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T h e  t o p i c  o f  t h i s  p a p e r  r e l a t e s  t o  t h e  p r a c t i c a l  p r o b l e m  o f  n o i s e  
g e n e r a t e d  i n  t h e  c o l l a p s e  p h a s e  o f  c a v i t a t i o n .  T h e  a c c o u n t  i s  m a i n l y  
t h e o r e t i c a l ;  b u t  a b r i e f  r e f e r e n c e  i s  m a d e  t o  s o m e  r e c e n t  e x p e r i m e n t s  
o n  i s o l a t e d  v a p o u r  b u b b l e s .  T h e  c o m p r e s s i b i l i t y  o f  w a t e r  i s  p o i n t e d  o u t  
t o  b e  a n  e s s e n t i a l  c o n s i d e r a t i o n  i n  t h i s  a s p e c t  o f  c a v i t a t i o n ;  a n d  a c e r -  
t a i n  p r o p e r t y  o f  o b s e r v e d  c a v i t a t i o n  n o i s e  s p e c t r a  i s  i n t e r p r e t e d  a s  
e v i d e n c e  o f  t h e  p r e s e n c e  o f  s h o c k  w a v e s .  A m e t h o d  i s  d e m o n s t r a t e d  
w h e r e b y  a t h e o r y  o f  t h e  c o l l a p s e  o f  c a v i t i e s  i n  c o m p r e s s i b l e  l i q u i d s  c a n  
i n  p r i n c i p l e  b e  d e v e l o p e d  t o  a n  a r b i t r a r y  d e g r e e  o f  a c c u r a c y ;  a n d  t h e  
s e c o n d - o r d e r  a p p r o x i m a t i o n  i s  p r e s e n t e d  a s  i l l u s t r a t i o n .  T h i s  a p p r o x i -  
m a t i o n  i s  d e f i n i t e  i n  t h e  s e n s e  t h a t  a l l  s e c o n d - o r d e r  e f f e c t s  a r e  c o r -  

, r e c t l y  r e p r e s e n t e d ,  a n d  i t  r e v e a l s  a n  e r r o r  i n  t h e  K i r k w o o d - B e t h e  
h y p o t h e s i s  o n  w h i c h  m u c h  p r e v i o u s  w o r k  o n  t h i s  p r o b l e m h a s b e e n  b a s e d .  
T h e  s e c o n d - o r d e r  t h e o r y  i s  s h o w n  t o  a d m i t  t h e  p o s s i b i l i t y  t h a t ,  a s  a 
c o n s e q u e n c e  o f  c o m p r e s s i b i l i t y  o f  t h e  l i q u i d ,  t h e  c o l l a p s e  o f  a n  e m p t y  
c a v i t y  m a y  b e  c o n c l u d e d  a t  a f i n i t e  r a d i a l  v e l o c i t y .  H o w e v e r ,  e v e n  
t h o u g h  t h i s  p o s s i b i l i t y  r e m a i n s  w h e n  h i g h e r  a p p r o x i m a t i o n s  a r e  w o r k e d  
o u t ,  t h e  a u t h o r  n o w  c o n s i d e r s  i t  t o  b e  u n l i k e l y .  S o m e  v e r y  r e c e n t  i d e a s  
o n  t h i s  m a t t e r ,  w h i c h  h a v e  b e e n  d e v e l o p e d  s i n c e  t h e  f i r s t  d r a f t  o f  t h i s  
p a p e r  w a s  w r i t t e n ,  a r e  s u m m a r i z e d  i n  a n  a p p e n d i x .  

• A f e a t u r e  o f  t h e  p r e s e n t  t h e o r y  i s  t h a t  i t  a c c o u n t s  i n  a s t r a i g h t -  
f o r w a r d  m a n n e r  f o r  n o n l i n e a r  d i s t o r t i o n  o f  t h e  t r a n s m i t t e d  p r e s s u r e  
w a v e .  T h e  c o n d i t i o n s  u n d e r  w h i c h  t h e  w a v e  r a d i a t e d  f r o m  a p u l s a t i n g  
g a s - f i l l e d  c a v i t y  w i l l  d e v e l o p  a s h o c k  f r o n t  a r e  e x a m i n e d ;  a n d  a s i m p l e  
p r a c t i c a l  c r i t e r i o n  f o r  s h o c k  f o r m a t i o n  i s  d e r i v e d .  

I. INTRODUCTION 

Notwithstanding the variety of means by which transient cavitation may be gener- 
ated in liquids, one can in general identify three distinct phases in the history of any 
individual cavity. The sequence begins with its initiation from a microscopic nucleus 
and a brief period during which the influence of the nucleus contents remains signifi- 
cant. The cavity then grows to observable size, and behaves almost exactly as if it 
were completely empty and in an incompressible inviscid liquid. Finally, as the 
formative agency is removed, it collapses back to microscopic size and may then 

207 



T. B. Benjamin 

disappear  or  perhaps "rebound."  It is in this third phase that the more  remarkab le  
effects of cavitation a r i se .  If the cavity contains only vapour or  a very smal lquant i ty  
of gas, the collapse even under a very modera te  hydrostat ic  p r e s su re  takes place 
with great  violence: in the concluding stages enormous veloci t ies  and accelera t ions  
are  attained by the inrushing wall, and a large  t rans ient  p r e s su re  is t ransmi t ted  to 
distant parts  of the liquid. The abruptness of such p r e s s u r e  pulses accounts for the 
sharp crackl ing sound which is often audible f rom s e v e r e  cavitation~ as may for 
instance occur  in the draught-tube of a hydraulic turbine; and also much of the noise 
energy is contained in the ul t rasonic range of the frequency spec t rum.  The prac t ica l  
importance of cavitation noise in the context of Naval Hydrodynamics need sca rce ly  
be pointed out here :  it is sufficient to r eca l l  that the spec t ra l  p roper t ies  of noise 
f rom seve re  prope l le r  cavitat ion make it quite distinct f rom other fo rms  of under-  
water  noise.  We may also note that the cavitat ion eros ion  is a consequence of the 
large p r e s s u r e s  developed in the col lapse phase.  

These r emarks  mere ly  rephrase  some fami l i a r  ideas.  To anyone in te res ted  in 
cavitation, the violent action of a contract ing cavity is l ikely to fo rm a vivid intuitive 
concept; and it is easy to appreciate  in a qual i ta t ive way how cavitat ion noise pulses 
a r i se .  However,  this third phase of the cavitat ion p rocess  is by far  the least  
amenable to p rec i se  exper imenta l  or  theore t ica l  study. On the exper imenta l  side, 
the ex t reme rapidity of the vital  events makes adequate observat ion difficult, and a 
fur ther  source  of difficulty is the minute s ize  of c avitat ionbubbles at the stage having 
most in teres t .  The theore t ica l  s ide of the problem is even more  formidable .  Towards 
the end of the col lapse many factors  become important  which can safely be assumed 
to be insignificant when the cavity is fully grown; and to account for them com pre -  
hensively would seem a hopeless task.  Never the less ,  as in many other  physical  
problems,  a lot may be learned f rom even s eve re ly  s impli f ied theore t ica l  models .  
The effect of compress ib i l i ty  of the liquid is the factor  probably worth c loses t  study, 
and the theore t ica l  model of an empty spher ica l  cavity contract ing under constant 
p r e s s u r e  in a compress ib le  liquid appears  to be a p r imary  key towards physical  
understanding of cavitation col lapse .  Other factors  a r i s ing  in the final s tages include 
viscosify~ in stabili ty of the spher ica l  form,  and compress ion  of the enclosed vapour 
due to delayed heat exchange with the liquid. 

This paper repor t s  some cur ren t  r e s e a r c h e s  on the col lapse of cavi t ies  and the 
resul t ing p r e s su re  waves .  The main topic considered is the effect of c o m p r e s s i -  
bil i ty on the radial  flow, and some n e w  resu l t s  will  be summar i zed  concerning the 
motion of an empty cavity and the format ion of shock waves.  No attempt is made to 
survey all  that is known about this phase of cavitation; s eve ra l  excel lent  reviews of 
the l i t e ra ture  a re  available (for instance that by Fi tzpat r ick  and S t rasberg  (1)), and 
we may turn to these for background. Rather,  the aim of this paper is to explain the 
objects of work s t i l l  in p rog re s s  and to offer  some ideas about aspects  of the prob-  
lem which remain  debatable. 

Although a passing r e fe rence  will  be made la te r  to some recent  resu l t s  f rom the 
author 's  exper iments 'on  isolated cavi t ies  (2), the ma te r i a l  of this paper  is mainly 
theore t ica l .  This choice of subject  mat te r  re f l ec t s  a bel ief  that in the present  s tate 
of the subject  the g rea tes t  need is for fur ther  c lar i f ica t ion  on the theore t ica l  s ide.  
The genera l  physical  cha rac t e r i s t i c s  of cavitat ion noise appear now to be fa i r ly  well  
established:  for instance,  the re  is plentiful exper imenta l  evidence that shock waves 
a re  always present  when the cavitat ion is reasonably severe~ and many measurements  
of cavitat ion noise spec t ra  appear  to comply with a we l l -de f inedgenera l  pic ture .  This 
s ta te  of affairs  owes notably to the carefu l  exper imenta l  work of Mellen (3,4). On the 
other  hand~ a good deal of exist ing theore t ica l  work seems  open to doubt. It is not of 
course  disputed that perfec t ly  sound qual i ta t ive descr ipt ions  have been given of such 
effects as shock-wave format ion (e.g., see  (1)). Fur ther ,  a cer ta in  measure  of 
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success  has undoubtedly been achieved in predict ing the motion of a cavity over  c e r -  
tain ranges of the radial  velocity.  But it remains  that the theory of collapsing cavi-  
t ies,  taking account of the compress ib i l i ty  of the liquid, has yet to be put on a secure  
foundation, so that resul t s  of a definite charac te r  can be calculated.  

The valuable theoret ica l  work of Gilmore (5), Mellen (4), and Flynn (6) has in the 
past gone furthest  towards the solution of the present  problem.  All three  of these 
authors developed their  theor ies  f rom the assumption, which reca l l s  the Kirkwood- 
Bethe hypothesis in the theory of blast  waves, that in radial  flow the quantity r~P/~t 
(where r is the radius and ~ the  velocity po t en t i a l ) i s  propagated approximately 
unchanged along a cha rac te r i s t i c .  The Kirkwood-Bethe hypothesis is accurate  for 
spher ica l  disturbances whose wavelength is sma l l com pa red  with radius (e.g., a blast  
wave in its initial stages),  owing mainly to the fact that the motion is then approxi-  
mately the same as in a plane wave. Again, it is accurate  for weak spher ica l  d is-  
turbances far  f rom the centre .  These facts provide some just if icat ion for the use of 
this assumption in the cavitation problem, when even the fluid veloci t ies  are  com-  
parable with the velocity of sound; and some fur ther  justif ication may be found by 
comparing resul ts  calculated on this basis  with numerica l  solutions of the equations 
of motion (5). However, a more  cautious assessment  shows the assumption to be far  
f rom as well  founded as one might wish. It would seem in general  to represen t  mere ly  
a cor rec t ion  to acoustic theory and does not appear even to be an accurate  second-  
o rder  approximation (in the sense that incompress ib le- f lu id  theory compr i ses  a 
ze ro th -o rde r  and acoustic theory a f i r s t - o r d e r  approximation). Nevertheless~ although 
e r r o r s  in the Kirkwood-Bethe hypothesis are  easi ly detected, it is a quite different 
mat ter  to a s sess  the accuracy of complicated calculations based on it. The pr incipal  
aim here  is only to emphasize the need for fur ther  study, and to suggest a l ternat ive 
ways of dealing with the problem.  

In this paper a method is given by means of which the theory of collapsing cavi -  
t ies  in a compress ib le  liquid canbe workedout  without recourse  to any specia l  hypoth- 
es i s .  The method is one of success ive  approximations,  and can in pr inciple  be ca r r i ed  
through to an indefinitely high degree of accuracy--al though of course  the work 
becomes more  laborious in success ive  s tages .  The second-order  approximation will  
be given explicit ly:  this is a formal ly  c o r r e c t  approximation in that all  possible 
second-order  effects a re  proper ly  included; and there  appears to be a discrepancy 
between this and the theory based on the Kirkwood-Bethe hypothesis.  The method is 
an example of Lighthil l ' s  ce lebra ted  "technique for rendering approximate solutions 

t o p h y s i c a l p r o b l e m s  uniformly val id" (7), and has previously been applied by Whitham 
(8,9,10) to s eve ra l  problems of spher ica l ly  symmet r i c  flow. Readers  will  r eca l l  that 
Lighthi l l ' s  technique obviates a type of difficulty which often a r i s e s  when the solution 
of a physical problem is at tempted by a conventional perturbat ion method, whereby 
success ive  approximations a re  obtained in powers of a suitable smal l  pa ramete r .  If 
the ze ro th -o rde r  solution has a singulari ty within the domain of in teres t ,  p r o g r e s s -  
ively worse s ingular i t ies  appear in the h ighe r -o rde r  solutions. The principle  of the 
technique is to expand the independent var iab les  as well as the dependent var iable  in 
t e rms  of the small  pa ramete r ,  the expansion of the independent var iab les  being evalu- 
ated t e rm by t e rm in the p rocess  of determining the dependent var iable .  

In the present  application, success ive  approximations are  made to the "charac-  
t e r i s t i c "  var iable  for outgoing spher ica l  waves.  This closely, follows the work of 
Whitham cited above. Although the method provides a uniformly valid approximation 
over  the whole flow field, this par t icu lar  advantage may not be special ly  worth while 
in cer ta in  cases .  Dr. Ian Proudman at Cambridge has recently invest igated the col-  
lapse of an empty cavity by using a Lighthill-Whitham type of approximation for the 
"outf ield,"  that is the region far  f rom the cavity, yet using a more  conventional 
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perturbation method forthe "infield"adjoiningthe cavity wall. This course apparently 
leads to a considerable simplification of the work in getting higher approximations. 
Dr. Proudman has carried his calculations to terms involving the fourth powerof the 
Mach number at the cavity wall, and has accordingly found fairly strong evidence that 
the method of approximation is convergent even when a substantial part of the flow is 
supersonic (although the condition of unit Mach number does not appear to have any 
particular physical significance in this problem). 

