and  g a r e  t h e n  i d e n t i c a l l y  z e r o ,  

o ~ Uo~ ~ - ~ - :  + 7  f o ,  ~>0, 

Since  ~ m u s t  b e  s y m m e t r i c  wi th  r e s p e c t  to  ~, 

Uo~ 
: + 7 - U o a l ~ l  ' 

~.< I~l < 1 .  

o r  

~ : -aU ° ~ > 0 ~ 

~-~ = "+aU ° ., ~- < 0 . 
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Two unknown p a r a m e t e r s  ex i s t  as  pa r t  of the bounda ry  value p r o b l e m .  They a re  (a) 
X, the n o n d i m e n s i o n a l  width of the cavity,  and (b) Uoa the magni tude  of the t r a n s v e r s e  
ve loc i ty  on the cavi ty.  Two condi t ions  ex i s t  for  t h e i r  s i m u l t a n e o u s  d e t e r m i n a t i o n .  
They a r e  (a) that  

and (b) that  

+ 1  - -  

- 1  

The bounda ry  value p r o b l e m  in the t r a n s v e r s e  plane i s  i l l u s t r a t e d  in Fig.  11. 

The lift, L, on the d.elta wing may  r e a d i l y  be d e t e r m i n e d  in t e r m s  of the so lu t ion  
in the t r a n s v e r s e  plane.  

+S/2 

ClLdx = f [ P ( - O , z )  - P ( + 0 , z ) ]  d z  
- S / 2  

+S/2 +S/2 

f = - P U o [ ~ P x ( - 0 , z  ) -~#x(+0,z)] dz = - p U  o ~x 
- s / 2  - s / 2  

$2 +1 
= -pu ° ~ ~- f [~(-0,g)  - ~(+0,~)] d g .  

-1  

T h e r e f o r e  

[ e ( - 0 ,  z)  - e ( + 0 , z ) ]  dz  

U +1 

-1  

If • = ¢ - i ~ is  the complex  po ten t ia l  in the t r a n s v e r s e  plane,  then 

= A1 A 2 
-- +__+ ,.. 
Z z 2 

w h e r e  z = ~ + i,2. The ,~nZ t e r m  i s  omi t t ed  s ince  the flow m u s t  be non s o u r c e - l i k e .  

I Z=z+iy [ ~(z)= w-lv 7= zy s~ - - ;  v = ~  s 8y 
-X +k 

B 'I C'-- B! -- 2z e~ 

-I +1 

Fig. Ii - Boundary value problem in transverse 

(Z) plane 
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It i s  e a s i l y  shown that  A~ is  p u r e  i m a g i n a r y ,  and tha t  

L 
1/2 pU o S2(1) -WiAl" 

If v = ~ - i e  is  the c o m p l e x  ve loc i ty  in the t r a n s v e r s e  p l ane ,  and ~ = l /Z ,  then  

L 7Ti d 2 v  = 
1 / 2  pU o $ 2 ( 1 )  2 d . r2  ( 0 ) .  

Inc identa l ly ,  the condi t ion  that  

+1 
~ d ~  = 0 

b e c o m e s  

d/2 
d'--~ ( 0 )  = 0 .  

The bounda ry  value  p r o b l e m  i l l u s t r a t e d  in Fig.  11 is  m o r e  e a s i l y  s o l v ed  by  con-  
s i d e r i n g  the  complex  ve loc i ty  v (z )  in a t r a n s f o r m e d  p l ane ,  

~:¢~ - z ~ = ~ + i ~ .  

The r e a s o n  fo r  th i s  is  that  the  p r o b l e m  in the  z p lane  has  no s y m m e t r y  about  the 
p l ane  on p a r t  of which  the bounda ry  cond i t ions  a r e  s t a t ed ,  w h e r e a s  the ~ p lane  has  
b e e n  c h o s e n  in o r d e r  that  v be  s y m m e t r i c  about  the d p lane  on the whole  of which  
e i t h e r  w or  , a r e  spec i f i ed .  The p r o b l e m  for  v ( t )  i s  i l l u s t r a t e d  in Fig.  12. 

The p r o p e r  so lu t ion  to the p r o b l e m  p o s e d  in Fig.  12 m a y  be found by i n spec t i on .  
It i s  

iUo~4-~2 iUo~ ~ (~ ¢~o ~ -  to 
v ( t )  = i U o a  + - J 0  d ~ o  " 

The f i r s t  two t e r m s  on the r igh t  r e p r e s e n t  the  a p p r o p r i a t e  f low p a s t  the two p l a t e s  
A - BB' and CC' - D having z e r o  h o r i z o n t a l  ve loc i ty  on that  p a r t  of the d ax i s  ou t s ide  

C =~+ in= I-x/;':7 
v ~ =w-iv I 

4 

r v = - Uo~. 
A / 

~-V = -Uo (Z'-,~- 
-} 

e-W = UoO~- ~ V = -UoO~- ~ 

B' IC' I D  

eW =-UoO. v =-Uo o{: 
+1 

Fig.  12 - Boundary value p r o b l e m  in 
t r a n s f o r m e d  (t) plane 

of the  p l a t e s .  The t h i r d  and m o s t  
c o m p l i c a t e d  t e r m  on the r i g h t  r e p r e -  
s e n t s  a d i s t r i b u t i o n b e t w e e n  BB' and 
CC' of e l e m e n t a l v o r t i c e s  of s t r e n g t h  
2Uoa, each  in the p r e s e n c e  of the  
two p l a t e s  ( i .e . ,  having null  v e r t i c a l  
v e l o c i t i e s  in that  p a r t  of the ~ ax i s  
w h e r e  the  p l a t e s  ex is t ) .  

