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RECENT CONTRIBUTIONS TO BASIC HYDROBALLISTICS 

R. N. Cox and J. W. Maccoll 

Armament Research and Development Establishment 

I.  HYDROBALLISTICS AND THE BALLISTIC SCIENCES 

As the word implies, hydrobaUistics is primarily concerned with the motion of 
projectiles through water or any other liquid medium. The subject is thus the hydro- 
dynamic counterpart  of aeroballistics which concerns the corresponding behavior in air. 
As it is usual for missiles to have an air flight path before entering the water, water entry 
is also included as an important section of hydroballistics. 

Hydroballistics has however connections with other branches of the ballistic 
sciences. Thus certain problems of terminal ballistics are closely related to similar 
problems in hydroballistics: the latter subject can in fact be regarded as the terminal 
ballistic study of the ideal liquid-like medium. Terminal Ballistics is a field in which 
the basic scientific background is still largely undeveloped and it may be useful to con- 
sider certain terminal ballistic problems from an hydroballistic standpoint. This topic 
will not be carried further here as the present symposium is concerned with hydrobal- 
listics in its relation to naval problems. 

In the present paper we deal mainly with some of the basic researches carried 
out d0ring the last decade: most emphasis will be on work that has appeared during the 
last five years. 

Our subject is nowhere dealt with extensively in the open literature, but Profes- 
sor Garret t  Birkhoff's volume on Hydrodynamics (1950) makes frequent reference to 
selected topics of a hydroballistic character, and we shall assume some degree of famili- 
arity with the matters tofiched upon there. Much of the literature on the subject, in 
both the United States and in the United Kingdom, is in the form of Research Estab- 
lishment reports. Such reports are not distributed very widely and are not always 
readily obtainable. Because of this we trust we have not omitted from our review any 
major contribution to our subject. 

II .  THE SEVERAL SECTIONS OF HYDROBALLISTICS 

The hydroballistic field divides conveniently into a number of phases which can 
be associated with the typical trajectory. Thus, referring to Fig. 1, we have 

a. "Shock phase which covers an initial, and extremely short, period of shock 
when the water surface is hit ( I ) .  
b. Water Entry phase which covers the subsequent cavity forming period ( I I ) .  
c. Closure phase which follows, and which includes either or both surface seal 
and deep closure ( I I I ) .  
d. Quasi-Steady Cavity phase in which the missile moves with an attached cav- 
ity ( IV) .  
e. The Fully-Wetted condition which will exist at sufficiently great hydrostatic 
pressures, when a cavity cannot be maintained. The conditions of motion are 
here similar to those existing in subsonic motion in air at the corresponding 
Reynolds number:  due to the density ratio, the forces in water are about 800 
times greater than those in air. 
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Figure 1. The phases of water entry. 
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Although these divisions of the field are rather artificial in character, and do not 
embrace conditions such as those which hold for ricochet, they do serve the useful 
purpose of helping towards a specification of the several regimes which are amenable 
to mathematical  analysis. During the last few years most basic research has been con- 
cerned with phase (d) ,  with a more limited amount of activity in (b) ,  and the follow- 
ing review is mainly concerned with these two phases. 

III .  SHOCK AND WATER ENTRY PHASES 

When a missile makes contact with a water surface, the water is compressed 
near the point of contact and a shock wave is formed which radiates at a 'veloci ty  a 
little higher than the speed of sound in water. This initial shock phase, in which the 
compressibility of the water is important, lasts for a few micro-seconds. During this 
period, the nose of the body experiences a localised peak pressure, the magnitude of 
which is approximately pcv where p is the density of water, c the speed of sound in 
water and v is the vertical component of the velocity of entry. Apar t  from the possi- 
bility of damage to the body, the shock phase is relatively unimportant  in the study of 
underwater ballistics because of its very short duration. 