Now, the f i r s t  object of most theore t ica l  work on the present  problem is the de r i -  
vation of an ordinary differential  equation for the radius R of a spher ica l  cavity as a 
function of t ime.  The equation will  of course  be only approximate,  and if the cavity 
is taken to be empty sothat  the col lapse proceeds  to completion,  there  is necessa r i ly  
some uncertainty in deciding f rom the equation how the velocity dl~dt behaves in the 
l imi t  as R ---> 0. This uncertainty der ives  f rom the fact that although the behaviour 
dR/dt ---> - ¢o is always indicated as a possibil i ty,  the method of approximation leading 
to the equation for  R breaks  down for very large  veloci t ies .  (We reca l l  that the t e r -  
minal  velocity is definitely infinite according to Rayleigh 's  theory (11) which neglected 
the compress ib i l i ty  of the liquid.) However,  on the bas is  of the second-order  theory 
presented  below, it wil l  be shown that another possibil i ty,  which is perfect ly  consistent  
with the overa l l  approximation, is that dR/dt has a finite value as R --> 0, a resul t  
which apparently has notbeen noted before .  This remains  a consistent  in terpreta t ion 
on the bas is  of the more  accurate  calculat ions worked out by Dr. Proudman--which 
seem to give by far  the most complete  analytical  resu l t s  yet available; and since the 
apparent t e rmina l  velocity is not especia l ly  large,  being not much g r ea t e r  than the 
velocity of sound in the undisturbed liquid, there  would appear robe reasonably s trong 
evidence in favour of this conclusion. (It may be noted that previously obtained 
approximations to the equation for R, such as G i lmore ' s  (5), also admit this conclusion 
when the solution is appropriately in terpreted. )  At the t ime of wri t ing the f i r s t  draft 
of this paper,  the author was strongly inclined to the view that an empty cavity does 
have a finite veloci ty of collapse;  but upon fur ther  ref lect ion this conclusion now 
appears  doubtful. The main reason for this change of mind was a numer ica l  ca lcula-  
tion pe r fo rmed  with the EDSAC H computer.  The resu l t s  indicate that the veloci ty of 
col lapse of an empty cavity inc reases  indefinitely; and although this indication is not 
yet conclusive,  s ince there  is s t i l l  some slight uncertainty about the control  of e r r o r s  
during the computation, the need has obviously a r i sen  for thinking again. Some recent  
considerat ions  concerning the asymptotic behaviour of a collapsing empty cavity a re  
summar ized  in the Appendix to this paper; work now in p rogres s  along these l ines 
s eems  to be leading to a final c lar i f ica t ion of the in teres t ing theore t ica l  question of 
how the col lapse is concluded. 

Nevertheless, though this question may at first sight seem crucial and the idea 
of a finite terminal velocity may now seem a possible serious misinterpretation from 
the point of view of the physical application of the theory, the matter is after all not 
particularly important physically. The more important conclusion is that in any case 
the energy of the motion near the centre towards the end of the collapse becomes 
vanishingly small; the greater part of the overall energy has already been stored in 
a compressive wave well before the collapse is terminated, and so what happens in 
practice very close to the centre maywell have an insignificant effect on the wave as 
observed from a distance. This conclusion is important since it implies that there 
is often justification for neglecting the additional physical factors arising near the 
end of a collapse, such as viscosity and vapour compression. 

An advantage of the theory to be presented  is that it provides a very s imple  
descr ipt ion of shock-wave formation by rebounding gas- f i l l ed  cavitation bubbles, and 
leads eas i ly  to an es t imate  of how severe  a coUapse need be for a shock wave to 
develop (mild "gassy"  cavitation may of course  s t i l l  give r i s e  to br ie f  noise pulses;  
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but a typical  p r e s su re  wave will  not have a shock front). The generat ion of shockwaves  
is a feature of cavitation which has prac t ica l  importance in s eve ra l  ways, notably in 
re la t ion to cavitation damage. In the next section of the paper we d ig ress  sl ightly 
f rom the main discussion to comment on another effect attributable to this cause.  

2. THE EFFECT OF THE PRESENCE OF SHOCK WAVES 
ON CAVITATION NOISE SPECTRA 

Discounting exper iments  where isolated cavi t ies  a re  generated by specia l  means 
(4,12,13), cavitation is in most c i rcumstances  an e r ra t i c  process  during which a la rge  
number of t ransient  cavi t ies  appear in sca t t e red  positions throughout the region under 
reduced p re s su re .  The behaviour of individual cav i t i e s  with an i r r egu la r  assembly 
can somet imes  be observed,  as was done by Knapp and Hollander (14); but in meas -  
urements  of the radiated noise, the contribution f rom any par t icular  cavity is gener -  
ally impossible  to identify. Determinat ion of the frequency spec t rum is then the most  
useful object of noise measurements ,  and reasons can be found for supposing that the 
spec t rum of the aggregate of the rece ived  p r e s su re  waves is not widely discrepant  
f rom the spec t rum of a typical  component pulse (we note that the spect rum of a 
random sequence of s imi l a r  pulses has the same form as the spec t rum of a single 
pulse). Thus, theore t ica l  spec t ra  calculated on the bas is  of s ing le -cavi ty  models 
may be re levant  to observed cavitation noise (3); and indeed a f a i r  measure  of ag ree -  
ment has establ ished (1). 

A usual feature  of measured  energy spec t ra  is a slope of app rox im a te ly -6  
db/octave at high f requencies ,  i .e. ,  the spec t ra l  density var ies  as f - 2  where  f is 
frequency.  It has often been pointed out that this feature can be explained by the 
presence  of shock waves in the rece ived  p r e s su re  signals .  A shock front in water  
would appear an abrupt discontinuity in p r e s su re  unless it could be observed  on a 
t ime scale  much less  than the o rder  of 1 microsecond;  and this apparent discontinuity 
would there fore  exer t  adominant  influence on the high-frequency end of the spec t rum 
well  into the megacycle  range.  The discontinuity need not have the f ami l i a r  form of 
a fully developed shock (e.g., the blast  wave f rom an explosion) for it to affect the 
spec t rum in the requi red  way: the only essent ia l  property is that there  should be a 
finite discontinuity in some part  of the wave form.  

Although this explanation of the asymptotic form of the spec t rum appears  to be 
fa i r ly  widely known, a mathemat ica l  demonstrat ion of it s eems  worth giving here  
since this has apparently not been done before .  It is ins t ruct ive  to cons ider  the 
specia l  case  of f-2 dependence as part  of a genera l  c lass i f icat ion,  and indeed this is 
the only way of showing that the p resence  of shocks is necessary ,  not mere ly  suffi-  
cient, to account for this case  in prac t ice .  We r e s t r i c t  the argument to a single noise 
pulse possess ing only one singulari ty:  the extension of the argument  to a random 
sequence of identical  pulses is quite s t raightforward;  and although an extension to a 
more  general  type of random noise would be difficult to make with complete  r igour,  
it seems  c lea r  intuitively that the spec t ra l  p roper t ies  due to an isolated singulari ty,  
as considered below, are  common to any noise in which s ingular i t ies  of the sor t  in 
question occur  at random. 

Suppose that p(t)  is a typical noise pulse with finite duration, as for instance 
detected by a hydrophone. Its energy spect rum may be defined as 

s(f)--l~(f)l 2, 
where 

c o  

g(f) = | p(t)e -2"ift dt, (2.1) 
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If d e s i r e d ,  s o m e  c o n v e n i e n t  n o r m a l i z a t i o n  f a c t o r  c a n  b e  i n t r o d u c e d  i n t o t h e  def in i t ion ;  
but  t h i s  i s  u n n e c e s s a r y  f o r  the  p u r p o s e  of the  p r e s e n t  a r g u m e n t .  

We s u p p o s e  p ( t  ) to  be  a lways  f in i t e ,  a l t hough  t h e r e  i s  a s i n g u l a r i t y  of i t s  d e r i v a -  
t i v e s  at ,  s ay ,  t = 0. A l a r g e  c l a s s  of s u c h  s i n g u l a r i t i e s  i s  c h a r a c t e r i z e d  by  the  
b e h a v i o u r  p ( t )  = o( I t I u) as  t ----> 0,  w h e r e  ~ > 0 bu t  i s  not  an  i n t e g e r ;  t hus ,  if  
(n - 1) < u < n w h e r e  n = 1.2.3 . . . .  t h e n  the  n th  and  h i g h e r  d e r i v a t i v e s  of p ( t )  t e n d  
to in f in i ty  as  t ---> 0. ( F o r  c o m p l e t e  g e n e r a l i t y  we would n e e d  a l so  to c o n s i d e r  c a s e s  
w h e r e  p ( t )  i s  an  odd func t i on  in the  n e i g h b o u r h o o d  of t = 0, and  w h e r e  t he  s i n g u l a r i t y  
i s  l o g a r i t h m i c ,  bu t  t h i s  would  b e  a p o i n t l e s s  d i g r e s s i o n  h e r e . )  To f ind the  a s y m p t o t i c  
f o r m  of S( f )  in  t h i s  c a s e ,  the  m o s t  s a t i s f a c t o r y  c o u r s e  i s  to  m a k e  u se  of a t h e o r e m  
g i v e n  by B r o m w i c h  (15). It i s  s u f f i c i e n t  h e r e  to  quo te  the  f i na l  r e s u l t :  we f ind t h a t  
s (  f ) ~ o ( f - 2( ~ + 1 ) ) as  I f] ---> co. Thus ,  a l l  p o s s i b l e  a ~ y m p t o t i c  s l o p e s  of the  s p e c -  
t r u m  (on a l o g a r i t h m i c  p lo t )  a r e  c o v e r e d  e x c e p t  the  c a s e s  w h e r e  t he  d e p e n d e n c e  of 
g ( f )  i s  f - l ,  f-2,  f-3 . . . .  

The  l a t t e r  c a s e s  a r e  m o r e  i n t e r e s t i n g  to us  t h a n  the  i n t e r m e d i a t e  o n e s .  They  a r e  
g i v e n  by  f u n c t i o n s  of t w h i c h  u n d e r g o  a b r u p t  d i s c o n t i n u i t i e s  o r  w h o s e  d e r i v a t i v e s  do.  
To dea l  wi th  s i n g u l a r i t i e s  of t h i s  type ,  the  fo l lowing  m e t h o d  i s  qu i t e  luc id  though  to an  
ex t en t  only i n t u i t i v e .  F o r  f u r t h e r  d e t a i l  we m a y  r e f e r  to  v a r i o u s  t r e a t i s e s  dea l i ng  
w i th  a s y m p t o t i c  e x p a n s i o n s .  

The  c a s e  w h i c h  d i r e c t l y  c o n c e r n s  us ,  as  i t  r e p r e s e n t s  a s h o c k  f r o n t ,  i s  w h e r e  
p ( t )  c h a n g e s  a b r u p t l y  a t  t = 0 f r o m  a va lue  p ( 0 - )  to  a n o t h e r  va lue  p(0+) :  h e r e  0- 
and  0 + i n d i c a t e  a r b i t r a r i l y  s m a l l  n e g a t i v e  and  p o s i t i v e  va lue  of t ,  r e s p e c t i v e l y .  All  
the  d e r i v a t i v e s  of p ( t )  a r e  i n f i n i t e - - o r  r a t h e r ,  m e a n i n g l e s s - - a t  t = 0; bu t  i t  c a n  b e  
a s s u m e d  t h a t  the  d e r i v a t i v e s  a r e  i n t e g r a b l e  o v e r  the  whole  r a n g e  (-co, co). Hence ,  
I n t e g r a t i o n  of Eq.  (2A)  by  p a r t s  g i v e s  d i r e c t l y  

p(0 +) - p(0-) + 1 ( dp e_2~ift g(f) - 2 ~ i f  ~ ~ - d - ~  d t .  (2.2) 

According to the Riemann-Lebesque theorem, the integral in Eq. (2.2) tends to zero 
as If[---> co. Therefore, if the step in p(t) is of finite height (i.e., p(O-) ~ p(0+)), we 
have that 

lg(f)l ~o(f -I) ~s Ill- co. (2.3) 

Hence, s(f) decreases asymptotically at the rate of I0 Iogio(2 -2) = -6.02 db/octave. 
R is now perhaps obvious that no function other than one with a finite discontinuity 
like a shock wave has a spectrum with this asymptotic property. 

Inc iden t a l l y ,  an  e x t e n ~ o n  of the  above  l ine  of a r g u m e n t ,  w h e r e i n  the  i n t e g r a l  on  
the  r i g h t - h a n d  s i d e  of Eq.  (2.2) i s  r e d u c e d  by  s u c c e s s i v e  i n t e g r a t i o n s  by p a r t s ,  l e a d s  
to  the  fo l lowing  r u l e :  if  p. p ' ,  p" . . .  p (n -1 )  a r e  a l l  f in i t e  and  con t i nuous ,  and  i f  p ( , )  
i s  f in i t e  ye t  d i s c o n t i n u o u s ,  t h e n  I g ( f ) l  ~ O ( f - n - 1 ) a s  [fl - --)~.  It fo l lows  f r o m  t h i s  
t h a t  if  p ( t )  and  a l l  i t s  d e r i v a t i v e s  a r e  con t i nuous ,  S( f )  m u s t  d e c r e a s e  a s y m p t o t i c a l l y  
m o r e  r a p i d l y  t h a n  any n e g a t i v e  p o w e r  of f, i . e . ,  i t  m u s t  d e c r e a s e  at  l e a s t  in  e x p o n e n -  
t i a l  f a s h i o n .  T h u s ,  e v e n  w h e n  s h o c k s  a r e  p r e s e n t  in  c a v i t a t i o n  n o i s e ,  t h e  s p e c t r u m  
m u s t  u l t i m a t e l y  d e c r e a s e  e x p o n e n t i a l l y  w h e n  the  f r e q u e n c y  i s  so  h igh  t h a t  i t s  r e c i p r o c a l  
i s  c o m p a r a b l e  w i th  the  t i m e  of p a s s a g e  of a s h o c k  f ron t ,  so  t h a t  on  s u c h  a t i m e  s c a l e  
the  s h o c k  no  l o n g e r  a p p e a r s  d i s c o n t i n u o u s .  

We a l s o  no te  t h a t  ff the  s i g n a l  p ( t )  i s  p a s s e d  t h r o u g h  a r e c o r d i n g  s y s t e m  w h i c h  
i s  r e s o n a n t  at  f = fo,  the  " a p p a r e n t "  s p e c t r a l  r e s p o n s e  ( i .e . ,  t he  s p e c t r u m  of the  
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f o r c e d  v i b r a t i o n )  i s  of t he  f o r m  [ g a ( f )  I = I g ( f )  [ f / (  2~ ( f 2 _ f o2)) .  T h e r e f o r e ,  a t  f r e -  
q u e n c i e s  m u c h  above  fo,  the  " a p p a r e n t "  e n e r g y  s p e c t r u m  fo r  a d i s c o n t i n u o u s  s i g n a l  
ha s  the  p r o p e r t y  

S(f) ~ ]g(f)l 2 × o(f 2) ~ O(f -4) • (2.4) 

That is, the spectrum is sustained at a slope of -12 db/octave. The author has 
remarked in the past (16) that this may be a useful consideration regarding the 
response to cavitation noise of practical hydrophones, which are always subject to 
self-resonances at a number of frequencies. 

3. SOME POINTS FROM THE THEORY OF CAVITATION 
IN INCOMPRESSIBLE LIQUIDS 

Although the main interest at present is in effects due to the compressibility of 
water, it will be helpful to fix our ideas by recalling some simple results according 
to incompressible-flow theory. In awareness of the severe difficulties arising when 
compressibility is taken into account, problems of radial bubble motion in an incom- 
pressible liquid appear on the whole refreshingly straightforward; of course they are 
not always easy, particularly as the equations of bubble motion are non-linear; but, 
generally speaking, treatments of these problems are clear-cut and unequivocal. The 
subject is well-covered by the contributions of Rayleigh (11), Lamb (17,18), Cole (19), 
Plessett (20), Noltingk and Neppiras (21), Robinson and Buchanan (22) and numerous 
others. 