The two p a r a m e t e r s  a and c yet  
r e m a i n  to be s i m u l t a n e o u s l y  d e t e r -  
mined .  V e r y  c o m p l i c a t e d  q u a d r a -  
t u r e s  un fo r tuna t e ly  a p p e a r ,  e s p e -  
c ia l ly  in the eva lua t ion  of ~ at the 
wing leading  edge.  Fo r  the p u r p o s e  
of th is  p a p e r  we sha l l  be  s a t i s f i e d  
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wi th  h a v i n g  d e s c r i b e d  the  a p p e a r a n c e  of t h e s e  c o n i c a l  f lows a n d w i t h  c e r t a i n  a p p r o x i -  
m a t e  r e s u l t s  fo r  the  c a s e s  of v e r y  h igh  (o/aft >> 1 ) and  v e r y  low (~/afi << 1) c a v i t a -  
t ion  n u m b e r s .  T h e s e  c a s e s  c o r r e s p o n d ,  r e s p e c t i v e l y ,  to  the  c a s e s  of v e r y  s h o r t  
l e ad ing  edge  c a v i t i e s  and  c a v i t i e s  c o v e r i n g  the  e n t i r e  d e l t a  u p p e r  s u r f a c e  e x c e p t  in  
the  i m m e d i a t e  n e i g h b o r h o o d  of the  wing  c e n t e r l i n e .  

( o / a f  >> 1 ). The  fo l lowing  a s y m p t o t i c  r e s u l t s  f o r  h igh  c a v i t a t i o n  n u m b e r  r e g i m e  
m a y b e  d e r i v e d  m a k i n g  u s e  of v a r i o u s  c o n d i t i o n s  and  r e s u l t s  p r e v i o u s l y  g i v e n  h e r e i n .  
The  t ed ious  c a l c u l a t i o n s  a r e  omi t t ed .  

The  n o n d i m e n s i o n a l  width,  ~, of the  c a v i t y  m e a s u r e d  in the  t r a n s v e r s e  p l a n e  
f r o m  the  wing l ead ing  edge  to the  i n b o a r d  end  of the  c a v i t y  i s  

The  l i f t  coe f f i c i en t  f o r  a d e l t a  i s  i n c r e a s i n g l y  r e d u c e d  by  c a v i t a t i o n  and  e q u a l s  

L ~ ( 1 -  ~) ~ (1 S f 2 ~ 2 ~  
1/2 PUo2 $2(1)  

As the  r e g i o n  of c a v i t a t i o n  v a n i s h e s  (fla/o---.->o) t he  l i f t  a p p r o a c h e s ,  a s  i t  shou ld ,  t h a t  
of a fu l ly  we t t ed  d e l t a  wing a c c o r d i n g  to l i n e a r  s l e n d e r  body  t h e o r y .  

It i s  to be  no ted  t ha t  the  e f fec t  of c a v i t a t i o n  i s  to  r e d u c e  the  l i f t ,  bu t  t ha t  the  
e f fec t  on ly  a p p e a r e d  in t e r m s  of the  o r d e r  of a 3. It i s  we l l  known tha t  o t h e r  n o n l i n e a r  
e f f ec t s  a s s o c i a t e d  wi th  s e p a r a t e d  v o r t i c e s  (which m a y  e x i s t  above  the  top of the  wing) 
wi l l  a l t e r  the  l i f t  to the  o r d e r  of a2; t h e s e  e f f ec t s  s e r v e  to i n c r e a s e  r a t h e r  t h a n  
d e c r e a s e  the  l i f t  on the  wing.  T h e i r  n a t u r e  wi l l  c e r t a i n l y b e  a f f e c t e d  by  t h e p o s s i b i l i t y  
of c av i t a t i on ,  bu t  t h e i r  e x i s t e n c e  can  p r o b a b l y  not  be  i g n o r e d  in any  p r o p e r  t h e o r y .  
T h i s  f ac t  shou ld  be  kep t  in  mind  when  c o m p a r i n g  the  p r e s e n t  t h e o r y  (without  s e p a r a t e d  
v o r t i c e s )  wi th  a c t u a l  e x p e r i m e n t s .  In p a r t i c u l a r ,  the  r e d u c t i o n  of l i n e a r  l i f t  t h r o u g h  
c a v i t a t i o n  m a y  not  be  n e a r l y  a s  s e v e r e  fo r  s m a l l  a n g l e s  of a t t a c k  as  the  p r e s e n t  
t h e o r y  p r e d i c t s  - due to the  c o m p e n s a t i n g  e f fec t  of s e p a r a t e d  v o r t i c e s  wh ich  t end  to 
i n c r e a s e  the  l i f t  above  the  l i n e a r  p r e d i c t i o n .  