The first stage of importance is the inertial, or flow forming, phase during which 
the water, which is originally at rest, is accelerated around the nose of the missile. The 
rapidly changing flow can involve large accelerations and the production of high tran- 
sient pressures. The determination of the high transient pressure distributions over the 
surfaee of the body is of practical importance since the forces produced determine the 

216 



initial conditions for the subsequent underwater motion of the missile. The most impor- 
tant of these conditions is the change in angular velocity, or "whip," experienced by a 
mlssde on water entry; design engineers have already at their disposal a variety of head- 
s_hape devices which provide pitching moments of varying magnitude and sign. These 
devices, most of which have been arrived at by empirical methods, give the designer 
considerable control over the subsequent trajectory. 

a. N o r m a l  Entry .  A theoretical study of the flow forming stage is difficult, even 
with normal entry, as it involves three independent variables: two space coordinates 
and time. An additional difficulty is that the exact boundary conditions on the free 
surface are non-linear. For these reasons no exact mathematical solution for a water 
entry problem, even with the simplest headshape, can be expected. The best we can 
hope for are either approximate solutions or solutions of the exact equations obtained by 
numerical methods. 

The problem is simplified for wedges and cones entering at a constant speed 
since the flow pattern produced by such bodies may be pseudo-stationary; under these 
conditions the pattern of the disturbed flow increases in size uniformly with the depth 
of penetration. The vertical impact of a wedge on a water surface was investigated 
many years ago by Wagner (1933); this problem was further developed by Pierson 
(1950) who calculated in detail the conditions on wedges of several angles. Likewise, 
Schiffman and Spencer (1951) considered the similar problem of the vertical entry 
of a cone and dealt in detail with the case of a cone of 60 degs. semi-angle. Solutions 
of problems of this type can be obtained in a number of ways; for example Schiffman 
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Figure 2. Pressure and velocity distributions o n  6 0  ° semi-angle wedge and cone during water entry. 
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and Spencer applied Green's  theorem in an iterative process which alternated between 
conditions on the free surface and those of the solid body. Fig. 2 shows the calculated 
distributions of velocity and pressure over the surfaces of these wedges and cones. It 
is interesting to note that the peak pressure on the body is attained close to the origin 
of the spray jet. 

An  alternative approach to the normal entry problem is to construct a model 
tlow which reproduces the main conditions of the problem. Von Karman (1929),  for 
instance, used a technique in which he approximated to the conditions of impact of 
seaplane floats striking the water by the flow produced by the impulsive vertical motion 
of a plate expanding in the plane of the water surface. For  similar horizontal water 
surface areas, the pressure distribution produced by this model flow approximates to 
that over the actual submersed body. In his original paper von Karman made no 
allowance for the rise of the free surface but methods can usually be developed to 
introduce this refinement, if required. Wagner 's  (1933) paper did this for the yon 
Karman problem. 

Most of the theoretical investigations of water entry carried out during the 
last decade have been concerned with extensions of the methods originally developed 
by yon Karman and Wagner. Thus problems have been formulated to take account 
of the actual penetration of the body into the water. This is usually done by consider- 
ing the flow about an expanding model consisting of the submerged portion of the 
actual body together with its image in the plane of the undisturbed free surface. An 
example of this type of investigation is the war-time work of Schiffman and Spencer, 
who considered the entry of a sphere by means of an expanding lens-shaped model. 
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Figure 3. Expanding hollow body models for Water entry flow patterns. 
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Likewise Monaghan (1949) extended the work of Wagner by approximating to the 
entry of a wedge by the flow past an expanding prism. 

In addition to the above, a number of model flows have been investigated by 
comparatively easy analytical methods and are usually found to be in fairly good 
agreement with experimental data. In this connection mention may be made of some 
war-time work at the California Institute of Technology on the potential flow about 
a spherical bowl as the basic pattern for the vertical entry of a sphere (Fig. 3 (a ) ) .  In 
this model the p = 0 contour is taken to be the free surface. Although the condition 
of continuity is not satisfied in this model, most of the physical features of the actual 
problem appear to be reproduced. A similar treatment has been that carried out 
recently ~ by Coombs at Fort Halstead for an expanding hollow wedge (Fig. 3 (b ) ) .  
Although infinite velocities are present at the rims of both these models, these singu- 
larities are outside the field of practical interest. 

b. Oblique Entry. With oblique entry the problem is further complicated by 
the presence of an additional independent coordinate and for this reason little work has 
been carried out in this field. Trilling (1950) has devised a technique for calculating 
approximately the forces on a body of arbitrary shape during the early stages of 
submersion. He estimates the hydrodynamic forces on the body at a number of 
depths of penetration by considering the impulsive motion of half a general ellipsoid 
having the same. depth of penetration, the same length and the same submerged 
volumes as the actual body. Trilling applied his method to the case of the water entry 
of a sphere at an angle of 45 degs. to the water surface and obtained for the vertical 
and horizontal components of the drag the results shown in Fig. 4. It will be seen 
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that the vertical force component is in good agreement with experimental results; it 
is also of the same type as that obtained by Schiffman and Spencer. 