C o n s i d e r  f i r s t  a n  e m p t y  s p h e r i c a l  c a v i t y  of r a d i u s  R( t )  c o l l a p s i n g  to z e r o  vo lume  
in a l a r g e  e x p a n s e  of i n c o m p r e s s i b l e  f lu id .  In the  l a t e r  s t a g e s  of the  c o l l a p s e ,  the  
m o t i o n  b e c o m e s  i n s e n s i t i v e  b o t h  to the  way i t  w as  s t a r t e d  and  to the  ( h y d r o s t a t i c )  
p r e s s u r e  P at  a l a r g e  d i s t a n c e  f r o m  t he  c e n t r e .  The  only  c r u c i a l  p a r a m e t e r  is  the  
t o t a l  e n e r g y  E of t he  m o t i on ,  w h i c h  m a y  b e  a s s u m e d  to b e  a p p r o x i m a t e l y  c o n s t a n t .  
Note  t h a t  if t he  cav i ty  s t a r t s  c o n t r a c t i n g  w i th  a r a d i u s  R o and  if  p i s  a c o n s t a n t  Po, 
t h e n  obv ious ly  E = 4/3 ~Po(R~o - R 3) w h i c h  t e n d s  to a c o n s t a n t  va lue  as  R ---> 0 .  H P 
v a r i e s  d u r i n g  the  i n i t i a l  s t a g e s  of the  mo t ion ,  E wi l l  v a r y  in a r a t h e r  m o r e  c o m p l i c a t e d  
f a sh ion ,  bu t  the  f i na l  s t a g e s  o c c u r  s o  r a p i d l y  t h a t  E w i l l  a g a i n  b e  p r a c t i c a l l y  c o n s t a n t  
t o w a r d s  t he  end.  Pu t t i ng  the  k i ne t i c  e n e r g y  of t he  f lu id  e q u a l  to  E, we h a v e  

2~pR31~ 2 = E ,  (3.1) 

where R denotes dR/dt and p the density. This equation .~u-s the integral 

1 
{2s E~ ~ 2 (3.2) 

R = ~,8-~p) ( - t ) ~  

on the  a s s u m p t i o n  t h a t  the  c o l l a p s e  i s  c o m p l e t e  d a t  t = 0. T h i s  g i v e s  the  w e l l - k n o w n  
r e s u l t  t h a t  -R- - ->O(- t )  -3 / s  a s  R --> 0.  T h e  ve loc i t y  of t he  c a v i t y  w a l l  t hus  b e c o m e s  
in f in i t e  in  t he  l i m i t .  F u r t h e r ,  t he  p r e s s u r e  t h r o u g h o u t  t he  f lu id  b e c o m e s  m o m e n t a r i l y  
in f in i t e ,  bu t  t he  ve loc i t y  a t  a f ixed  po in t  i s  z e r o  at  t he  i n s t a n t  of c o l l a p s e ,  b e i n g  p r o -  
p o r t i o n a l  to  R ~ .  T h u s ,  in  t he  l i m i t  a s  R --> 0,  t he  e n e r g y  of t he  m o t i o n  b e c o m e s  c o n -  
c e n t r a t e d  whol ly  a t  t he  c e n t r e .  

I t  c a n  e a s i l y b e  s h o w n  t h a t  t he  p r e s s u r e  p at  a r a d i u s  r f r o m t h e c e n t r e  i s  g i v e n  by  

P = P - 7 -  + ~-PR 2 --- r  • (3.3) 
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This  e x p r e s s i o n  d e m o n s t r a t e s  s o m e  f e a t u r e s  of the  p r e s s u r e  d i s t r ibu t ion  which have 
p a r t i c u l a r  i n t e r e s t  in t h e p r e s e n t  context .  Note f i r s t t h a t  p = 0 at r = 0, which is  con-  
s i s t en t  with the a s sumpt ion  of an empty  cav i ty .  Next  note  that  in the l a t e r  s t a g e s  of 
the co l l apse ,  P is  neg l ig ib ly  s m a l l  c o m p a r e d  with pl~2; and so  the t e r m  in p on the 
r i gh t -hand  s ide  of Eq.  (3 .3)can be neg l ec t ed  in any r eg ion  not too f a r  f r o m  the cav i ty .  
Thus,  the p r e s s u r e  i s  s e e n  to r i s e  f r o m  z e r o  at the  cav i ty  wa l l  to a m a x i m u m  value  
3 x 4-11/6pl~2at r = 41/3R, and to d e c r e a s e  s t ead i ly  fo r  g r e a t e r  r. F i g u r e  1 i l l u s -  
t r a t e s  changes  in the  p r e s s u r e  d i s t r ibu t ion  as R d e c r e a s e s .  The  v e r t i c a l  and hor i zon ta l  
s c a l e s  a r e  a r b i t r a r y ,  but  the f igu re  is  e a s i l y  i n t e r p r e t e d .  The  t h r e e  c u r v e s  r e p r e s e n t  
the p r e s s u r e s  when, r e s p e c t i v e l y ,  the cav i ty  r ad ius  i s  1, 1.5, and 2 in a r b i t r a r y  uni ts .  
S ince  /~2 is  p r o p o r t i o n a l t o  R-3  the m a x i m u m  p r e s s u r e  in the las t  c a s e  i s  eight  t i m e s  
that in the f i r s t .  The  f igu re  shows c l e a r l y  how towards  the end of the co l l apse  the 
p r e s s u r e  i n c r e a s e s  v e r y  rap id ly  in magni tude  and i ts  d i s t r ibu t ion  b e c o m e s  l e s s  
d i s p e r s e d .  

Now, if  we al low that  b e h a v i o u r  at l ea s t  qua l i t a t i ve ly  s i m i l a r  to th is  may  o c c u r  
in a c o m p r e s s i b l e  l iquid,  an i n t e r e s t i n g  poss ib i l i t y  is  sugges t ed .  Pos i t i ve  p r e s s u r e  
d i s t r ibu t ions  of the kind i l l u s t r a t e d  in F ig .  1 su f f e r  a tendency  to s t eepen  in the 
d i r ec t i on  away f r o m  the cen t r e ,  and so  deve lop  into shock  w a v e s .  Admi t ted ly ,  the 
w a v e - f o r m  is  being c a r r i e d  rap id ly  t owards  the c e n t r e  of co l l apse ,  and the p r o c e s s  of 
shock  f o r m a t i o n  n e c e s s a r i l y  occup ies  a c e r t a i n  t i m e .  But it s e e m s  at l e a s t  c o n c e i v -  
ab le  that  a c o m p r e s s i b l e  l iquid  moving  inward  to c l o s e  an empty  cav i ty  could  deve lop  
a shock  at s o m e  m o m e n t  b e f o r e  the ins tant  of f inal  co l l apse ,  the shock  be ing  con-  
vec ted  inwards  by a s u p e r s o n i c  f low. This  po in tw i l l  be  taken  up aga in  in a l a t e r  pa r t  
of the d i s cus s ion .  

It s c a r c e l y  needs  to be  sa id  that  the p r e s e n t  s i m p l e  mode l  of cav i t a t ion  co l l apse  
c e a s e s  to be  val id  wel l  b e f o r e  the  cav i ty  d i s a p p e a r s .  When the v e l o c i t i e s  and 
p r e s s u r e s  n e a r  the cav i ty  b e c o m e  l a rge ,  the e f fec t s  of c o m p r e s s i b i l i t y  a r e  no longer  

uJ 

2 
uJ 

5~ 
I I I I 

2 ~ ,¢ 5 
RADIUS 

Fig. 1 - Pressure distributions during the collapse 
of an empty cavity in an incompressible liquid 
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negligible, and also the assumption of an empty cavity may become unrea l i s t ic .  How- 
ever ,  as Rayleigh (U)  was f i r s t  to point out, the singulari ty in the incompress ib le -  
fluid solution is avoided ff the cavity is assumed to enclose a quantity of insoluble gas.  
The compress ion  of the gas eventually a r r e s t s  the inward motion, and a "rebound" 
takes place.  It may be shown that as the gas p r e s s u r e  r i ses ,  the peak in the p r e s su re  
distr ibution i l lus t ra ted by Fig. 1 is displaced inwards; and ult imately,  at the instant 
when the col lapse is halted, the maximum p r e s s u r e  occurs  right at the cavity wall.  

While serving to remove  a mathemat ica l  difficulty, the chief mer i t  of this modi-  
fication is that it r epresen t s  a definite feature  of cavitation in pract ice  (and, inci-  
dentally, leads to a very useful account of the pulsations of underwater  explosion 
bubbles (19)). There is plentiful evidence that rebounds often occur (e.g., (13,14)), 
and presumably they are  due to the action of the cavity contents.  Of c6urse,  the model 
of a gas - f i l l ed  cavity surrounded by incompress ib le  liquid s t i l l  falls fa r  short  of 
reali ty;  for instance, no mechanism for energy dissipation is included, whereas  
rebounding cavitation bubbles appear always to be considerably smal l e r  than the i r  
maximum size  before  the f i r s t  col lapse.  Never the less ,  this model is definitely 
re levant  to cases  of fair ly "mi ld"  collapse,  and gives a useful f i r s t  approximation to 
such quantit ies as the peak noise p re s su re .  

Some numer ica l  resu l t s  calculated on this basis  will  be useful for  re fe rence  
la ter .  We consider  a cavity init ially at r es t  with R = Ro and containing gas at p r e s -  
sure  Q. The hydrostat ic p re s su re  P is constant and g rea t e r  than Q, so that the init ial  
motion is inward. The gas is assumed to be compres sed  according to the law 
pV Q' = c o n s t  (Y > 1 ) ,  i .e. ,  its p r e s su re  is given by p = Q(Ro/R) 3~, and its iner t ia  is 
neglected.  The equation of motion of the cavity is express ib le  in the form 

2P Q (3 .4 )  
]~2 = ~ p  - 1 -  ( ~ , _ l ) p  - 

From this the minimum radius R m is easi ly deduced, s ince it is a root of I~ = 0. 
Assuming that (Ro/Rm) a is fa i r ly  large,  we find that, very approximately,  

Rm/R o : (1 +K) " 1 / ( 3 " y ' 3 )  (3.5) 

where K = (~ - 1)P/Q. The maximum gas p r e s s u r e  is the re fore  

Pm = Q(Ro/Rm )3~ = Q(1 +K) y / ( ~ - l )  (3.6) 

Also, the peak p r e s su re  r i se  (i.e., above P) at a radius r(>> Rm) is PmRm/r. The maxi-  
mum velocity of the cavity wall  is found by differentiat ion of Eq. (3.4). This occurs  
when R = R' ,  this radius being given by 

R ' / R  m : 7 1 / ( 3 ~ ' a )  , (3.7) 

and is very approximately 

Rm : (2PI3p)½ - ~ / ( 2 ~ - 2 )  ( 3 . 8 )  

Equations s imi l a r  to (3.5) and (3.6), although ra ther  less  accurate ,  were  given by 
Noltingk and Neppiras (21). Lamb (17) obtained Eq. (3.6) in a re la ted problem con- 
cerning underwater  explosions, but gave the formula  incorrec t ly ;  the mistake was 
reproduced in his well-known book (18). 
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Fig. Z - Values of the maximum gas pressure and maxi- 
mum radial velocity occurring during the collapse of a 
gas-filled cavity in an incompressible liquid 

F i g u r e  2 shows  g r a p h s  of Pm/T VS P/Q f o r  t h r e e  v a l u e s  of y. G r a p h s  of the  va lue  
in c m / s e c  of Rm c o r r e s p o n d i n g  to P = l b a r  and  p = 1 g / c m  3 a r e  a l s o s h o w n :  f o r o t h e r  
va lues  of P o r  p, R m can  be  s c a l e d p r o p o r t i o n a t e l y  to  ( p / p ) I / 2 .  On the  g r a p h  of l~m, the  
d a s h e d  l ine  d e n o t e s  the  s p e e d  of s o u n d  in w a t e r  at a p r e s s u r e  of 1 b a r .  F i g u r e  2 
i l l u s t r a t e s  c l e a r l y  how the  m a x i m u m  p r e s s u r e s  g e n e r a t e d  d u r i n g  a c o l l a p s e  m a y  
g r e a t l y  e x c e e d  t he  h y d r o s t a t i c  p r e s s u r e .  F o r  e x a m p l e ,  if a cav i ty  c o n t a i n s  a i r  a t  an  
i n i t i a l  p r e s s u r e  of one  o n e - h u n d r e d t h  the  h y d r o s t a t i c  p r e s s u r e  and  the  a i r  i s  c o m -  
p r e s s e d  a d i a b a t i c a l l y  (y = 1.4), t he  a i r  p r e s s u r e  at  the  end  of t he  c o l l a p s e  i s  4420 
t i m e s  the  h y d r o s t a t i c  p r e s s u r e .  When  we c o n s i d e r  t ha t  P i s  of the  o r d e r  of 1 b a r  in 
many  i n s t a n c e s  of c a v i t a t i o n ,  the  e x t e n t  of t he  m a g n i f i c a t i o n  of p r e s s u r e  i s  m o s t  
i m p r e s s i v e .  The  f e a t u r e  of Fig.  2 w h i c h  h a s  p a r t i c u l a r  i n t e r e s t  l a t e r  in t he  d i s c u s -  
s i on  i s  t h a t  f o r  P . /P  = o(103) ,  t he  m a g n i t u d e  of I~ m i s  s t i l l  a r e a s o n a b l y  s m a l l  f r a c t i o n  
of the  s p e e d  of sound ,  s o  t h a t  the  e r r o r  due to n e g l e c t  of t he  c o m p r e s s i b i l i t y  of w a t e r  
i s  p r o b a b l y  s t i l l  f a i r l y  s m a l l .  

4. THE NATURE O F  THE P R O B L E M  FOR C O M P R E S S I B L E  LIQUIDS 

To deve lop  a t h e o r y  on a s e c u r e  b a s i s ,  t he  a t t e m p t  m u s t  b e  m a d e  to so lve  the  
exac t  e q u a t i o n s  of r a d i a l  m o t i o n  in a c o m p r e s s i b l e  f lu id .  We s h a l l  now d e r i v e  a 
s e c o n d - o r d e r  a p p r o x i m a t i o n  to  t he  e f f e c t s  of c o m p r e s s i b i l i t y ;  but ,  a s  r e m a r k e d  in  
Sec t ion  1, t h i s  i s  done p r i m a r i l y  as  an i l l u s t r a t i o n  of m e t h o d  and  to  show how the  way 
i s  c l e a r  to  h i g h e r  a p p r o x i m a t i o n s .  