A c c o r d i n g  to p r e s e n t  t h e o r y ,  the  t r a n s v e r s e  v e l o c i t y  on s h o r t  b u b b l e s  i s ,  a s  
migh t  have  b e e n  o t h e r w i s e  deduced ,  s i m p l y  r e l a t e d  to a and  fl: 

(o/a~ << 1). As the  c a v i t a t i o n  n u m b e r  is  d e c r e a s e d  the  c a v i t i e s  c o v e r  m o r e  and  
m o r e  of the  wing,  but  a l w a y s  wi th  a r e - e n t r a n t  f low a long  the  c e n t e r l i n e .  W h e t h e r  
t h i s  r e - e n t r a n t  j e t  a c t u a l l y  w e t s  the  wing o r  i s  s o m e h o w  d i s s i p a t e d  b e f o r e  do ing  so  i s  
p r o b l e m a t i c a l ,  but ,  a t  any  r a t e ,  a l m o s t  a l l  of the  top s u r f a c e  of the  w i n g w i l I  b e  a t  the  
p r e s s u r e  in the  cav i ty .  The  t r a n s v e r s e  v e l o c i t y  on the  v e r y  wide  b u b b l e s  d e p e n d s  
only on the  wing ang le  of a t t ack :  

a =7/~ 

The l i f t  fo r  t h i s  c a s e  of a s y m p t o t i c a l l y  s m a l l  c a v i t a t i o n  n u m b e r s  is  r e l a t e d  to 
the  cav i ty  width:  

L 1 
CL = 1/2 p U : S 2 ( 1 )  ~ a  (1 + 3X 2) 
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w h e r e ,  i t  wi l l  be  r e m e m b e r e d ,  2;~ i s  the  wid th  of the  w e t t e d  p o r t i o n  of the  wing top - 
o r  to look at  i t  in a n o t h e r  way,  the  wid th  of the  r e - e n t r a n t  j e t .  The  a c t u a l r e l a t i o n s h i p  
b e t w e e n  x and  ~/~/3 i s  of g r e a t  i n t e r e s t ,  bu t  h a s  not  b e e n  ob t a ined  h e r e .  P r e s u m a b l y  

b e c o m e s  v e r y  s m a l l  a s  ~/afi --> 0 ,  wi th  the  i m p l i c a t i o n  t ha t  a t  a = 0 a wing of g iven  
g e o m e t r y  d e v e l o p s  a p p r o x i m a t e l y  4 / 1 0  of i t s  fu l ly  we t t ed  l i n e a r  l ift .  Ful l  c a v i t a t i o n  
i s  t hen  j u s t  a l i t t l e  m o r e  e f f ec t i ve  in r e d u c i n g  l i f t  t h a n  i s  p lan ing ;  i t  m a y  b e  r e c a l l e d  
(14) t ha t  the  l i f t  of a s l e n d e r  d e l t a  s u r f a c e  p l an ing  on s m o o t h  w a t e r  i s  

~pUo~2a 

j u s t  o n e - h a i f  of i t s  fu l ly  w e t t e d  l i n e a r  l i f t .  

The  d rag ,  D, of the  c a v i t a t i n g  d e l t a  i s  s i m p l y  L "0, i . e . ,  

";Tp Uo 2 • f l  2o-2 . 
D(cr = O) ~ 

It m a y  be  shown  tha t  o n e - h a l f  of t h i s  d r a g  is  a s s o c i a t e d  wi th  the  k i n e t i c  e n e r g y  
in the  v o r t e x  wake  ( induced  d rag) ,  t he  o t h e r  ha l f ,  t hen ,  b e i n g  due to cav i t a t i on .  