A new method of investigating the oblique entry of a cone has recently been 
developed by A. Coombs (1956) with promising results. In this method the pressure 
distribution along a generator is assumed to be the same as that over the correspond- 
ing generator of a cone of the same apex angle when entering vertically into a conical 
water surface. The basic assumptions of this technique are illustrated in Fig. 5; the 
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Figure 5. Strip theory for oblique water  entry of cone. 

pressure distribution along the generator OB of the top diagram is assumed to be the 
same as that over the cone BOB' shown in the lower left hand diagram. Similarly 
correspondence is assumed for conditions on generator OA and cone AOA';  also for 
generator OC and cone COC'. 

IV. THE STEADY CAVITY PHASE: AXI-SYMMETRIC PROBLEMS 

Hydroballistics is mostly concerned with the motion of bodies of revolution 
and it is unfortunate that much of the extensive exact theory of two dimensional 
cavity flow cannot be applied directly to hydroballistic problems. During the past 
few years, research on the axi-symmetric problem has concentrated mainly on a. the 
development of analytical techniques capable of solving the exact differential equations 
and b. methods involving similarity between plane and axi-symmetric flows. 
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In the present section we propose to go into various aspects of axi-symmetric 
problems in greater detail. 

a. Exact Theory. The calculation of the conditions of flow in axi-symmetric 
problems is much more difficult than the corresponding problem in two dimensions. 
This is largely because in the axi-symmetric field we have no t.echnique corresponding 
to the theory of conformal representation of a function of a complex variable. Attempts 

' h a v e  been made to overcome this difficulty, with some success in specific problems. 
The Rankine method of using sources and sinks in a uniform stream was a 

first attempt to solve this problem. Although this model gives a superficial represen- 
tation of the flow, and may be adequate for many engineering problems for certain 
contours, the source-sink technique often fails to give the finer detail, which is desirable 
to obtain an accurate representation of conditions near flow singularities, such as at 
pointed noses and at separation. 

Several developments of the last decade have had the object of improving on 
the Rankine approach. Some of these researches have made use of mathematical 
singularities of a higher order: thus the simple sources and sinks of Rankine, which 
were distributed arbitrarily along the axis of symmetry, are replaced by vortex sheets 
situated along the surface of the body and along the free streamline surfaces. This 
type of model was proposed by J. W. Fisher in a war time report of 1944 and was 
later developed in mathematical terms by Vandrey (1951) when working at the A.R.L. 
in England. If, for example, this method is used to investigate the Riabouchinsky model 
for the cavitating flow around a head contour (Fig. 6), then the method involves the 

- - - g i n , -  

N 

Figure 6. Riabouchinsky model' for axi-symmetric cavitating flow. 
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solution of integral equations representing the flow conditions over the head and tail 
contours H and T and over the free stream surface M. The vortex sheet is, of course, 
of varying strength over H and T, and of constant strength over M. 

Vandrey did not apply his technique to any case of cavity flow but he showed 
that the method gave satisfactory agreement with experiment in three cases of fully 
wetted axi-symmetrie flow; it is clear from these examples that his iterative method o 
of solving the second order integral equations will, after a few iterations, usually lead to 
a satisfactorily convergent solution although the computational labour involved may be 
considerable. This work of Vandrey was followed up shortly afterwards by the investi- 
gations of Armstrong and Dunham (1953) who formulated a similar method for 
obtaining an exact iterative solution of the Riabouchinsky model for axi-symmetric 
cavitating flow around a fiat disc held normal to the main stream. In order to simplify 
the numerical work associated with their method they made use of certain similarity 
principles between the two-dimensional and three-dimensional flows. The results of 
these calculations give cavity dimensions which agree well with the available experi- 
mental data; Fig. 7 shows satisfactory agreement between the calculated cavity length 
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and the observations of Rouse and McNown (1948) in the Iowa cavitation tunnel. 
The modified drag coefficient CD' ----- C o / (  1 -Jr- Q) calculated by Armstrong and Dun- 
ham was in good agreement with the Fisher theory; the numerical values, were, how- 
ever, some 3 % greater than those calculated by Plesset and Schaffer using their simili- 
tude technique which will be described later (Fig. 8). 