F o r  s p h e r i c a l l y  s y m m e t r i c  i s e n t r o p i c  flow, t h e  ve loc i ty  p o t e n t i a l  ~ s a t i s f i e s  
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w h e r e  c i s  the  l oca l  ve loc i ty  of sound  wh ich  in g e n e r a l  v a r i e s  wi th  p r e s s u r e .  (It is  
w o r t h  not ing  t ha t  Lamb  (18, § 285) p r e s e n t s  t h i s  equa t ion  in i t s  c o r r e c t  f o r m ,  but  
u n d e r  the  u n n e c e s s a r y  r e s t r i c t i o n  t h a t  e i s  c o n s t a n t . )  As a r e a s o n a b l e  f i r s t  s t e p  
t o w a r d s  a so lu t ion ,  one may  u s e  a l i n e a r i z e d  (acous t i c )  t h e o r y  in wh ich  the  t e r m s  on 
the  r i g h t - h a n d  s ide  of Eq.  (4.1) a r e  n e g l e c t e d  and  c is  t a k e n  to be  a c o n s t a n t  Co, the  
sound  ve loc i ty  in the  u n d i s t u r b e d  f lu id .  A c c o r d i n g  to t h i s  t h e o r y ,  the  c h a r a c t e r i s t i c  
c u r v e s  in  the  ( r , t ) - p t a n e  a r e  s t r a i g h t  l ines ,  g iven  by t - r / c  o = eonst  f o r  outgoing  
w a v e s .  But  t h e r e  a r e  two r e s p e c t s  in wh ich  a l i n e a r i z e d  t h e o r y  i s  i n a d e q u a t e .  The  
f i r s t ,  t he  obv ious  one, is  t ha t  f o r  the  v e r y  r a p i d  f low n e a r  a cav i ty  in  the  l a t e r  s t a g e s  
of c o l l a p s e ,  the  n o n - l i n e a r  t e r m s  in Eq.  (4.1) m ay  have  an  e f fec t  wh ich  i s  by  no m e a n s  
n e g l i g i b l e .  Second,  the  l i n e a r i z e d  so lu t i on  is  we l l  known to b e c o m e  p r o g r e s s i v e l y  
l e s s  va l id  at  l a r g e  d i s t a n c e s  f r o m  the  o r i g i n .  Even  though the  m a g n i t u d e  of ~ d e c r e a s e s  
s t e a d i l y  ( l ike r - l ) ,  the  e f fec t  of the  n o n - l i n e a r  t e r m s  a c c u m u l a t e s  and  e v e n t u a l l y  
p r e d o m i n a t e s  o v e r  tha t  of the  l i n e a r  t e r m s .  F o r  i n s t a n c e ,  the  c h a r a c t e r i s t i c s  at  t he  
h e a d  of a p o s i t i v e  p r e s s u r e  wave  d i v e r g e ,  t end ing  to f o r m  a s h o c k  wave  if one i s  not 
a l r e a d y  p r e s e n t .  The  l i n e a r i z e d  t h e o r y  i s  t h e r e f o r e  not even  a va l id  f i r s t  a p p r o x i -  
m a t i o n  at  l a r g e  d i s t a n c e s .  

A g r e a t  dea l  h a s  p r e v i o u s l y  b e e n  w r i t t e n  on t h i s  m a t t e r  (7,8,25),  and  t h e r e  i s  no 
n e e d  to  go in to  any g e n e r a l  d e t a i l  h e r e .  To ob ta in  an  a p p r o x i m a t e  so lu t i on  of Eq.  
(4.1) wh ich  i s  u n i f o r m l y  va l id  o v e r  the  whole  flow, the  L i g h t h i l l - W h i t h a m  m e t h o d  i s  
used ;  t he  so lu t i on  is  e x p r e s s e d  in t e r m s  of an  i m p l i c i t  exac t  c h a r a c t e r i s t i c  7, to  
wh ich  s u c c e s s i v e  a p p r o x i m a t i o n s  a r e  m a d e .  T h i s  a p p r o a c h  s e e m s  the  only way to 
p r o c e e d  wi thou t  a m b i g u i t y  to  h i g h - o r d e r  a p p r o x i m a t i o n s  to the  equa t i on  of the  cav i ty  
mo t ion .  It a p p e a r s  t ha t  the  m e t h o d  would r e m a i n  t r a c t a b l e  even  when  a fu l ly  deve loped  
s h o c k  wave  i s  p r e s e n t ,  bu t  we s h a l l  not  dea l  exp l i c i t l y  wi th  t h i s  c a s e  h e r e ,  b e i n g  c o n -  
t en t  to e x a m i n e  the  c i r c u m s t a n c e s  of the  i n i t i a l  f o r m a t i o n  of a s h o c k .  

If p d e n o t e s  the  p r e s s u r e  r e l a t i v e  to the  c o n s t a n t  p r e s s u r e  P f a r  f r o m  the  c e n t r e  
of the  m o t i o n  (so t ha t  p - >  0 fo r  l a r g e  r and  p = - P at  the  wa l l  of an  e m p t y  cav i ty ) ,  
t he  B e r n o u l l i  i n t e g r a l  of the  e q u a t i o n s  of mo t ion  can  b e  w r i t t e n  

p 
~ + 1 u 2 L d p (4.2) ~-~- y : -  p 

w h e r e  u = ~(p/~r i s  the  ve loc i t y .  Now, the  dens i t y  p i s  a func t ion  of p only;  and  so,  if 
p- 1 i s  expanded  as  a T a y l o r  s e r i e s  and  i n t e g r a t e d  t e r m  by t e r m ,  the  r i g h t - h a n d  s ide  
of Eq.  (4.2) b e c o m e s  

1 
- p/;o +7P21;o2 Co 2 + " ' "  

H e r e  p i s  t he  dens i t y  w h e r e  p = 0 and  c 2 = ( d p / d p ) p _ 0 "  Only t h e s e  f i r s t  t w o t e r m s  
of the  ~ x p a n s i o n  a r e  r e q u i r e d  at  p r e s e n t  ° the  t h i r d  t e r m  is  0(co4) , and  we a r e  going  
to deve lop  the  t h e o r y  only as  f a r  as  0 (co2) .  Thus ,  a su f f i c i en t  a p p r o x i m a t i o n  to Eq.  
(4.2) i s  

102 1 ) . . . .  _--2-5-2" (4.3) 
qSt + 2 r Po 2 Po Co 

The  sound  ve loc i ty  is  nex t  expanded  as  
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Again ,  t e r m s  a f t e r  the  s e c o n d  can  b e  neg l ec t ed ,  b e i n g  of f o u r t h  o r d e r .  Hence ,  u s ing  
Eq.  (4.3), we m a y  w r i t e  

{ < :/} c = c o 1 - ~ ~t + ~-cP 
%2 ' (4.5) 

H e r e  a i s  a d i m e n s i o n l e s s  coe f f i c i en t  of the  o r d e r  of uni ty ;  f o r w a t e r  i t i s  about  2.7.  
( E x p e r i m e n t a l  da t a  on the  p r o p e r t i e s  of w a t e r  u n d e r  h igh  p r e s s u r e s  ( see  (6) f o r  a 
r e v i e w )  show t h a t  a l i n e a r  r e l a t i o n  b e t w e e n  sound  ve loc i t y  and  p r e s s u r e ,  as  a s s u m e d  
h e r e ,  ho lds  a p p r o x i m a t e l y  up to p r e s s u r e s  of the  o r d e r  of 2000 b a r s .  To dea l  a d e -  
q u a t e l y  wi th  the  c a s e  of p r e s s u r e s  m u c h  h i g h e r  t han  t h i s ,  t he  e x p a n s i o n  Eq.  (4.4) 
would  h a v e  to be  t a k e n  f u r t h e r  t han  the  f i r s t  two t e r m s ;  bu t  t h i s  i s  not  j u s t i f i e d  in a 
s e c o n d - o r d e r  t h e o r y .  In fac t ,  i t  w i l l  a p p e a r  t ha t  t he  v a r i a t i o n  of c does  no___t_t a f fec t  
the  cav i ty  m o t i o n  to the  s e c o n d  o r d e r ,  a l though  t h i s  h a s  an  i m p o r t a n t  e f fec t  on the  
s u r r o u n d i n g  p r e s s u r e  f ie ld . )  

We nex t  s u p p o s e  the  c h a r a c t e r i s t i c  c u r v e s  in  the  ( r ,  t ) - p l a n e  to have  the  f o r m  
v( r .  t )  = c o n s t .  T he  equa t i on  d e t e r m i n i n g  v i s  t hen  

d t )  - I = 0 ,  (4 .6 )  
(u + c) d-g,=con~t  

We may  a l so  a r b i t r a r i l y  i n t r o d u c e  the  cond i t ion  

: t on r : R, (4.7) 

wh ich  l ends  to ~ the  u s e f u l  i n t e r p r e t a t i o n  of a " r e t a r d e d  t i m e "  m e a s u r e d  wi th  r e s p e c t  
to  the  c a v i t y  wa l l .  

To c o m p l e t e  the  b a s i c  d e t a i l s  of tile m a t h e m a t i c a l  p r o b l e m ,  the  b o u n d a r y  c o n d i -  
t i ons  at  the  c a v i t y  wa l l  wi l l  now be  w r i t t e n  down.  F i r s t ,  t h e r e  i s  t he  k i n e m a t i c a l  
cond i t ion  

( ~ )  = I} dR (4.8) 
r=R d'9 

Second,  t h e r e  i s  the  cond i t ion  t ha t  the  ( r e l a t i v e )  p r e s s u r e  of the  cav i ty  c o n t e n t s ,  s a y  
PoS, is  the  s a m e  as  the  p r e s s u r e  j u s t  i n s i d e  the  l iqu id  ( s u r f a c e  t e n s i o n  b e i n g  n e g l e c t e d  
in t h i s  a ccoun t ) .  A c c o r d i n g  to Eq.  (4.3), t h i s  i m p l i e s  tha t  

+ 1 i~2 (1 - 1 S/co2).  (4.9) 

We a l so  have ,  of c o u r s e ,  tha t  ~ ---> 0 fo r  r ----) o~. 

5. THE L I N E A R I Z E D  THEORY 

T h i s  h a s  b e e n  u s e d  by s e v e r a l  a u t h o r s  (23,24) to d e r i v e  an  equa t ion  of cav i ty  
m o t i o n  wi th  a f i r s t - o r d e r  c o r r e c t i o n  fo r  the  e f f ec t s  of c o m p r e s s i b i l i t y .  The  r i g h t -  
hand  s ide  of Eq.  (4.1) i s  n e g l e c t e d ,  and  one pu t s  c = c o. The  so lu t i on  t h e n  i s  

: _ ~(n__2) ( 5 . 1 )  
r 

t o g e t h e r  wi th  
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"r} = t - r--r---+ 1~ 
c o c o ' (5.2) 

(Note that Eq. (5.2) is the f i r s t - o r d e r  solution of Eq. (4.6) subject to the boundary 
condition Eq. (4.7)). 

F rom Eq. (5.1) it follows that 

f(J---~) + f ' ( ~ )  (5.3) 
u : r 2  Cor  

When this is substituted in Eq. (4.8), (07) can easi ly be Calculated as far  as t e r m s  in 
Co t. A f i rs t  es t imate  gives f(~) =R2(~) R(~); and a second gives 

1 (R3~ + 2R21~2). 
f : R2~ _ Co 

From Eqs. (5.1) and (5.4), we get 

: - R R - 2 R  2 + ~ o ( R 2 R + S R ~ + 2 R 3 ) ,  

which, when substituted in Eq. (4.9), leads immediate ly  to 

( 5 . 4 )  

( 5 . 5 )  

3 ~2 1 --. 
RR + ~ - Co (R2R + 6R~ + 2R 3) = S. (5.6) 

This is exact to o(COl). To the same order ,  the equation may be ar ranged in 
s eve ra l  other  ways, for instance in the form 

/ / / ) R~ - K  +~ -3~o  : s +Co 

6. HIGHER-ORDER SOLUTIONS 

To proceed to higher approximations,  one may wri te  

¢ = ¢ l ( r , ~ )  + ~ ~ 2 ( r , ~ )  + 1--~---~3(r,~ ) + . . .  
Co2 Co3 

( 6 . 1 )  

where ¢1(r,7) is the l inear ized solution given above, and then solve Eq. (4.1) to suc-  
cess ive ly  higher powers of c-1 (i.e., ¢2 is f i r s t  determined,  then ¢3, etc.).  At the • . Q 
same hme ,  success ive  approximations are  made to the charac te r i s t i c  determined by 
Eq. (4.6). The solution of the la t te r  equation is most suitably expressed  in the form 

t : F ( r , ~ ) ,  (6.2) 

which, of course,  in the l inear ized theory reduces to 

r -R(~) 
t : ~ + - -  ( 6 3 ) .  

C O 
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Thus, the present  method is c lear ly  seen to be an instance of Lighthil l 's  genera l t ech-  
nique of "coordinate per turbat ion"  (7,25). In applying the method, it is helpful to 
rewri te  the equation f o r ,  in t e rms  of par t ia l  derivat ives with respect  to r (i.e., with 
v constant) and v (with r constant).  Thus, Eq. (4.1) is replaced by 

( 1) 
2 +TqOV + 77rrq~ ~ + ~r2(p~n c2 (77t ¢~V + 77tt(P~) : non-llrlear terms, (6 .4)  q~rr + "r-q)r + 2~?r gory - -  

t h e  t e rms  on the r ight-hand side being equivalent to c- 2 t imes  the non- l inea r  t e rms  
on the r ight-hand side of Eq. (4.1). 

Let us now work out the solution as far as t e rms  in c-2. We f i rs t  observe,  on 
substi tuting Eq. (4.5) in Eqs. (4.1) or (6.4), that the variat ion of c does not affect the 
equation for ~ to this order .  Next, the l inear ized solution is used to obtain the second- 
order  approximation to the r ight-hand side of Eq. (6.4): this is 

with f(v) : R2(V) R(V)- 

1 f 2 f f '  2f  3 } 
t ~ - r 7 (6.5) 

o 

An approximation to the explicit form of Eq. (6.2) is now found. When Eqs. (5.1) 
and (4.5) are substi tuted in Eq. (4.6), the integral  of the equation to 0 (% 3) is 

r f(vT) 1 
t = -- + (I + a) f'(v)) lo~ r + (2+a)f2(vT) + A(vT)." 

Co rCo2 co3 2r4Co3 

where f(v) is given by Eq. (5.4) and A(V) is an arbitrary function arising in the inte- 
gration. If A is chosen so as to satisfy the boundary condition Eq. (4.7), we have 

r - R{~7) f(~))(rl_ ~ ) ( l + a ) f ' ( ~ 7 )  lo~7 r + (2+a)  f2 (vT)(  1 ~ 3 )  
t = * r /  + - -  + - -  - --~" - 

o 0o2 Co3 6Co3 ~R3 (6 .6 )  

This expansion is far more accurate than we need at present ,  but it will  be useful 
la ter .  