G e n e r a l l y  speak ing ,  the  c a v i t a t i o n  d r a g  i n c r e a s e s  wi th  c a v i t y  vo lume ;  t hus  the  
p r o b l e m  of m i n i m i z i n g  c a v i t a t i o n  d r a g  fo r  a g i v e n  l i f t  is  e q u i v a l e n t  to  the  p r o b l e m  of 
m i n i m i z i n g  the  v o l u m e  of the  cav i ty .  E v e n  wi thou t  d e r i v i n g  a t h e o r y  fo r  the  s u p e r -  
c a v i t a t i n g  f low p a s t  a m o r e  g e n e r a l  s l e n d e r  wing it  i s  c l e a r  t ha t  the  s a m e  s o r t  of 
p l a n f o r m s  and  c a m b e r s  which  r e d u c e  s p r a y  d r a g  fo r  s l e n d e r  p l an ing  s u r f a c e s  wil l  b e  
e f f e c t i v e  in the  p r e s e n t  c a s e .  Thus ,  r e d u c e d  c a v i t y  s i z e s  and  d r a g s  ( r e l a t i v e  to the  
u n c a m b e r e d d e l t a )  shou ld  b e  o b t a i n e d w i t h  s u r f a c e s  w h o s e  p l a n f o r m  c u r v a t u r e  i s  con -  
c e n t r a t e d  on the  f o r w a r d  p o r t i o n  of the  s u r f a c e ,  and  w h o s e  (pos i t ive )  c a m b e r  i s  con -  
c e n t r a t e d  aft;  fo r  e x a m p l e ,  a s u r f a c e  w h o s e  p l a n f o r m  s h a p e  i s  of the  f o r m  s = ax 1/2 
and w h o s e  b o t t o m  s u r f a c e  s h a p e  i s  y = b x  3. 

The  r e s u l t s  d e s c r i b e d  above  wh ich  r e l a t e  the  l i f t  on the  d e l t a  wing to the  c a v i t y  
wid th  a r e  d i s p l a y e d  in Fig.  13. E x c e p t  in  the  c a s e  of v e r y  h igh  c a v i t a t i o n  n u m b e r s  
(cr/a,~ >> 1") the  r e l a t i o n  b e t w e e n  c a v i t y  wid th  and  o t h e r  p h y s i c a l  p a r a m e t e r s  h a s  not  
b e e n  g iven .  In p l a c e  of an  exac t  t h e o r e t i c a l  p r e d i c t i o n  of the  v a r i a t i o n  of l i f t  on a 
g i v e n  de l t a ,  only  a r o u g h  e s t i m a t e  b a s e d  on  the  a s y m p t o t i c  r e s u l t s  o b t a i n e d  h e r e  is  
p r e s e n t e d  in Fig. 14. The  h igh ly  n o n l i n e a r  b e h a v i o r  of the  l i f t  a s  a f unc t i on  of ang le  
of a t t a c k  is  e s p e c i a l l y  to  b e  noted;  i t  i s ,  of c o u r s e ,  a c o n s e q u e n c e  of the  w iden ing  of 
the  c a v i t i e s  a s  the  ang le  of a t t a c k  i n c r e a s e s ,  the  c a v i t a t i o n  n u m b e r  b e i n g  f ixed.  

It i s  to  be  hoped  t ha t  the  n e a r  f u t u r e  wi l l  p r o v i d e  e x p e r i m e n t a l  r e s u l t s  f o r  
s l e n d e r  s u p e r c a v i t a t i n g  wings  s u c h  as  the  d e l t a s  c o n s i d e r e d  h e r e ,  wi th  the  c o n s e -  
q u e n c e  t ha t  o u r  u n d e r s t a n d i n g  of t h e s e  c o m p l e x  and  i n t e r e s t i n g  f lows m a y  b e  v e r y  
m u c h  b r o a d e n e d .  

SUMMARY 

The  t h r e e  s e p a r a t e  t o p i c s  d i s c u s s e d  h e r e  c o n c e r n  the  c a v i t y  f low p a s t  s m o o t h  
t w o - d i m e n s i o n a l  s t r u t s  wi th  u n s p e c i f i e d  c a v i t y  d e t a c h m e n t  po in t s ;  e f f e c t s  of h igh  
s p e e d  on c a v i t y  f lows p a s t  b lun t  s t r u t s ;  and  the  t h r e e - d i m e n s i o n a l  cav i ty  f low p a s t  
s l e n d e r  d e l t a  wings .  The  u s e  of l i n e a r i z e d  t h e o r y  i s  e m p h a s i z e d .  

The  d e p e n d e n c e  of cav i ty  d e t a c h m e n t  po in t  on s t r u t  s h a p e  and  c a v i t a t i o n  n u m b e r  
(~) i s  s tud ied .  It i s  s h o w n  tha t  f o r  s m a l l  ~ the  d e t a c h m e n t  po in t  m o t i o n  i s  r e a r w a r d  
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Fig .  13 - Lif t  on c a v i t a t i n g  de l ta  wing as  a 
func t ion  of cav i ty  width  

and  of the  o r d e r  ~2.  The  d r a g  of a f a m i l y  of s t r u t s  i s  c a l c u l a t e d  and  the  d e p e n d e n c e  
of r e s i s t a n c e  on s t r u t  s h a p e  d i s c u s s e d .  Some  i n t e r e s t i n g  i n d i c a t i o n s  c o n c e r n i n g  the  
n o n - u n i q u e n e s s  of the  H e l m h o l t z  f low p a s t  c l o s e d  s t r u t s  a r e  r e v e a l e d .  