During the last year Garabedian (1955) has described further investigations of 
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axi-symmetric problems. His basic technique is to relate the stream functions in plane 
and axi-symmetrical flow by the partial  differential equation 

02¢ 02¢ ~ 0¢, 
- -  + = 0 ( 1 )  
Ox 2 Oy 2 y Oy 

where e - -  0 corresponds to the plane flow and 
e - 1 corresponds to the flow with axial symmetry. 

He considers the flow in the later case to be a perturbation solution of the case of 
plane flow, i.e. s - -  0. Relationships connecting the boundary conditions on the free 
streamlines are similarly derived. Garabedian's  method offers attractive possibilities: 
however, like all other techniques in this field, it entails considerable computation in 
its actual application. It is interesting to note that Garabedian's  computation of the 
modified drag coefficient of a disc is in reasonably good agreement with the value 
obtained by Armstrong and Dunham. 

• b. Approximate methods using Principles o/ Similitude. The difficulties 
involved in applying exact theory have led to attempts to solve certain axi-symmetric 
problems by the use of similitude considerations linking the axi-symmetric flow with 
the corresponding problems in two dimensional flow. It can be shown (Armstrong and 
Tadman, 1954) that for the fully wetted flow past elliptical profiles, an exact similarity 
exists between plane and axi-symmetric flow for different but specific values of the 
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flow velocity. By assuming that the same similarity law holds for cavitating flows 
(for which the cavity is approximately ellipsoidal) it is possible to calculate the flow 
about cavitating ellipsoidal head shapes.. Fig. 9 shows the similarity relationship for 
this case. 

Figure 9. 
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Similarity relationship between plane and axi-symmetrlc flow for ellipsoids. 

To obtain the plane flow past curved surfaces it is, however, first necessary to 
determine the separation position. This type of problem was solved by Brodetsky 
(1922) and Schmieden (1929) using the Levi-Civita method. The separation positions 
obtained are in poor agreement with experiment, and it seems possible that the boundary 
layer plays an important part. The Brodetsky solution for a circular cylinder gives, 
for instance, separation at 55 degs. whereas experimental observations give values 10-20 
degs. greater. A possible explanation of this is afforded by Fig. 10, which shows the 
calculated distribution of wall shear stress in laminar flow using the Brodetsky velocity 
distribution: the wall shear stress is high at the calculated separation position, and 
may inhibit cavitation inception, causing the separation point to move downstream. 

There are also some analytical doubts as to the validity of the Brodetsky and 
Schmieden solutions near the separation point since the calculated position turns out 
to be a singular point of the head profile for derivatives of the curvature. Complete 
removal of the infinity is only possible if the free streamline coincides with the body. 

Such considerations have to be borne in mind when any attempt is made to 
obtain solutions of any steady cavity problem by means of high speed digital com- 
puters. The application of relaxation or similar techniques is liable to conceal the 
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Velocity and laminar wall shear stress distribution for Brodetsky flow past circular cylinder. 

true conditions of flow near the singularities even using a fine network near these 
points. 

Professor Garrett Birkhoff and his colleagues (1953) have used computer 
techniques extensively on plane flow problems with curved profiles: they have in fact 
extended the Brodetsky approach to cavity flow to a much higher degree of refine- 
ment. Their investigations have given valuable experience of the formulation of 
plane flow problems and should prove of considerable value when the physical condi- 
tions of flow in the neighbourhood of the separation point are better understood. 

These difficulties are no longer present if separation is defined by a corner, as 
for instance in the flow past wedges and discs. Although the singularity of the flow 
still exists at the corner in these cases, its behaviour is well understood and can be 
allowed for. The velocity distribution for abrupt separation at a corner can be seen 
in Fig. l l  and may be compared with that for smooth separation with a curved 
profile as shown in Fig. 10. 