When Eqs. (6.1), (6.5), and (6.6) are  substi tuted in Eq. (6.4), the f i r s t  t e rm  on the 
r ight-hand side (i.e., the f i rs t  t e rm in Eq. (6.5)) is cancelled, and collection of the 
second-order  t e rms  gives 

~2~2 2 ~¢2 2R61~ 3 (6.7) - - - -  + - -  - -  = _ - -  
~r2 r ~r r 7 

which has the solution 

F ( T ] )  R 6 I~ 3 ( 6 . 8 )  

~2 - r 10 r 5 " 

The a rb i t r a ry  function F(V)is  determined from Eq. (4.8). Hence, the complete 
second-order  solution is found to be 

1 (R3~ + 2R2~2) + 1 (R4i ~- + 7R31 ~ + R2~3 ) (6.9) 
= - R21~ - c---~ ¢0 2 1 0 c  2 r 5 " 
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T h i s  r e s u l t  i s  e x a c t  to  the  s e c o n d - o r d e r .  The  l a s t  t e r m  on the  r i g h t - h a n d  s ide  
i s  n e g l i g i b l e  f a r  f r o m  the  cavi ty ,  but  n e a r  the  cav i ty  i t  h a s  the  s a m e  i m p o r t a n c e  as  
the  o t h e r  s e c o n d - o r d e r  t e r m s .  The  a p p e a r a n c e  of a t e r m  in r" s in  t h i s  s o l u t i o n  does  
not  i m p l y  t h a t  p o w e r s  b e t w e e n  r" 1 a n d  r ' S  a r e  a b s e n t  f r o m  h i g h e r - o r d e r  s o l u t i o n s :  
in f ac t  t e r m s  in r-  2 a r i s e  in  the  next  a p p r o x i m a t i o n  ( c o m p a r e  the  s o l u t i o n  of the  b l a s t  
wave  p r o b l e m  g i v e n  by W h i t h a m  (8, s e e  a l s o  25)). Note  t ha t  the  p r e s e n t  r e s u l t  d i s -  
c l o s e s  an  e r r o r  in  the  K i r k w o o d - B e t h e  h y p o t h e s i s ,  w h i c h  s t a t e s  r(p t to  depend  
only  on v, 

An equa t i on  for  R( t )  c o r r e s p o n d i n g  to Eq .  (5.6) c an  now be o b t a i n e d  by pu t t i ng  
Eq.  (6.9) in  Eq .  (4.9).  However ,  a t  t h i s  po in t  i t  i s  c o n v e n i e n t  to  i n t r o d u c e  a s i m p l i f i -  
c a t ion  w h i c h  h a s  b e e n  s u g g e s t e d  by D r .  P r o u d m a n  (it was  in f a c t  u s e d  in h i s  w o r k  
r e f e r r e d  to  in  the  In t roduc t ion ) .  W6 have  r e m a r k e d  e a r l i e r  t h a t  the  m o t i o n  of a 
cav i ty  t o w a r d s  the  end  of a c o l l a p s e  d e p e n d s  v e r y  l i t t l e  on the  h y d r o s t a t i c  p r e s s u r e ,  
bu t  i s  c o n t r o l l e d  e s s e n t i a l l y  by  the  t o t a l  e n e r g y  E. T h e r e f o r e ,  fo r  the  conc lud ing  
s t a g e s  of the  co l l apse  of an  e m p t y  cavi ty ,  i t  i s  p e r m i s s i b l e  to  pu t  S = o in  Eq.  (4.9).  
The v i t a l  p a r a m e t e r  E then  e n t e r s  a s  a c o n s t a n t  of i n t e g r a t i o n  in a f i r s t  i n t e g r a l  of 
the  d i f f e r e n t i a l  e q u a t i o n  f o r  R. (The c a s e  of a g a s - f i l l e d  bubb le  n e a r  the  end  of i t s  
c o l l a p s e  m a y  be s i m p l i f i e d  in a s i m i l a r w a y  by pu t t i ng  s equa l  to  the  a b s o l u t e  ( i n s t e a d  
of r e l a t i v e )  p r e s s u r e  of the  g a s  con t en t s ,  w h i c h  i s  j u s t i f i e d  when  t h i s  p r e s s u r e  
b e c o m e s  v e r y  l a r g e  c o m p a r e d  w i th  the  p r e s s u r e  P f a r  f r o m  the  c e n t r e ;  h o w e v e r ,  to  
i l l u s t r a t e  the  t h e o r y  we s h a l l  c o n s i d e r  h e r e  only  the c a s e  of an  e m p t y  cav i ty . )  The  
s t ep  of pu t t i ng  s = 0 can  a l s o  be j u s t i f i e d  by c o n s i d e r i n g  t h a t  the  m o t i o n  in  the  f i na l  
s t a g e s  would  be  the  s a m e  a p p r o x i m a t e l y  a s  f o r  a c a v l t y w b i c h  c o l l a p s e s  f r o m  in f in i t e  
s i z e  u n d e r  z e r o  p r e s s u r e ,  bu t  w h i c h  i s  i n i t i a l l y  g i v e n  a f in i t e  k i n e t i c  e n e r g y .  Hence ,  
a f t e r  a c e r t a i n  a m o u n t  of s t r a i g h t f o r w a r d  ca l cu la t ion ,  we a r r i v e  a t  the  e q u a t i o n  

3~,, ~3 13 ~4 
RR +~ +-- +Co ~ --=Co2 0 

(6.10) 

C o n s i d e r  now the  e x p r e s s i o n  

k l} 2 1 + A--I} + B 
R 3 c o , 

w h e r e  k, A, and  B a r e  c o n s t a n t s .  On d i f f e r e n t i a t i o n  t h i s  i s  found to  s a t i s f y  Eq.  (6.10) 
to  O(c~ 2) if  A = -4 /3  and  B = 9/10.  Also ,  k c an  be  i den t i f i ed  w i t h  E/2~Po; f o r  we 
m u s t  h a v e  2nPoR3R2 ~ E w h e n  the  cav i ty  i s  s t i l l  l a r g e  enough  fo r  the  v e l o c i t y  to  be  
s m a l l  and  the  e f f ec t  of c o m p r e s s i b i l i t y  n e g l i g i b l e  ( see  Eq.  (3.1)). Thus  we have  

3 c o (6.11) 

T h i s  r e s u l t  shows  c l e a r l y  t h a t  c o m p r e s s i b i l i t y  of the  l iqu id  s l o w s  down the  cav i ty  
mot ion :  i .e . ,  a t  a g i v e n  r a d i u s  R, the  m a g n i t u d e  of the  (negat ive} v e l o c i t y  I} i s  l e s s  
t han  if t he  t e r m s  in R/c o w e r e  z e r o .  

Now, t h e r e  a r e  v a r i o u s  w a y s  one m i g h t  i n t e r p r e t  t h i s  equa t ion .  If i t  w e r e  s u p -  
p o s e d  to r e m a i n  a v a l i d  a p p r o x i m a t i o n  r i g h t  up to  the  i n s t a n t  of t o t a l  c o l l a p s e ,  one 
would  conc lude  t h a t  -g - ->  0 (R -3/4)  a s  R --> 0 ,  so  t h a t  the  v e l o c i t y  u l t i m a t e l y  b e c o m e s  
in f in i t e .  Howeve r ,  t h i s  a r g u m e n t  i s  o b v i o u s l y  unsound .  E q u a t i o n  (6.11) i s  on ly  a 
s e c o n d - o r d e r  a p p r o x i m a t i o n  i n t e r m s  of R/co; and  c l e a r l y  in  s u c c e s s i v e  h i g h e r  a p p r o x -  
i m a t i o n s  the  s e r i e s  in  p o w e r s  of l}/c o would  be  c a r r i e d  on i nde f in i t e ly .  Thus ,  if -I} i s  
in  f a c t  in f in i t e  in  the  l imi t ,  t he  t r u n c a t e d  s e r i e s  would be  i n c a p a b l e  of d e t e r m i n i n g  
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the  e x a c t  n a t u r e  of the  s i n g u l a r i t y .  On the  o t h e r  hand,  t h e r e  is.  an  a p p r o x i m a t e  so lu t ion  
of Eq.  (6.11), s a t i s f y i n g  the  equa t ion  to the  s e c o n d  o r d e r  in  R/Co, w h i c h  g i v e s  a f in i t e  
v e l o c i t y  in  the  l i m i t  as  R ---> 0. At  f i r s t  s i gh t  i t  s e e m s  p o s s i b l e  t h a t  t h i s  so lu t ion  i s  a 
u n i f o r m l y  v a l i d  a p p r o x i m a t i o n  r i g h t  to  the  end of the  c o l l a p s e ,  so  t h a t  the  f in i te  
t e r m i n a l v e l o c i t y  i s  a r e a l i s t i c  r e s u l t ;  fo r  we note  t h a t  in  o r d e r  to  keep  the  r i g h t - h a n d  
s ide  of Eq.  (6.11) c o n s t a n t  a s  R---> 0, i t  m a y  be s u f f i c i e n t  for  the  s e r i e s  in  R/Co--Of 
w h i c h  only  the  f i r s t  t h r e e  t e r m s  a r e  g i v e n  in the  p r e s e n t  a p p r o x i m a t i o n - - t o  d i v e r g e  
in a c e r t a i n  way fo r  s o m e  f in i te  v a l u e  of R. 

To ob ta in  the  r e s u l t  in  ques t ion ,  we i n t r o d u c e  the  d i m e n s i o n l e s s  v a r i a b l e s  
x = R ( 2 ~ p o c 2 o / E )  1 / 3  a n d  o = ( - 5 t / 2 ) 3 / S ( E / 2 ~ p o c S o )  1 / 5 .  In t e r m s  of t h e s e ,  a so lu t i on  
a c c u r a t e  to  the  s e c o n d - o r d e r  i s  found to  be 

2 29 -~ 2) x = ~-2/3 1 --~-~ - ~ , 

I~ -~ 1 + 1  o + ~  02 . 
C O 

(6.12) 

(6.13) 

A c c o r d i n g  to Eq.  (6.12), the  c o l l a p s e  ends  a t  ~ = 1.0o8. When  t h i s  v a l u e  i s  pu t  in  Eqo 
(6.13), the  v e l o c i t y  at  the  end  i s  g i v e n  as  -R : 2.01 c o. 

It was  no ted  in the  I n t r o d u c t i o n  t h a t  t h i s  s p e c u l a t i o n  abou t  the  t e r m i n a l  v e l o c i t y  
of c o l l a p s e  i s  p r o b a b l y  w r o n g .  The a u t h o r  b e c a m e  c o n v i n c e d  of t h i s  only  v e r y  
r e c e n t l y .  P r e v i o u s l y  the  a v a i l a b l e  a n a l y t i c a l  e v i d e n c e  s e e m e d  s u b s t a n t i a l l y  in f a v o u r  
of a f in i te  c o l l a p s e  v e l o c i t y - - f o r  i n s t a n c e ,  t h i s  i n t e r p r e t a t i o n  w a s  c o n s i s t e n t  wi th  a 
f o u r t h - o r d e r  a p p r o x i m a t i o n  ob t a ined  by Dr .  P r o u d m a n  (which at  f i r s t  s i gh t  would ap -  
p e a r  m o r e  r e l i a b l e  than  a t h e o r y  b a s e d  on the  K i r k w o o d - B e t h e  h y p o t h e s i s ) .  However ,  
s u f f i c i e n t  e v i d e n c e  for  r e j e c t i n g  t h i s  i n t e r p r e t a t i o n  was  p r o v i d e d  by a n u m e r i c a l  
so lu t i on  of the  p r o b l e m  w h i c h  Mr .  C. H u n t e r  a t  C a m b r i d g e  h a s  found by u se  of the  
EDSAC II d ig i t a l  c o m p u t e r .  The  n u m e r i c a l  r e s u l t s  i n d i c a t e  t h a t  the  v e l o c i t y - R  
i n c r e a s e s  w i thou t  bound as  R---> 0,  wh ich  i s  a s  G i l m o r e  (5) s u g g e s t e d  a n u m b e r  of 
y e a r s  ago.  T h i s  t e m p o r a r y  m i s t a k e  m i g h t  n e v e r t h e l e s s  be s a id  to  f i t  n a t u r a l l y  in to  
the  s t o r y  of r e c e n t  w o r k  on t h i s  p r o b l e m ;  and even  though  a f in i t e  c o l l a p s e  v e l o c i t y  
m a y  not  a f t e r  a l l  be a t r u e  t h e o r e t i c a l  r e s u l t ,  i t  i s  not  i n c o n s i s t e n t  wi th  the  p h y s i c a l  
p i c t u r e  of e v e n t s  a t  the  c e n t r e  of a cav i ty  c o l l a p s e .  The  chief  p h y s i c a l  i m p l i c a t i o n  
of a t h e o r e t i c a l l y  f in i te  v e l o c i t y  (in fac t  the  only  r e a l l y  s i g n i f i c a n t  a s p e c t  of s u c h  a 
r e s u l t )  would be t h a t  t h e r e  i s  no c o n c e n t r a t i o n  of e n e r g y  a t  the  c e n t r e ,  as  we no ted  in  
Sec t ion  3 o c c u r s  in the  c a s e  of an  i n c o m p r e s s i b l e  l iquid .  T h i s  a p p a r e n t l y  i s  a v a l i d  
conc lu s ion .  Some  r e c e n t  work ,  to  be s u m m a r i z e d  in the  Appendix ,  h a s  d e m o n s t r a t e d  
t ha t  the  flow f ie ld  s u r r o u n d i n g  a c o l l a p s i n g  e m p t y  cav i ty  p o s s e s s e s  an i n n e r  c o r e  
w h i c h  ho lds  a v a n i s h i n g l y  s m a l l  s h a r e  of the  to ta l  e n e r g y  of the  mo t ion .  It t h e r e f o r e  
a p p e a r s  t ha t  the  p r e s s u r e  wave  r a d i a t e d  f r o m  a p r a c t i c a l l y  e m p t y  cav i ty  would be  
s c a r c e l y  a f f ec t ed  by e v e n t s  n e a r  the  c e n t r e  i m m e d i a t e l y  p r e c e d i n g  the  f ina l  c l o s u r e  of 
the  cavi ty ;  the  p r o p e r t i e s  of the  wave  a r e  m a i n l y  d e t e r m i n e d  by the  flow ou t s ide  the  
c e n t r a l  co re ,  fo r  wh ich  p a r t  of the  flow the  above  t h e o r y  p r o v i d e s  a va l i d  s e c o n d  
a p p r o x i m a t i o n .  

It r e m a i n s  to  r e c o n s i d e r  the  p o s s i b i l i t y  t h a t  a s h o c k  i s  f o r m e d  b e f o r e  the  end 
of the  co l l apse ,  a s  s u g g e s t e d  e a r l i e r  in  the  p a p e r .  If t h i s  o c c u r r e d ,  c a l c u l a t i o n s  of 
t h e s e  p r e s e n t  s o r t  would s u b s e q u e n t l y  b e c o m e  inva l id .  A n a l y t i c a l  w o r k  on ' t h i s  
q u e s t i o n  ha s  so  f a r  been  i n c o n c l u s i v e ,  but the  m a c h i n e  c a l c u l a t i o n s  o r g a n i z e d  
by Mr .  H u n t e r  have  i n d i c a t e d  t ha t  no s h o c k  i s  in f ac t  f o r m e d  up to the  i n s t a n t  
when  R ---> 0 .  
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7. THE PRESSURE WAVE 

An a d v a n t a g e  of the  p r e c e d i n g  m e t h o d  of a n a l y s i s  i s  t ha t  i t  p r o v i d e s  a u n i f o r m l y  
v a l i d  a p p r o x i m a t i o n  for  the  p r e s s u r e  p u l s e  t r a n s m i t t e d  away f r o m  the  cavi ty ,  e v e n  
w h e n  t h e r e  i s  d i s t o r t i o n  of the  w a v e - f o r m  due to  n o n - l i n e a r  e f f ec t s .  To i l l u s t r a t e  
the  t heo ry ,  we s h a l l  now focus  a t t e n t i o n  on the  q u e s t i o n  w h e t h e r  a r e b o u n d i n g  g a s -  
f i l l ed  cav i ty  may  g e n e r a t e  a s h o c k  wave .  