A P r a n d t l - G l a u e r t  r u l e  fo r  the  e s t i m a t i o n  of M a c h  n u m b e r  e f f ec t s  on c a v i t y  f lows 
p a s t  b lun t  s t r u t s  i s  d e r i v e d .  F o r  i ~ i n i t e  c a v i t i e s  (~ = 0) i t  is  shown  tha t  the  c a v i t y  
d r a g  v a r i e s  i n v e r s e l y  a s  / i  - m 2 .  F o r  f in i t e  c a v i t i e s  the  l eng th  i s  s h o w n  to v a r y  
i n v e r s e l y  a s  (1 - M 2), whi le  the  m a x i m u m  cav i ty  b r e a d t h  v a r i e s  i n v e r s e l y  a s  ~ .  
The  s i t u a t i o n  fo r  t r a n s o n i c  s p e e d s  i s  v e r y  b r i e f l y  d i s c u s s e d .  

The f low p a s t  s l e n d e r  d e l t a  wings  i s  s t u d i e d  u n d e r  the  a s s u m p t i o n  t ha t  i t  m a y  b e  
c o n s i d e r e d  con ica l .  T h e o r y  i s  d e v e l o p e d  fo r  a f low invo lv ing  c a v i t i e s  w h i c h  s p r i n g  
f r o m  the  l ead ing  edges  and  c o v e r  a p a r t  of the  top of the  wing.  R e s u l t s  a r e  o b t a i n e d  
for  the  two s e p a r a t e  a s y m p t o t i c  c a s e s  in  wh ich  the  c a v i t a t i o n  n u m b e r  i s  e i t h e r  v e r y  
s m a l l  or  v e r y  l a r g e .  The  wid th  of the  c a v i t i e s  on  the  wing u p p e r  s u r f a c e  i n c r e a s e s  
wi th  d e c r e a s i n g  ~ and  the  l i f t  d e c r e a s e s .  It i s  shown  t h a t  the  u p p e r  s u r f a c e  n e v e r  
b e c o m e s  c o m p l e t e l y  e n v e l o p e d  in a cav i ty ,  e v e n  fo r  ~ = 0. F ina l l y ,  the  l i f t  of a fu l ly  
c a v i t a t e d  wing (~ = 0) i s  e s t i m a t e d  to b e  a p p r o x i m a t e l y  4 / 1 0  of i t s  fu l ly  we t t ed  
l if t .  
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DISCUSSION 

E. H. H a n d l e r  (U. S. N. B u r e a u  of A e r o n a u t i c s )  

As  a c o n s e q u e n c e  of the  w o r k  by  M a r s h a l l  Tu l in  of the  Office of Nava l  R e s e a r c h  
and  V i r g i l  J o h n s o n  of the  Na t iona l  A d v i s o r y  C o m m i t t e e  for  A e r o n a u t i c s ,  the  B u r e a u  
of A e r o n a u t i c s  h a s  a w a r d e d  a c o n t r a c t  f o r  the  des ign ,  c o n s t r u c t i o n ,  i n s t a l l a t i o n ,  and  
e v a l u a t i o n  of a G r u e n b e r g ,  s u p e r c a v i t a t i n g ,  hyd ro fo i l  s y s t e m  m o u n t e d  on a J R F - 5  
s e a p l a n e .  Whi le  the  h y d r o f o i l  boa t  o p e r a t e s  a t  e s s e n t i a l l y  a f ixed  t r i m  ang le ,  the  
h y d r o f o i l  a i r p l a n e  m u s t  t r i m  up m a n y  d e g r e e s  d u r i n g  the  ac tua l  p r o c e s s  of t a k e - o f f  
o r  a l igh t ing .  The  G r u e n b e r g  s y s t e m ,  w i th  the  foi l  j u s t  af t  of the  c e n t e r  of g r a v i t y ,  i s  
i dea l  f o r  s e a p l a n e  use .  The  f o r w a r d  p l an ing ,  or  f e e l e r ,  s k i s  a r e  a l o w - s p e e d  s t a -  
b i l i z i n g  d e v i c e  and  a h i g h - s p e e d  sa fe ty  dev ice .  

The  J R F - 5  a i r p l a n e  wi l l  f ly w i th in  a y e a r  and  the r e s u l t s  wi l l  be  p u b l i s h e d  by the  
B u r e a u  of A e r o n a u t i c s .  