M. S. Plesset and P. A. Schaffer (1948) calculated the drag coefficients for 
a series of cones and discs over a range of cavitation numbers using the assumption 
that the pressure distribution along the generator of the cone or disc was the same 
as that on a wedge having the same semi-angle at the same cavitation number. The 
implications of this assumption have been investigated more recently by Armstrong 
(1953(a))  who, as a result, proposed improved similitude rules for wedges and cones. 
Armstrong showed that, if the velocity distributions near the apex of a wedge ( s e m i -  
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Figure 1 ! .  Comparison of velocity distributions over 5 ° wedge  and 14 ° cone. 

angle fl~) and a cone (semi-angle rio) be expanded as power series then, the velocity 
near the tip of the wedge was 

dw 
- -  ~ Z "-I where ~ = ~ - / ( ~ - - ~ )  (2) 
dz 

whereas for a cone the velocity was of the form 

r " - l P ' n ( c o s  O) • sin 0 (3) 

where n must here satisfy the condition P',. ( - -cos  f13) ---- O. The exponents of the 
first terms of the two series for the velocity distributions can be made the same by 
means of (2) and (3),  which define an "angular transformation" and the coefficients 
of the leading terms become the same 'if the uniform stream ratio q~-,/qz3 is defined 
by 

q,~ 
. . . .  ] P , , ( - -  cos ~3)! (4) 
q~3 

By means (2),  (3) and (4) conditions near the apex can be made similar in plane 
and axi-symmetric flow; Armstrong further shows that the conditions near the rim are 
the same for the two and three dimensional cases. Fig. 11 illustrates the similarity 
obtained between a 5 deg. wedge and a 14 deg. cone. 

Fig. 12 gives a comparison between drag coefficients of cones calculated by 
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Figure 12. V a r i a t i o n  of  d rag  coefficient w i t h  cav i ta t ion  n u m b e r  for  cones. 

Plesset and Schaffer with the corresponding calculations by Armstrong and with experi- 
mental data. It would appear from this diagram that the Plesset and Schaffer results 
are satisfactory for cones of large apex angle but that Armstrong's results give a 
marked improvement when the cone is slender. It is interesting to note that this 
diagram confirms that the drag coefficient can be represented as two components, in 
the form Co "- Coco = 07 + or, the head drag Coco = 0) being practically unaffected by 
the cavitation number for small values of Q. 

Fig. 13 gives a general comparison of the two theories with experimental meas- 
urements for the limiting case of zero cavitation number. This diagram clearly shows 
the difference between the Plesset-Schaffer and Armstrong methods near the origin. 
The former curve approaches the origin with. a finite gradient whereas the Armstrong 
curve approaches the origin with zero slope and infinite curvature. 

c. Bodies with non-zero Incidence. During the steady running section of an 
underwater trajectory, most missiles with sufficiently high velocities will have a certain 
amount of yaw and the tail of the missile will be in contact with the wall of the cavity 
produced by the head. In these circumstances the moment of forces acting around 
the centre of gravity will be zero and the total lift force acting on the missile will 
determine the radius of curvature of its trajectory. The possibility of being able to 
calculate the forces and moments acting on both the head and tail of a yawing missile 
in steady cavity flow is therefore of considerable practical importance. 

The amount of information concerning actual flow conditions near bodies held 
at incidence to the flow is still very limited. In this connexion A. D. Cox and W. A. 
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Clayden (1956) have recently investigated the two dimensional flow near a ~edge of 
30 degs. semi-angle at small angles of incidence at zero cavitation number. In this 
particular example, incidence produced a movement of the stagnation point on to the 
face of the wedge which was most inclined to the main flow; a subsidiary cavity was 
also formed on the leeward face at the apex of the wedge. Fig. 14 is a photograph of 
this wedge at 10 degs. incidence obtained in the A.R.D.E. cavitation tunnel. Fig. 15 
is a diagrammatic representation of the mathematical model which was used in a 
theoretical investigation of the problem when the flow in the neighbourhood of the 
subsidiary cavity was treated according to the Gilbarg re-entrant jet technique. 
Analytical expressions were obtained for the lift-slope and moment-slope coefficients 
for small angles of yaw. Fig. 16 gives a comparison of the theoretical value of 

I ~ ' ~ a  - - ~ 0  for different wedges with recent measurements made in the A.R.D E. 

cavitation tunnel. 
The above example shows clearly some of the additional complexities which 

arise when an attempt is made to investigate by exact theory the conditions near a 
yawed cone, or similar body. In  spite of these difficulties it is of interest to explore 
this problem by means of much simplified models and techniques, such as the applica- 
tion of a. principles of similitude or b. a modified Munk-Jones cross-flow theory. Both 
these techniques have been under investigation at Fort Halstead. 