At  a l a r g e  d i s t a n c e  f r o m  the  cavi ty ,  t he  p r e s s u r e  due to the  r a d i a l  m o t i o n  i s  

f ' ( 'O) 
P : po r ( ' ; ' . 1 )  

w h e r e  f(~)  i s  p r e s c r i b e d  on the  cav i ty  wa i l  and  i s  R2R to  a f i r s t  a p p r o x i m a t i o n ;  a l so ,  
a c c o r d i n g  to Eq. (6.6), ~ i s  g i v e n  by 

r (1 + a ) f ' ( v )  l o g ~ - :  (7.2) 
t = 77 + Co C° 3 

The l a s t  t e r m  in  t h i s  e x p r e s s i o n  ha s  the  e f fec t  t h a t  in  a p o s i t i v e  p r e s s u r e  wave  
( f '  > 0), the  c h a r a c t e r i s t i c s  p r o g r e s s i v e l y  d i v e r g e  f r o m  the  a p p r o x i m a t e  c h a r a c -  
t e r i s t i c  t - r /c  o g iven  by the  a c o u s t i c  t h e o r y .  Thus ,  as  we have  r e m a r k e d  e a r l i e r ,  
the  a c o u s t i c  a p p r o x i m a t i o n  a lways  b r e a k s  down w h e n  the  wave  h a s  t r a v e l l e d  f a r  
enough.  

The r e s u l t  of the  d i v e r g i n g  of c h a r a c t e r i s t i c s  i s  t h a t  a p o s i t i v e  wave  i s  m a d e  
skew i n t h e  ou tward  d i r e c t i o n  and  m ay  e v e n t u a l l y  deve lop  a s h o c k  a s  i t s  s lope  b e c o m e s  
in f in i t e .  Now, s i n c e  f ' ( ~ ) i s  con t inuous ,  we can  only have  ~p/~t---> co if  ~v/3t--->o~ ; 
i .e . ,  if  ~ t / ~  --> 0 .  T h e r e f o r e ,  f r o m  Eq.  (7.2), t he  cond i t ion  fo r  the  i n i t i a l  f o r m a t i o n  
of a s h o c k  i s  a p p r o x i m a t e l y  ( taking ton ( r /R)  to  be  l a r g e )  

r 0 = 1 (1 + a ) f " (V ) log ~-. 
Co3 U.3) 

T h i s  g i v e s  the  r a d i u s  a t  wh ich  a s h o c k  f i r s t  a p p e a r s .  C l ea r ly ,  the  s h o c k  deve lops  a t  
the  po in t  in the wave  w h e r e  the  s lope  f " (v )  i s  p o s i t i v e  (i .e. ,  a t  t he  head  of the  w a v e i n  
t ime)  and a m a x i m u m - - i . e . ,  a t  a po in t  of in f l ex ion .  It  m i g h t  be  s u p p o s e d  t h a t  fo r  a 
p o s i t i v e  p r e s s u r e  pu l se  s u c h  as  p r o d u c e d  by a r e b o u n d i n g  cavi ty ,  a s h o c k  a lways  
o c c u r s ,  b e c a u s e  the  cond i t ion  Eq.  (7.3) can  a lways  be  s a t i s f i e d  by t ak ing  r to  be l a r g e  
enough.  However ,  if f " (v )  i s  e v e r y w h e r e  s m a l l ,  the  r e q u i r e d  v a l u e  of r b e c o m e s  
e n o r m o u s ,  wh ich  m e a n s  t ha t  in  p r a c t i c e  t h e r e  wi l l  be no shock .  T h e  e f f ec t s  of d i s -  
p e r s i o n b y  v i s c o s i t y  and hea t  c o n d u c t i o n w i l l  e v e n t u a l l y  c a n c e l  the  v e r y  g r a d u a l  t e n d -  
ency  to bu i ld  up a shock ;  for ,  a l t hough  the  m a g n i t u d e  of t h e s e  e f f ec t s  on s p h e r i c a l  
w a v e s  i s  e x t r e m e l y  s m a l l ,  t hey  depend  on r in  c o n t r a s t  to  Ion r fo r  the  l a t t e r  
e f fec t  .(13). 

We a r e  now in a p o s i t i o n  to  e s t i m a t e  the  p r a c t i c a l  c o n d i t i o n s  u n d e r  w h i c h  a 
r e b o u n d i n g  c a v i t a t i o n  b u b b l e w i l l  g ive  r i s e  to a shock .  The  m a x i m u m  va lue  of f"(v) i s  
r e q u i r e d ;  and  as  a f i r s t  a p p r o x i m a t i o n  i t  i s  s u f f i c i e n t  to  take  R2R fo r  f. We a s s u m e  
fo r  s i m p l i c i t y  t ha t  the p r e s s u r e  i n s i d e  the  bubb le  i s  g iven  by Pro(R J R )  4, w h e r e  Pm is  
the  m a x i m u m  p r e s s u r e  and R m the  m i n i m u m  r a d i u s  ( th is  a s s u m p t i o n  i m p l i e s  an 
a d i a b a t i c  c o m p r e s s i o n  wi th  y = 4/3; i t  i s  found t h a t  o t h e r  v a l u e s  of y do not  s i g n i f i -  
can t ly  change  the  end r e s u l t s  of the  p r e s e n t  ca l cu la t ion ) .  By a s t r a i g h t f o r w a r d  
m e t h o d  a long  the  s a m e  l i n e s  as  the  c a l c u l a t i o n s  a t  the  end of Sec t ion  3, the  m a x i m u m  
of f " (v )  i s  e s t i m a t e d  to be s i m p l y  0.556 (P/po)3/2. Next,  v a l u e s  of c o and a for  
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w a t e r  a r e  s u b s t i t u t e d  in Eq.  (7.3). Hence ,  we deduce  t h a t  the  cond i t ion  fo r  a shock  to 
be f o r m e d  at  r a d i u s  r in  w a t e r  i s  

Pm > 13 .6 / [ log  ( r /R)]  2/3 k i l o b a r s .  (7.4) 

The  va lue  of R in Eq.  (7.4) i s  n e a r l y  the  s a m e  as  gin, bu t  i t  i s  r e a l l y  u n i m p o r t a n t  w h i c h  
va lue  p r e c i s e l y  i s  c o n s i d e r e d .  The  fo l lowing  t ab l e  shows  s o m e  v a l u e s  of Pm jUSt satis- 
fying Eq.  (7.4), g i v e n  as  a func t ion  of r /R: 

rp/R ] 10 8 10 7 10 6 10 5 10 4 
m ( k i l o b a r s )  1.9 2.1 2.3 2.7 3.1 ' 

We s e e  t ha t  the  n e c e s s a r y  va lue  of Pm v a r i e s  v e r y  l i t t l e  o v e r  o r d e r s  of m a g n i t u d e  of 
r /R .  T h i s  t a b l e  i n d i c a t e s  a good p r a c t i c a l  c r i t e r i o n  fo r  s h o c k s  to  f o r m  wi th in  
" r e a s o n a b l e  d i s t a n c e s " ;  t h i s  i s  s i m p l y  t h a t  the  m a x i m u m  p r e s s u r e  i n t h e  bubb le  shou ld  
be  a t  l e a s t  abou t  2 o r  3 k i l o b a r s .  If Pm i s  m u c h  s m a l l e r  t h a n  th i s ,  s h o c k  w a v e s  a r e  
un l ike ly  to be  d e t e c t a b l e ,  bo th  b e c a u s e  d i s p e r s i o n  m a y  o v e r c o m e  the  t e n d e n c y  t o w a r d s  
s h o c k  f o r m a t i o n  and  b e c a u s e  anyway the  p r e s s u r e  wave  wi l l  be of e x t r e m e l y  s m a l l  
a m p l i t u d e  a t  the  d i s t a n c e  w h e r e  a s h o c k  m i g h t  a p p e a r .  

As  a check  on t h i s  c a l cu l a t i on ,  we o b s e r v e  f r o m  Fig .  2 t h a t  fo r  v a l u e  of P 
a r o u n d  2 k i l o b a r s  the  m a x i m u m  Veloc i ty  of the  b u b b l e  i s  s t i l l  r e a s o n a b l y  s m a l l  c o m -  
p a r e d  w i th  the  sound  v e l o c i t y .  T h e r e f o r e  c o m p r e s s i b i l i t y  of the  w a t e r  wi l l  not  have  
any i m p o r t a n t  e f f ec t  on the  bubb le  mo t ion ;  and  s o  the  e s t i m a t e  of f " (v )  f r o m  the  
i n c o m p r e s s i b l e - f l u i d  t h e o r y  i s  p r o b a b l y  qui te  a d e q u a t e .  

A f t e r  a s h o c k  i s  i n i t i a t ed ,  i t  d e v e l o p s  r a p i d l y  s i n c e  i t s  v e l o c i t y  i s  l e s s  t h a n  fo r  
a con t inuous  wave  of the  s a m e  a m p l i t u d e ;  thus ,  the  s h o c k  i s  con t i nua l l y  " f e d "  by 

.wave l e t s  a r r i v i n g  f r o m  behind .  In the  p r e s e n t  p r o b l e m ,  i t  would  be f e a s i b l e  to  
a c c o u n t  fo r  the  p r o g r e s s  of a s h o c k  a f t e r  i n c i p i e n c e  by u s i n g  the  m e t h o d s  g i v e n  by 
W h i t h a m  (10). 

8. CONCLUSION 

The  p r e s e n t  t h e o r e t i c a l  w o r k  i s  i n t e n d e d  to t h r o w  s o m e  f u r t h e r  l i g h t  on the  
p h y s i c a l  m e c h a n i s m  of the  c o l l a p s e  of c a v i t a t i o n  b u b b l e s  and  the  n o i s e  a r i s i n g  
t h e r e f r o m .  It  h a s  b e e n  shown  t h a t  the  t h e o r y  of c a v i t y  c o l l a p s e  in  c o m p r e s s i b l e  
l i qu ids  can  w i th  a d v a n t a g e  be  d e v e l o p e d  by m e a n s  of the  L i g h t h i l l - W h i t h a m  t e c h n i q u e  
of c o o r d i n a t e  p e r t u r b a t i o n ,  s u c c e s s i v e  a p p r o x i m a t i o n s  b e i n g  ob t a ined  in  p o w e r s  of 
the  p a r a m e t e r  I / c  ° . F o r  the  h y p o t h e t i c a l  c a s e  of a n  e m p t y  cavi ty ,  the  a p p r o x i m a t e  
t h e o r y  a d m i t s  the  i n t e r p r e t a t i o n  t h a t  the  c o l l a p s e  i s  t e r m i n a t e d  a t  a f in i t e  r a d i a l  
ve loc i t y ;  and  a l t hough  t h i s  i s  now b e l i e v e d  to be  a n  i n c o r r e c t  t h e o r e t i c a l  r e s u l t ,  i t  i s  
n e v e r t h e l e s s  t r u e  t h a t  the  " i m p e r f e c t "  t h e o r y  p r o v i d e s  a u n i f o r m l y  v a l i d  p h y s i c a l  
a p p r o x i m a t i o n ,  s i n c e  the  f in i t e  t e r m i n a l  v e l o c i t y  i s  a r e a s o n a b l e  r e p r e s e n t a t i o n  of 
the  a p p a r e n t l y  t r u e  f ac t  t h a t  on ly  a H m i t i n g l y  s m a l l  p a r t  of the  o v e r a l l  e n e r g y  i s  
c a r r i e d  r i g h t  to  the  c e n t r e  of c o l l a p s e  (in o t h e r  w o r d s ,  m o s t  of the  e n e r g y  i s  s t o r e d  
in  a c o m p r e s s i v e  wave  b e f o r e  the  c o l l a p s e  ends ) .  

In r e a l i t y  the  conc lud ing  s t a g e s  of a " s e v e r e "  c o l l a p s e  (i .e . ,  w h e r e  the  cav i ty  h a s  
a n e g l i g i b l e  ga s  conten t )  w i l l  be  g r e a t l y  a f f ec t ed  by  c o m p r e s s i o n  of the  e n c l o s e d  
v a p o u r  and  by o t h e r  e f f e c t s  w h i c h  have  no t  b e e n  i n c l u d e d  in  the  p r e s e n t  t h e o r y .  But,  
in  the  m a n n e r  s u g g e s t e d  above ,  c o m p r e s s i b i l i t y  of the  w a t e r  m a y  h a v e  e n f e e b l e d  the  
end ing  of the  c o l l a p s e  b e f o r e  the  l a t t e r  e f f e c t s  b e c o m e  i m p o r t a n t ,  s o  t h a t  t hey  p lay  
a n  i n s i g n i f i c a n t  r o l e  in  the  o v e r a l l  m e c h a n i s m .  By s i m i l a r  c o n s i d e r a t i o n s ,  the  
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p o s s i b i l i t y  of a c o m p l e t e  c o l l a p s e  wi thou t  r e b o u n d  f r o m  a c e r t a i n  m i n i m u m  cav i ty  
s i z e  now a p p e a r s  f a i r l y  r e a s o n a b l e .  Of c o u r s e ,  a s  soon  as  the  c o l l a p s e  i s  comple t ed ,  
a s t r o n g  s h o c k  wave  wi l l  be f o r m e d  (the shock  wi l l  p r o b a b l y  o r i g i n a t e  f r o m  the  
c e n t r e ;  bu t  a s  i t  expands  i t  r a p i d l y  b e c o m e s  i n d e p e n d e n t  of the  " i n n e r  c o r e "  l e f t  
u n e x p l a i n e d  by  the  s i m p l e  t heo ry ) ;  and  t h i s  s h o c k  wave  wi l l  have  a r a r e f a c t i o n  p h a s e  
b e h i n d  i t  w h i c h  m i g h t  r e - o p e n  a cav i ty .  The  q u e s t i o n  w h e t h e r  or  not  r e b o u n d s  o c c u r  
in  u s u a l  c i r c u m s t a n c e s  r e m a i n s  one of the  m o s t  d e b a t a b l e  t o p i c s  in  c a v i t a t i o n  s t u d i e s .  
In the  a u t h o r ' s  e x p e r i m e n t s ,  no e v i d e n c e  h a s  e v e r  b e e n  found of a c o m p l e t e  c o l l a p s e  
w i thou t  any  r e b o u n d .  S e v e r a l  o t h e r  e x p e r i m e n t e r s  have,  h o w e v e r ,  r e p o r t e d  s u c h  
e v i d e n c e .  

A n o t h e r  a s p e c t  of c a v i t a t i o n  w h i c h  h a s  b e e n  c o n s i d e r e d  c o n c e r n s  the  c a s e  of a 
c o m p a r a t i v e l y  m i l d  c o l l a p s e .  It  h a s  b e e n  shown t h a t  even  a g a s - f i l l e d  bubb le  can  
g e n e r a t e  a s h o c k  wave  if t he  p r e s s u r e  of the  g a s  r i s e s  beyond  a c e r t a i n  l i m i t  a t  the  
i n s t a n t  of m a x i m u m  c o m p r e s s i o n  when  the  r e b o u n d  beg in s .  E x p e r i m e n t s  by the  
a u t h o r  h a v e  r e v e a l e d  c a s e s  of i n c i p i e n t  s h o c k  f o r m a t i o n ;  and the  o b s e r v a t i o n s  a p p e a r  
to  s u p p o r t  the  t h e o r e t i c a l  e s t i m a t e  of the  c r i t i c a l  cond i t ions ,  a l t hough  a p r e c i s e  
c o m p a r i s o n  h a s  not  so  f a r  b e e n  a c h i e v e d .  