E. MfiHer  ( M a x - P l a n k  Ins t i t f i t  ffir S t r S m u n g s f o r s c h u n g )  

The  M a x - P l a n k  Insti t i~t  f~ir S t r b m u n g s f o r s c h u n g  i s  c u r r e n t l y  p e r f o r m i n g  e x p e r i -  
m e n t s  wi th  d e l t a  w i n g s  fo r  c a v i t a t i o n  n u m b e r s  r a n g i n g  f r o m  0.02 to 0.13. The f l a t  
d e l t a  wing  wi th  an  apex  ang le  of 60 d e g r e e s  h a s  b e e n  t e s t e d ,  and  d r a g  and  l i f t  w e r e  
m e a s u r e d  a s  f u n c t i o n s  of the  ang le  of a t t a c k  and  c a v i t a t i o n  n u m b e r .  The  shape  of the  
wing  i s  qu i te  s i m i l a r  to  the  shape  of the  b o d i e s  a s s u m e d  by  Mr .  Tu l in  but ,  a s  he h a s  
sa id ,  h i s  w o r k  i s  f o r  a n  apex  ang le  of no t  m o r e  t han  30 d e g r e e s ,  wh i l e  our  work  i s  
f o r  an  apex  ang le  of 60 d e g r e e s .  Thus ,  the  r e s u l t s  c a n n o t  be  c o m p a r e d ,  bu t  e x p e r i -  
m e n t s  w i th  the  s a m e b o d i e s  a s  w e r e  c o n s i d e r e d  by  Mr .  Tu l in  wi l l  be  m a d e  in the  n e a r  
fu tu re .  

L. M. M i l n e - T h o m s o n  i B r o w n  U n i v e r s i t y )  

As  Mr .  Tu l in  o b s e r v e s ,  no a c c o u n t  i s  t a k e n  in h i s  p a p e r  of v i s c o s i t y  or  g rav i ty .  
In r e g a r d  to the  e f f e c t  of g r a v i t y ,  I woul  d l ike  to i nd i ca t e  a m e t h o d  of a p p r o a c h w h i c h ,  
a s  f a r  a s  I know, h a s  b e e n  o v e r l o o k e d  in the  l i t e r a t u r e .  

C o n s i d e r  an  i n v i s c i d  l iqu id  in s t e a d y i r r o t a t i o n a l  flow u n d e r  g rav i ty .  F r i t z  J o h n *  
h a s  g iven  the  fo l lowing  e q u a t i o n  fo r  a s u r f a c e  of c o n s t a n t  p r e s s u r e ,  a s s u m i n g  the  y -  
ax i s  to  be  v e r t i c a l l y  u p w a r d s :  

z"(Z) + i s  : i s ( f )  z ' (Z ) .  

H e r e  f i s  a c e r t a i n  p a r a m e t e r  and  S( f )  i s  an  a r b i t r a r y  r e a l  func t ion .  To e a c h  spec i f i c  
p r o b l e m  t h e r e  b e l o n g s  a s p e c i f i c  func t ion  S ( f ) w h i c h ,  if we could  d iv ine  i t s  f o r m ,  
would so lve  the  p r o b l e m .  The i n t e g r a t i o n  of the  above  e q u a t i o n  can  be  e f f ec t ed  by 
f ind ing  a c o m p l e m e n t a r y  func t ion  and  a p a r t i c u l a r  i n t e g r a l .  Th i s  o b s e r v a t i o n  would 
be  c o m p l e t e l y  t r i v i a l ,  w e r e  i t  not  fo r  the  f ac t  t h a t  in m a n y  p r o b l e m s  we know the 
c o m p l e m e n t a r y  func t ion  z 0 in  advance .  Take  the  c a s e  of a j e t  f r o m  an  o r i f i c e  in  a 
f l a t  p l a t e  in  the  a b s e n c e  of g r a v i t y - - a  w e l l - k n o w n  H e l m h o l t z  p r o b l e m .  He re  

* C o m m u n s .  P u r e  and Appl .  Math.  6 :497-503 (1953). 
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Zo(,e) = i s (Z )  z'o(Z) , 

which  d e t e r m i n e s  S(fi) i n s o f a r  a s  s(fi) i s  i n d e p e n d e n t  of g in  the  g r a v i t y  p r o b l e m .  
T h i s  i s  a m a t t e r  fo r  i n v e s t i g a t i o n  in e a c h  ca se .  

If we now r e g a r d  ~ a s  a func t ion  of an  a u x i l i a r y  p a r a m e t e r ,  8, we c a n  i n t e g r a t e  
the  ful l  e q u a t i o n  in the  f o r m  

z ( O )  = Zo(~? ) + g [ f ( O )  - f ( a ) ]  , 

w h e r e  f ( e )  i s  a d e t e r m i n a t e  func t i on  and e : a a t  the  edge of the  o r i f i c e .  T h i s  e q u a -  
t ion  r e d u c e s  to  Zo(e ) when  g = O, and  g i v e s  

a t  the  edge of the  o r i f i ce .  
s a t i s f i ed .  

z<~) = z0(~) 

It r e m a i n s  to s ee  w h e t h e r  the  cond i t ion  a t  in f in i ty  i s  

Thus ,  in  the  c a s e  of an  o r i f i c e  of b r e a d t h  2a and  a v e r t i c a l l y  d o w n w a r d s  je t ,  t h i s  
cond i t i on  i s  s a t i s f i e d  when  

U2 _ 27rag 
7 7 + 2  

w h e r e  U is  the  sk in  v e l o c i t y  on the  j e t  in  the  H e l m h o l t z  p r o b l e m .  

W. A. C l ayden  ( A r m a m e n t  R e s e a r c h  and  D e v e l o p m e n t  E s t a b l i s h m e n t )  

C o n c e r n i n g  Mr.  T u l i n ' s  w o r k  on cav i ty  d e t a c h m e n t ,  we have  n o t i c e d  in ou r  w o r k  
wi th  c a v i t a t i n g  s p h e r e s  a t  ARDE t h a t  the  f low d o e s  no t  s e p a r a t e  t a n g e n t i a l l y  to the  
s u r f a c e ,  bu t  s e p a r a t e s  wi th  a n o n - z e r o  ang le  which  m a y  be  we l l  o v e r  90 d e g r e e s .  I 
t h ink  tha t  t h i s  e f f ec t  h a s  a l s o  b e e n  s tud ied  by  o t h e r  w o r k e r s  in  m o r e  de ta i l .  

We have  a l s o  p e r f o r m e d  s o m e  t e s t s  on yawed  c a v i t a t i n g  c o n e s  w h i c h  m a y  be  
c o n s i d e r e d  to b e h a v e  in a m a n n e r  s i m i l a r  to s l e n d e r  de l t a  wings ,  and  the  c a v i t i e s  
have  b e e n  k i d n e y - s h a p e d ,  o r  d i s t o r t e d  e l l i p s e s ,  in  c r o s s  s e c t i o n  b e f o r e  r o l l i n g  up 
in to  a p a i r  of v o r t i c e s  a s  p r e d i c t e d  by Mr .  T u l i n ' s  c a l c u l a t i o n s .  

I shou ld  l ike  to ta~e  a few m i n u t e s  to  t e l l  you of the  w o r k  on c a v i t a t i n g  w e d g e s  
tha t  h a s  b e e n  done a t  ARDE by  my co l l eague ,  A. D. Cox. He c o n s i d e r e d  the  fo l lowing  
two c a s e s :  

1. An i n c l i n e d  wedge wi th  n o n - z e r o  c a v i t a t i o n  n u m b e r .  The  m a t h e m a t i c a l  
m o d e l  u s e d  i s  the  f a m i l i a r  r e - e n t r a n t  j e t  a t  the  r e a r  of the  cav i ty  and  a s u b s i d i a r y  
l e e w a r d  cav i ty .  T h i s  w o r k  i s  an  e x t e n s i o n  of the  z e r o  c a v i t a t i o n  n u m b e r  ca se .  

2. A g e n e r a l i z e d  i m a g e - m o d e l  f o r  n o n - z e r o  c a v i t a t i o n  n u m b e r  and  z e r o  
i n c i d e n c e  in wh ich  the  cav i ty  i s  c l o s e d  on a n o t h e r  wedge  of a r b i t r a r y  angle .  It  i s  
shown t h a t  the  s t a n d a r d  i m a g e - m o d e l  of P l e s s e t  and  Sha f fe r  and  the  d i s s i p a t i v e  m o d e l  
of R o s h k o  a r e  s p e c i a l  c a s e s  of the  g e n e r a l i z e d  mode l .  The  m o d e l  m a y  a l s o  be  app l i ed  
to i nc lude  a r e p r e s e n t a t i o n  of the  f a m i l i a r  j e t  flow a t  the  r e a r  of the  cavi ty .  
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W. G. Cornel l  (General E lec t r i c  Company) 

In regard  to the f i r s t  problem wherein,  for a given strut,  one is able to find, by 
Mr. Tulin' s method, the detachment point of the cavity and the cavity itself,  I have a 
slight philosophical problem. It seems  to me that one is getting something for nothing 
by obtaining all  this information without considering boundary layers  and turbulence. 

Also, I wish to express  great  p leasure  in seeing this considerat ion of compres -  
sibility effect in cavity flows. 

B. R. Parkin  (California Institute of Technology) 

In connection with Mr. Tul in 's  two-dimensional  solution, I wish to cite some 
exper imenta l  results*$ which are  quite old, and which are  fami l ia r  to Mr. Tulin and 
perhaps to other member s  of this symposium also. These measurements  concern 
the role  of surface te.nsion and viscosi ty  in the inception of cavitation on a smooth 
symmet r i ca l  body. 

About f i v e y e a r s  ago, R. W. Kermeen and I invest igated the nature of the separa-  
tion zone on a blunt, ax iaUy-symmet r ic  body just  af ter  the cavity flow had become 
established. Although we did not investigate the flow in detail we did obtain some 
magnified motion p ic tures  and st i l l  photographs which showed the shape of the small  
cavi t ies  near  their  point of attachment on the body. These photographs indicate that 
such cavi t ies  originate in the boundary layer.  They are  shaped somewhat as shown 
in the schematic  diagram of Fig. D1. 