F ina l l y ,  I f e e l t h i s  i s  an  a p p r o p r i a t e  p l a c e  to acknowledge  m y  i n d e b t e d n e s s  to the  
B r i t i s h  A d m i r a l t y ,  w h i c h  h a s  s u p p o r t e d  m y  w o r k  on c a v i t a t i o n  fo r  a n u m b e r  of y e a r s .  
In p a r t i c u l a r ,  I shou ld  l ike  to  e x p r e s s  m y  g r a t i t u d e  to Dr .  J a c k s o n ,  Dr .  Vigoureux ,  
and  Dr .  B y a r d  of the  Royal  Nava l  Sc i en t i f i c  S e r v i c e ,  w h o s e  a d v i c e  and  e n c o u r a g e m e n t  

o n  m a n y  o c c a s i o n s  in the  p a s t  have  g r e a t l y  s u s t a i n e d  m y  i n t e r e s t  in  c a v i t a t i o n .  

APPEND~ 

The  m e t h o d s  g i v e n  e a r l i e r  in  t h i s  p a p e r  w e r e  shown  to l e ad  to w h a t  i s  v e r y  p r o b -  
ab ly  an  i n c o r r e c t  a n s w e r  to  the  t h e o r e t i c a l  q u e s t i o n  of how the  c o l l a p s e  of an  e m p t y  
cav i ty  i s  t e r m i n a t e d .  In v iew of the  r e s u l t s  of Mr .  H u n t e r ' s  c a l c u l a t i o n s  w i th  EDSAC 
II, t h i s  q u e s t i o n  h a s  b e e n  r e c o n s i d e r e d  by h i m  a long  d i f f e r e n t  l i n e s ,  and  as  s o m e  
p r o g r e s s  h a s  b e e n  m a d e  s i n c e  the  da te  of the  m e e t i n g  in W a s h i n g t o n ,  i t  s e e m s w o r t h -  
whi l e  to inc lude  the  fo l lowing s u m m a r y  of wha t  h a s  b e e n  done so  f a r .  

Suppose  the  c o l l a p s e  ends  a t  t = 0, and  s u p p o s e  the  v e l o c i t y  -R of the  cav i ty  does  
in  f ac t  i n c r e a s e  w i thou t  bound  as  R ---> 0 .  The p r e s s u r e  j u s t  i n s i d e  the  l iqu id  t h e n  
a l s o  i n c r e a s e s  i nde f in i t e ly ;  and  s i n c e  the  sound  v e l o c i t y  e i n c r e a s e s  w i th  p r e s s u r e ,  
e v e n t u a l l y  the  s i t u a t i o n  d e v e l o p s  w h e r e  the  va lue  c o r i g h t  at  the  cav i ty  wa l l  i s  i n s i g -  
n i f i c an t  c o m p a r e d  w i t h  the  v a l u e s  of c i n s i d e  the  l iqu id .  It  i s  t h e r e f o r e  r e a s o n a b l e  to  
a s s u m e  t h a t  the  m o t i o n  v e r y  n e a r  the  c e n t r e  i s  the  s a m e  as  t h a t  of a ga s  f lowing in to  
a v a c u o u s  s p h e r i c a l  cav i ty ;  for  the  g a s  the  v a l u e  of e i s  a c t u a l l y  z e r o  a t  the  b o u n d a r y  
of the  cavi ty ,  in  c o n t r a s t  to  t he  " i n s i g n i f i c a n t " v a l u e  c o w h i c h  the  l iqu id  s t i l l p o s s e s s e s  
a t  z e r o  p r e s s u r e .  Thus ,  the  l iqu id  m o t i o n  c o n t a i n s  an  i n n e r  c o r e  wh ich  t e n d s  to the  
s o l u t i o n  of t h i s  c o r r e s p o n d i n g  g a s - d y n a m i c a l  p r o b l e m  in the  l i m i t  a s  R --> 0. 

F o r  s u c h  a g a s  flow t h e r e  i s  a " s i m i l a r i t y  s o l u t i o n "  (i .e . ,  a ' ~ r o g r e s s i v e  w a v e " )  
of the  type  c o n s i d e r e d  by G u d e r l e y  (26) and  o t h e r s  in  s t u d i e s  of s t r o n g  s p h e r i c a l  and  
c y l i n d r i c a l  s h o c k  w a v e s  (see  C o u r a n t  and  F r i e d r i c h s  (27), C h a p t e r  6C, fo r  a g e n e r a l  
a c c o u n t  of the  sub j ec t ) .  We t ake  the  m o t i o n  of the  c o n t r a c t i n g  i n n e r  b o u n d a r y  to fol low 
the  s i m p l e  p o w e r  law R = A( - t )  ~, w h e r e  A and  a a r e  p o s i t i v e  c o n s t a n t s ,  and  a s s u m e  a 
so lu t i on  of t he  f o r m  

a r  a r  C(~) (AI )  u = ~ - u ( ~ ) .  c = - W -  ' 

w h e r e  ~ = r /R = r / A ( - t ) .  The  i n c l u s i o n  of a m i n u s  s i gn  in  the  e x p r e s s i o n  for  c m a k e s  
C(~) a p o s i t i v e  quan t i t y  o v e r  the  whole  flow, s i n c e  e i s  n e c e s s a r i l y  p o s i t i v e .  In the  
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F i g .  A 1  - T h e  l o c i  o f  t h e  b o u n d a r y  { = 1 
a n d  t h e  " c r i t i c a l  c h a r a c t e r i s t i c "  { = { c  
i n  t h e  ( r ,  t ) - p l a n e .  

( r ,  t ) - p l a n e ,  the  l i n e s  ~ = eonst  s p r e a d  
f r o m  the  o r i g i n  a s  i l l u s t r a t e d  in  Fig.  
A1, the  i n n e r  b o u n d a r y  b e i n g  ~ = 1. 
The  b o u n d a r y  c o n d i t i o n s  a r e  u (1)  = 1 
and  C(1) = 0 a t  the  i n n e r  b o u n d a r y  
r = R, and  a l s o  U(ao) = C(~)  = 0. 

As s h o c k  w a v e s  a r e  a b s e n t ,  t he  
f low c a n  b e  t a k e n  to b e  i s e n t r o p i c ;  
h e n c e ,  p/p~ i s  c o n s t a n t  e v e r y w h e r e  
and  c i s  p r o p o r t i o n a l  to  p ( ~ - l ~ .  To 
app ly  t he  s o l u t i o n  of the  g a s  - d y n a m i c a l  
p r o b l e m  to  t he  c a v i t a t i o n  p r o b l e m ,  we 
s h a l l  t ake  ~, = 7, r e c a l l i n g  the  a p p r o x -  
i m a t e  h o m e n t r o p i c  e q u a t i o n  of s t a t e  fo r  
w a t e r  p + B = c o n s t  x p7, w h e r e  S = 

3000 b a r s  (in e f fec t ,  t he  p r e s e n t  a r g u -  
m e n t  a s s u m e s  t h a t  i n s i d e  the  c e n t r a l  
c o r e  of t he  l iqu id  mo t ion ,  p r e s s u r e s  
b e c o m e  m u c h  l a r g e r  t h a n  B). 

Now, t h e r e  i s  a p a r t i c u l a r  l ine  
= ~c in  the  ( r . t ) - p l a n e  which ,  if i t  

o c c u r s  i n s i d e  the  flow, h a s  a c r u c i a l  r o l e  in  the  d e t e r m i n a t i o n  of the  s o l u t i o n  Eq. 
(A1) - -as  i t  d o e s  in  s h o c k - w a v e  t h e o r y  (26). T h i s  i s  the  { - l i n e  w h o s e  s lope  d r / d t  i s  
u - c, and  wh ich  i s  t h e r e f o r e  a c h a r a c t e r i s t i c  c u r v e  p a s s i n g  t h r o u g h  the  o r i g i n  ( see  
Fig.  A1). Hence ,  a c c o r d i n g  to Eq. (A1), we h a v e  

U¢  + C c = 1 ,  (A2) 

w h e r e  u c and  C c deno te  the  v a l u e s  of u and  C a t  ~ = ~c- Also ,  the  r e l e v a n t  c h a r a c -  
t e r i s t i c  equa t i on  (see  p. 46 in (27)) fo r  i s e n t r o p i c  f low c a n  be  put  in  the  f o r m  

d c  d u  + 2 c u  = 0 
k d--t- - d-'t- r ' (A3) 

i n w h i c h  k = 2 / (y  - 1) and  the  d i f f e r e n t i a t i o n s  a r e  p e r f o r m e d  a long  the  c h a r a c t e r i s t i c ,  
i . e . ,  a l ong  d = ~¢. The  s u b s t i t u t i o n  of Eq. (A1) in to  Eq. (A3) now l e a d s ,  wi th  the  u s e  
of Eq. (A2), to  

2 - 1 (A4) 
2U c + [k-3 + (l-k)a "I] U c +.a - 1 = 0. 

Some important properties of the solution are implied directly by this quadratic 
equation for U c. 

We wish particularly to know the possible values of = in this problem, since from 
them the asymptotic behaviour of a collapsing cavity in a liquid might be inferred. 
The first possibility which need be considered is that = = I. This value clearly is 
admissible according to Eq. (A4) whose roots become u c = 0, I, indicating that there 
is no "critical characteristic" inside the flow; or rather it could be said that the 
characteristic has become {c = 1 and thus coincides with the boundary r = R. For 

= I, the velocity dR/dt is constant, as are all velocities along rays r/t = eonst in 
the (r, t)-plane. This case would therefore be relevant to the cavitation problem if 
the terminal velocity of collapse were finite yet very large compared with c o. Courant 
and  F r i e d r i c h s  ((27), p. 431) have  no ted  t h a t  the  p r e s e n t  g a s - d y n a m i c a l  p r o b l e m  does  
have  a s o l u t i o n  wi th  a = 1, a t  l e a s t  fo r  the  v a l u e  ~ = 1.4 a p p r o p r i a t e  to  a i r .  On 
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f u r t h e r  i nves t iga t ion ,  h o w e v e r ,  it  a p p e a r s  t h e r e  is  no so lu t ion  app l i cab le  to the  c a v i -  
t a t ion  p r o b l e m .  Th is  f ac t  can  m o s t  e a s i l y  be d e m o n s t r a t e d  as  fo l lows.  

When the  e x p r e s s i o n s  Eq. (A1) a r e  i n s e r t e d  into the d y n a m i c a l  and cont inui ty  
equa t ions  fo r  s p h e r i c a l  i s e n t r o p i c  f low (see  (27), p.  37) and use  is  made  of the fac t  
t h a t  d p / d c  = kp/c, we obta in  the  equa t ions  

~ (U-1 )U '  + k~UC' = -U 2 + a ' l U - k C  2 . " 

~CU' + k~:(U-1)C' = -C ( ( 3 + k ) U - k a  -1} . 

(A5) 

(A6) 

We r e c a l l  tha t  u(1) = 1 and C(1) = 0; hence ,  fo r  a = 1, we f ind f r o m  Eq. (A6) that  

3 (AT) 
O'(1)  = 1 +k ' 

and f r o m  Eqs .  (A5) and (A7) we find tha t  

k[C'(1)]  2 : -U ' (1) [1  +U'(1)]  = 3 ( k - 2 )  
(k + 1) 2 ' 

(A8) 

This  r e s u l t  shows  tha t  fo r  a r e a l s o l u t i o n  it i s  n e c e s s a r y  that  k > 2 ,w h i ch  m e a n s  that  
~, _< 2. With ~, = 7 a s  at  p r e s e n t ,  t h e r e  is  t h e r e f o r e  no so lu t ion  with a = 1. 

F u r t h e r  i nves t i ga t i on  shows  tha t  t h e r e  is  only one a d m i s s i b l e  va lue  of c~ (< 1) ; 
but t h e r e  a p p e a r s  to be  no s i m p l e  way of ca lcu la t ing  th i s  value .  However ,  a l ower  
l imi t  to a can  at  once  be  s p e c i f i e d  on c o n s i d e r a t i o n  that  Eq. (A4)mus t  have  r e a l  r o o t s .  
With k = 1 / 3 ,  c o r r e s p o n d i n g  to y = 7, the  cond i t ions  fo r  r e a l  r o o t s  b e c o m e  

a-1 < 7 _ 3¢"~-, 

i . e . ,  a > 0.55437. (A9) 

By m e a n s  of s o m e  f a i r l y  s i m p l e  a n a l y s i s ,  de t a i l s  of which we sha l l  omi t  h e r e ,  one 
may  conclude  tha t  the ac tua l  va lue  of a is  only s l igh t ly  g r e a t e r  than  the value in Eq. 
(A9). But, to ob ta in  ct a c c u r a t e l y ,  the  fo l lowing c o u r s e  is  n e c e s s a r y .  

F r o m  Eqs .  (A5) and (A6), a d i f f e r e n t i a l  equa t ion  can be ob ta ined  in which U and 
C occu r ,  r e s p e c t i v e l y ,  a s  independen t  and dependen t  v a r i a b l e s  and i n w h i c h  ¢ is  absen t .  
This  has  the f o r m  

dC - f ( C ,  U)  (A10) 
dU 

w h e r e  k and c~ a r e  involved as  p a r a m e t e r s  in the funct ion  f of C and u. It t u r n s  out 
= ~c ~which i m p l i e s  C = 1 - U; s e e  Eq. (A2)) c o r r e s p o n d s  in g e n e r a l t o a  s i n g u l a r i t y  

of th i s  d i f f e r e n t i a l  equat ion;  and Eq. (A4) a c c o r d i n g l y  a s s u m e s  the ro le  of a condi t ion  
on the p a r a m e t e r s  k,a  which  i s  n e c e s s a r y  fo r  a p h y s i c a l l y  r e a l i s t i c  so lu t ion .  The 
c o r r e c t  va lue  of a can  a p p a r e n t l y  only be found by subs t i tu t ing  t r i a l  va lues  in Eq. 
(A10) and o b s e r v i n g  w h e t h e r  c o r r e s p o n d i n g  so lu t ion  m e e t s  al l  the r e q u i r e m e n t s  of 
the p h y s i c a l  p r o b l e m  (this  p r o c e d u r e  r e c a l l s  the work  of Guder ley  (26)). As the  
so lu t ions  to Eq. (A10) can  be found only by n u m e r i c a l  i n t eg ra t ion ,  the t a sk  of f inding 
a en t a i l s  a g r e a t  dear  of computa t ion .  But th i s  work  has  b e e n  done by Mr.  Hunter  at 
Cambr idge ;  and fo r  ct = 7 he has  d e t e r m i n e d  the value of ~ a t  about 0.5552. 

Thus it a p p e a r s  f a i r l y  wel l  e s t a b l i s h e d  what  the a s y m p t o t i c  b e h a v i o u r  should  be 
in the  cav i t a t ion  p r o b l e m  i f  the t e r m i n a l  ve loc i ty  of co l l ap s e  is  in fac t  inf ini te .  Note 
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that the above value of a implies  that -dR/dt ~ R 0" 801 as R --> 0,  this exponent being 
a- 1 _ 1. However, it has not been proved that the te rmina l  veloci ty  is infinite; this 
has been infer red  only because the resu l t s  of the machine computation seem to indi- 
cate it to be so. 