The boundary- layer  and displacement  th icknesses  are  shown in Fig. D1 so that 
we may judge the effect  of the changing velocity of the water  in the boundary layer 
upon the shape of the l iquid-vapor interface.  The water  has ze rove loc i ty  on the body 
and its veloci ty inc reases  continuously as one p r o g r e s s e s  f rom the surface of the 
body to the main flow. F rom the shape of the f ree  s t reaml ine  in the neighborhood of 
the cavity leading edge it is evident that the flow does not separate  f rom the body in 
accordance with the assumption commonly employed in potential p roblems which 
involve flow separation. In view of the fact  that this difference is found inthe boundary 
layer  flow on the body, even for those cases  in which very  large cavi t ies  are  attached 
to the body, its effect upon the overa l l  flow should be small ,  once the location of the 
separat ion point is established. Therefore  it does seem that Mr. Tulin 's  solution 
should give a valid picture  of the flow in the large  when the point of separat ion cor -  
responds closely to that which one would observe in prac t ice .  Because of the physical  
evidence discussed above one might ask if Mr. Tul in ' s  theoret ical  solution, although 
mathematical ly  determinate ,  must  always give r e su l t s  which correspond to those 
obtained in an actual flow; might not there  s t i l l  be some ambiguit ies remaining to be 
resolved  ? If one were  to adopt the most  pess imis t i c  view, as a be l i ever  in cause and 
effect, he might even suppose that it would be necessa ry  to t race the whole history of 
the inception p roces s  in order  to fix the posit ion of a separation point on the body. 
One may cer ta inly hope that l e s s - s t r ingen t  measu re s  would be required.  

~B. Parkin and R. Kermeen, "Incipient Cavitation and Boundary Layer Interaction on 
a Streamlined Body," California Institute of Technology Hydrodynamics" Laboratory 
Report E-35.2, Dec. 1953. 
~Kermeen, McGraw and Parkin, "Mechanism of Cavitation Inception and the Related 
Scale-Effects Problem," Trans. ASME 77(No. 4):533 (May 1955). 
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I 1 ~  Flow direction 
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F i g .  D 1  - V a p o r  c a v i t y  a t t a c h e d  t o  t h e  s u r f a c e  o f  a s m o o t h  b o d y  

M. Tulin 

Mr. Cornell's philosophical problem is old as far as potential flow theory is 
concerned .  One can r e a d  about p r e v i o u s  a t t acks  on the p r o b l e m  within  the f r a m e w o r k  
of po ten t ia l  flow theory ,  ignor ing  any e f f ec t s  of v i s c o s i t y  and su r f ace  tens ion.  The 
p r o b l e m  has  been  fo rmula t ed ,  m o r e - o r - l e s s ,  in the s a m e  way as  in my l i n e a r i z e d  
ve r s ion ,  and in a few c a s e s  i t  has  been  solved.  T h e r e  i s  a v e r y  good d i s c u s s i o n  of 
the p r o b l e m  by Bi rkhof f  and Zaran tone l lo .  I did touch on the ques t ion  of the un ique-  
n e s s  of these  flows. The suf f ic iency  of the condi t ion  of smooth  d e t a c h m e n t  i s  a l so  
d i scussed .  T h e r e  i s  no conc lus ive  s t a t e m e n t  to be made  about it, but  I think th is  
condi t ion  of smooth  de t achmen t  is  su f f i c ien t  for  the bod ies  that  have been  t r i ed .  It 
g ives  one a meaningfu l  p r o b l e m ;  I have only l i n e a r i z e d  i t s  fo rmula t ion .  

Now, I should have said  a few w o r d s  about the pos s ib i l i t y  that  th is  may  be  fantasy ,  
because  we jus t  don ' t  know enough about  the ro l e  p layed  by v i s c o s i t y  and s u r f a c e  
t ens ion  in d i s tu rb ing  the de t achmen t  point .  Th is  i s  a v e r y  good p r o b l e m .  The way I 
might  wiggle  out of it  i s  th i s :  I t ry  to show how, us ing  l i n e a r i z e d  t h e o r y a n d  the usua l  
l i n e a r  condi t ion  for  an idea l  fluid,  one can so lve  the p r o b l e m  for  s l e n d e r  bodies .  

When we know enough about the e f f ec t s  of v i s c o s i t y  o r  s u r f a c e  tens ion,  then we 
s t i l l  p r e s u m a b l y  mus t  solve  s o m e  po ten t ia l  f low p r o b l e m s .  P e r h a p s  they wi l l  be 
some th ing  l ike  L igh th i l l ' s  p r o b l e m ,  whe re  he a c h i e v e s  a ma tch ing  b e t w e e n t h e  bound- 
a ry  l a y e r  behav io r  ahead of the p la te  on the body and the cons tan t  p r e s s u r e  flow. If 
so, then one s t i l l  needs  to so lve  a po ten t ia l  f low p r o b l e m  to ca lcu la te  the p r e s s u r e s  
on the body and d e t e r m i n e  whe re  the boundary  l a y e r  s e p a r a t e s ,  or  whe re  v i s c o s i t y  
o r  su r f ace  t ens ion  is  involved,  and include i t s  e f fec t s .  

Th is  i s  def in i te ly  a sub jec t  fo r  fu ture  r e s e a r c h ,  both e x p e r i m e n t a l  and theo re t i ca l .  
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