The total energy of the gas flow considered above is found to be infinite; but this 
fact is not necessa r i ly  inconsistent with our application to the cavitat ion problem, 
since only the motion very  near  the cen t re  is supposed to be the same in the two 
cases.  Actually, a ve ry  important conclusion with respec t  to the cavitat ion problem 
follows on consider ing how the energy of the gas flow is distributed. With 7 = 7 and 

= 0.5552, it can be shown that in the l imit  as _R---~ 0 the total  kinetic and compres -  
sional energy within a sphere  of radius ~ is proport ional  to r *'23. Thus, evidently 
the energy of the liquid motion also is spread away f rom the centre  of collapse,  there  
being no concentrat ion of energy at the centre  (as happens in the case  of incompres-  
sible flow) despite the infinite veloci ty  which occurs  there.  The physical  significance 
of this fact was noted ea r l i e r  in this paper.  
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DISCUSSION 

C. A. Gongwer (Aerojet General  Corporation) 

At Aerojet  we have been able to generate a t rans ien t  bubble of four-feet  maxi-  
mum diameter  which is  a true cavitation bubble, i.e., one with negligible permanent  
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gas  con ten t .  B e c a u s e  i t ' s  so  l a r g e ,  the  t i m e  s c a l e  i s  e x p a n d e d  and  we c a n  take  a lot  
of t i m e  s tudy ing  it. I would  e s t i m a t e  f r o m  m o v i e s ,  t h a t  the  v e l o c i t y  of c o l l a p s e  i s  on 
the  o r d e r  of s e v e r a l  h u n d r e d  f ee t  p e r  second .  Wha t  ga s  i s  p r e s e n t  i s  p o s s i b l y  a i r  
w h i c h  i s  d r a w n  out  of the  w a t e r .  I t  b e c o m e s  i n c a n d e s c e n t  on r e c o m p r e s s i o n  and  
t h e r e  i s  a f l a sh .  T h i s  i s  p o s s i b l y  the  s o u r c e  of the  l u m i n e s c e n c e  o c c a s i o n a l l y  
o b s e r v e d  in c a v i t a t i o n  e x p e r i m e n t s .  When  the  bubb le  b e c o m e s  s m a l l  i t  l ooks  l ike  a 
" p o r c u p i n e "  in  t ha t  s h a r p  s p i k e s  e x t e n d  r a d i a l l y  f r o m  it. T h e r e  i s  d e b r i s  in  and  on 
the  s u r f a c e  of the  b u b b l e  which  i s  o v e r t a k e n  by  t h i s  l a r g e ,  c o l l a p s e  a c c e l e r a t i o n  and  
i s  l e f t  b e h i n d  p r o j e c t i n g  l ike  r a d i a l  s p i k e s  a l l  o v e r  the  bubble .  

The  b u b b l e  c e n t e r  i s  5.5 f e e t  deep  and  10 f ee t  away. The  c h a r g e  i s  abou t  an  
ounce  of t h i s  n o n - g a s s i n g  exp los ive .  

F i g u r e s  D1 and  D2 a r e  r e p r e s e n t a t i v e  p i c t u r e s  of the  bubb le  a t  m a x i m u m  s i ze  
and  n e a r  the  f i na l  c o l l a p s e .  

Fig. Dl -Maximum expansion; 1 oz Alclo 
charge, reel 16631, time: 50 ms, bubble 
radius: 18.7 inches 

Fig. DZ - Near final collapse; 1 oz 7klclo 
charge, reel 16631, time: 95 ms, bubble 
radius: approx. 4 inches 

T h i s  b u b b l e  l a s t s  about  o n e - t e n t h  of a second ,  and one s e e s  a l i t t l e  j e t  e x t e n d i n g  
u p w a r d  w i th  a few b u b b l e s  in  it. T h i s  i s  b e c a u s e  the  i n t e g r a t e d  d i s p l a c e m e n t  (vs  
t ime)  of the  bubb le  p r o v i d e s  an  u p w a r d  i m p u l s e  to  the  w a t e r  c o m p r i s i n g  the  v i r t u a l  
mass. 

The implosion shockis of the same order as that produced by the explosion. The 
collapsing bubble (see Fig. 2) has sharp projections on it, sticking out radially like 
quills on a porcupine, as it comes together. One sees a little residual burning, but 
when the luminescence disappears there is virtually no gas. For our purposes the 
bubb le  i s  empty .  
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p r e s s u r e  W a v e s  f r o m  Co l l aps ing  Cav i t i e s  

T h e r e  i s  enough  d i s s o l v e d  a i r  on  the  s u r f a c e  of the  4 - f o o t  b u b b l e  in  a l a y e r  of 
w a t e r  5 /1000  of an  i nch  t h i c k  to supply  what  a p p e a r s  to be  the  r e s i d u a l  gas .  T h i s  
bubb le  i s  about  4 f e e t  in  d i a m e t e r .  I t  r e p r e s e n t s  a p o t e n t i a l  e n e r g y  a t  t h i s  s t age  of 
a p p r o x i m a t e l y  150,000 foo t -pounds .  

F u r t h e r  a n a l y s i s  of the f i l m  g ives  the  r a d i u s - t i m e  c u r v e s ,  shown in  Fig. D3, 
p l u s  a d e r i v e d  c u r v e  of p r e s s u r e  vs .  t i m e  in Fig. D4. T h i s  da ta  w a s  a n a l y z e d  by 

Mr .  J.  Levy  of Aero je t .  F u r t h e r  w o r k  
f - ~  i , i s  b e i n g  done on t h e  e x p l o s i v e  to 

~ UEC 502e r e d u c e  e v e n  f u r t h e r  the  a m o u n t  of 
20 ,0-21-5s r e s i d u a l  ga s  and  t h u s  a p p r o x i m a t e  

TEST NO 5 ~ m o r e  c l o s e l y  the  c o n d i t i o n s  p r e s e n t e d  
18 JUNE I0,1958' in  Dr .  B e n j a m i n ' s  p a p e r .  
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F i g .  D3 - B u b b l e  r a d i u s  v s  t i m e .  1 o z  
A l c t o  p i n g e r ;  d e p t h :  5 .5  f e e t .  

Fig.  D4 - Bubble  p r e s s u r e  vs  t i m e .  
1 oz Alclo  p inge r ;  depth:  5.5 feet .  

F. S. B u r t  ( A d m i r a l t y  R e s e a r c h  L a b o r a t o r y )  

Wi th  r e s p e c t  to the  q u e s t i o n  as  to w h e t h e r  o r  no t  r e b o u n d  fo l lows  the  c o l l a p s e  of 
a v a p o r  cav i ty ,  i t  m a y  be  w o r t h  whi le  r e f e r r i n g  to s o m e  e x p e r i m e n t a l  w o r k  which  
was  c a r r i e d  out  a t  the  A d m i r a l t y  R e s e a r c h  L a b o r a t o r y  in 1952 by  Mr .  A. L. Kendr i ck .  
In t h e s e  e x p e r i m e n t s ,  s i ng le  v a p o r  c a v i t i e s  w e r e  i n i t i a t e d  by  a n u c l e u s  of p e r m a n e n t  
gas  p r o d u c e d  e l e c t r o l y t i c a l l y  - the  i n s t a b i l i t y  b e i n g  induced  t h e r m a l l y .  
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Photographs taken with a h igh-speed c a m e r a  at the ra te  of 16,000 f r ames  per  
second showed that any rebound that exis ted was ex t remely  small .  However, severa l  
wel l -def ined rebounds could be observed  when appreciable  quanti t ies of permanent  
gas were  introduced into the cavity. 

M. S. Plesset (California Institute of Technology) 

Dr. Benjamin ' s  paper  contains s eve ra l  r e m a r k s  which are  somewhat obscure 
and puzzling. I r e f e r  to the discussion on the collapse veloci ty of a bubble and to the 
r e m a r k s  about the development of a shock before  the end of collapse. In connection 
with the la t ter ,  I was in te res ted  to see the r e m a r k  that "the machine calculat ions 
organized by Mr. Hunter have indicated that no shock is  in fact  formed up to the 
instant when R ~ 0."  The author has a lso  made a ve ry  questionable point to the effect 
that his analysis  r evea l s  an e r r o r  in the Kirkwood-Bethe approximation which has 
been applied to this problem. 

Dr. Benjamin has apparently not given much considerat ion to the numer ica l  
integrat ions of the compress ib le  equations of bubble col lapse which were  ca r r i ed  out 
some yea r s  ago. One of t hesewas  made by A. J. R. Schneider* up to a bubble collapse 
veloci ty  corresponding to a Mach number of 2.2. A summary  of these calculations 
has been given in the paper by F. R. Gilmore~ which is  r e f e r r e d  to by Dr. Benjamin. 
A numer ica l  integrat ion of the compre ssible equations was a lso  pe r fo rmed  subsequent 
to Schneider ' s  calculation by Dr. Gilmore.  (Gi lmore ' s  r e su l t s  have been repor ted  in 
the Proceedings  of the F i r s t  Symposium onNaval  Hydrodynamics.)J~ Both Schneider ' s  
calculat ions and those made by Gi lmore  show ra ther  good agreement  between the 
numer ica l  integrat ions and the resu l t s  obtained f rom the Kirkwood-Bethe hypothesis. 
As expressed  by Gilmore,  "the calculated bubble-wall  veloci ty  ag rees  within 6 p e r -  
cent with that given by the analyt ical  theory (based on the Kirkwood-Bethe hypothesis) 
over  the calculated 'range of 0.2 to 4.9 t imes  the veloci ty  of sound in water.  The 
inward veloci ty thus appears  to increase  with the radius  to the minus one-half  power 
as the radius  becomes  small ,  instead of with the minus f i r s t  power given by the 
acoustic theory or the minus th ree -ha lves  power given by the incompress ib le  theory."  

T. Brooke Benjamin 

Apart  f rom express ing  admirat ion for  the r e s o u r c e s  of Aerojet ,  I wish to make 
only one minor  comment  upon the excit ing exper iments  descr ibed  by Dr. Gongwer. 
This is that the buoyancy effects  a re  probably not duplicated by typical  smal l  cavi ta-  
tion bubbles owing to the great  d i f ferences  in respec t ive  values  of the gravitat ional  
scale fac tor  Po/pgRo, where Po is the environmental  p r e s s u r e  and Ro is  a l inear 
measure  of bubble size. Otherwise Dr. Gongwer' s bubble appears  to provide a most 
effective model of a cavitat ion bubble. 

*A. J .  R.  S c h n e i d e r ,  "Some  C o m p r e s s i b l e  E f f e c t s  in  C a v i t a t i o n  Bubble  D y n a m i c s , "  
T h e s i s ,  C a l i f o r n i a  I n s t i t u t e  of T e c h n o l o g y ,  1949. 

~F.  R. G i l m o r e ,  " T h e  Growth  or  C o l l a p s e  of a S p h e r i c a l  Bubble in a V i s c o u s  C o m -  
p r e s s i b l e  L iqu id , "  H y d r o d y n a m i c s  L a b o r a t o r y  R e p o r t  No. 26-4 ,  C a l i f o r n i a  In s t i t u t e  
of Technology, 1952. 

~Symposium on Naval Hydrodynaxnics, Sept. 34-28, 1956, Publication 515, National 
Academy of Sciences - National Research Council, Washington, D. C. (See in par- 
ticular p. 320 and p. 280.) 
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Mr.  B u r t  h a s  done a v a l u a b l e  s e r v i c e  in  d r a w i n g  a t t e n t i o n  to A. L. K e n d r i c k ' s  
e x p e r i m e n t s ,  wh ich  I have  long  r e g a r d e d  a s  an  i m p o r t a n t  c o n t r i b u t i o n  to c a v i t a t i o n  
s t u d i e s  and  wh ich  d e s e r v e s  wide r e c o g n i t i o n .  It i s  hoped  t ha t  a fu l l  a c c o u n t  of t h e s e  
e x p e r i m e n t s  may  ye t  be  p u b l i s h e d ,  e v e n  a f t e r  so  m a n y  y e a r s  have  p a s s e d  s i n c e  the  
w o r k  w a s  done.  

I hope t h a t  the  s e v e r a l  c h a n g e s  i n c o r p o r a t e d  in the  f ina l  d r a f t  of my  p a p e r  wi l l  
he lp  to  a l l ay  s o m e  of the  m i s g i v i n g s  f e l t  by Pro f .  P l e s s e t .  But  I s t i l l  f a i l  to see  wha t  
i s  q u e s t i o n a b l e  abou t  m y  r e m a r k  quo ted  in Prof .  P l e s s e t ' s  t h i r d  s e n t e n c e :  I s t i l l  do 
not  f ind  i t  in  any  way d i r e c t l y  obv ious  t h a t  the  shock  could not  f o r m  s h o r t l y  b e f o r e - -  
r a t h e r  t h a n  i m m e d i a t e l y  a t - - t h e  i n s t a n t  of f ina l  c o l l a p s e  of an  empty  cav i ty ,  e v e n  
though  I fu l ly  a c c e p t  the  e v i d e n c e  of the  m a c h i n e  c a l c u l a t i o n s  t h a t  i t  does  not. P ro f .  
P l e s s e t ' s  c o m m e n t  s e e m s  to imp ly  t ha t  t h i s  f ac t  i s  s e l f - e v i d e n t .  

Again ,  I s ee  no th ing  q u e s t i o n a b l e  abou t  m y  d e m o n s t r a t i o n  of the  s e c o n d - o r d e r  
e r r o r  in  the  K i r k w o o d - B e t h e  a p p r o x i m a t i o n .  T h i s  e r r o r  c e r t a i n l y  e x i s t s ,  though  in 
the  p a p e r  I have  not  c o n s i d e r e d  exac t ly  how i m p o r t a n t  i t  m a y  be. I a l s o  p u r p o s e l y  
r e f r a i n e d  f r o m  m a k i n g  a c r i t i c a l  e x a m i n a t i o n  of the  t h e o r i e s  which ,  a s  P ro f .  P l e s s e t  
m e n t i o n s ,  h i s  two c o l l e a g u e s  have  w o r k e d  out  on the  b a s i s  of the  K i r k w o o d - B e t h e  
a p p r o x i m a t i o n .  The  p r i n c i p a l  a i m  of m y  p a p e r  w a s  m e r e l y  to show how b e t t e r  a p p r o x -  
i m a t i o n s  t h a n  t h i s  one can  be  made ,  so  t h a t  a t h e o r y  of cav i ty  c o l l a p s e  c a n  b e  d e v e l -  
oped on a m o r e  s e c u r e  b a s i s .  As  one de f in i t e  c r i t i c i s m ,  h o w e v e r ,  I m a y  po in t  out  
t h a t  s i n c e  the  K i r k w o o d - B e t h e  a p p r o x i m a t i o n  b e c o m e s  wi ld ly  i n a c c u r a t e  fo r  h ighly  
s u p e r s o n i c  f lows  wi th  v e l o c i t i e s  a p p r o a c h i n g  inf in i ty ,  p a r t i c u l a r l y  n e a r  the  c e n t r e  
w h e r e  the  e f f e c t s  of s p h e r i c a l  d i v e r g e n c e  a r e  l a r g e s t ,  the  a s y m p t o t i c  law of v e l o c i t y  
v a r i a t i o n  r e f e r r e d  to by  P r o f .  P l e s s e t  i s  obv ious ly  a s p u r i o u s  r e s u l t .  If the  c o l l a p s e  
v e l o c i t y  d o e s  b e c o m e  in f in i t e ,  the  c o r r e c t  law can  only be  e s t a b l i s h e d  by  some  s e l f -  
c o n s i s t e n t  a s y m p t o t i c  t h e o r y  such  a s  the  one ou t l i ned  in the  Appendix  to m y  p a p e r .  
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