In applying the similitude technique we use a simplified "Strip Theory'" with 
a two dimensional wedge model having the stagnation point at the nose rather than 
the model with the subsidiary cavity described above. This is probably justifiable 
because of the extra degree of freedom in the flow past the cone. Thus we imagine a 
wedge AOB, of semi-angle fl, at a small angle of yaw ~ to the stream, we assume that 
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Figure 14. Photograph of flow past yawed wedge. 

the pressure distribution on the upper face OA is the same as if this face were half 
a wedge A O A '  of semi-angle p - -  8, symmetrically placed in the stream (Fig. 17). 
Similarly the pressure distribution on the face OB is assumed the same as on a wedge 
BOB', of semi-angle l'3 + 5. If we expand these two distributions by Taylor's theorem 
we then have, by resolving or taking moments, integrating and then letting tend to 
zero, expressions for the lift-slope and moment-slope coefficients which are readily cal- 
culated by numerical differentiation from the known pressure distributions. Experi- 
ments have shown that this approach to the problem, when applied to the cone, at 
least, gives good agreement with experiment for large cone angles (Fig. 18). This 
result is in line with the corresponding results obtained by Plesset and Schaffer described 
above. 

An alternative theory, which might be expected to yield good results for small 
to moderate cone angles, is based on a modification of the well-known Munk-Jones 
theory for slender bodies. For very slender bodies this theory assumes that the cross- 
force may be obtained by considering the rate of change of momentum in the two- 
dimensional flow on a plane perpendicular to the flow direction, and moving with the 
free-stream velocity V. This yields the value 2/rad. for CL/e~. Fig. 18 shows that as 
p --+ 0, C~,/a --~ 2 experimentally. 

Since for the cavitating flow past moderately slender cones, the surface velocity 
Vs'-' 

V 8 is constant over much of the surface (V 8 is given by - -  -- 1 - -  CDo) the condi- 
V ~ 

tion that the flow must be tangential to the surface of the cone may, over most of 
the surface, be met by letting the cross flow plane move with a velocity V8 cos /? 
past the body. 
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This yields 

6'L = CN -- Cao 

= 2 - -  cos" ~ -- CDo/radian (5) 
V 2 

= 2(1 - CDo) cos'-' ~ -- CDo 

and substituting values of CDo, good agreement with experiment is obta ined--not  only 
for moderate cone angles, but even over the whole range. (The good agreement for 
large angles may be due to the cos2/3 term which ~ 0 as/~ ~ 90°.)  

d. Breakdown o/ the Axi-symmetric Cavity. Conditions at the rear end of a 
cavity are important as they determine the rate at which the air contained in a detached 
cavity is dispersed, and hence the rate of collapse of the cavity. For fairly long cavities 
it was observed by Swanson and O'Neil (1951) that a pair of hollow core vortices 
was generated at the rear of the cavity (Fig. 19). A theoretical study of this problem 
by R. N. Cox and W. A. Clayden (1955) showed that the circulation round the vor- 
tices could be related to the buoyancy lift on the bubble. This flow model gives a more 
satisfying physical explanation for a resolution of the 'Brillouin paradox' than does 
the artificial--though extremely valuable--conceptions of the Riabouchinsky image 
body, or the re-'entrant jet of Gilbarg-Rock. 
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Figure 17. Strip theory for flow past yawed 
cones. 

Figure 18. Variation of lift curve slope with 
cone angle (/~3). 

V. CONCLUDING REMARKS 

Having now compl&ed our review of some of the recent advances in theoretical 
hydroballistics it may be of value to comment briefly on the present position of research 
in the several sections of the subject and to remark generally on some of the outstand- 
ing problems which need attention if the science is to continue its advance. 

In this connexion it is clear that research on the steady cavity phase, especially 
when the body has straight line contours so that the point of separation is known, is 
much more highly developed than research on other aspects of the subject. Axi- 
symmetric problems in the steady cavity phase have, at least with abrupt separation, 
become mainly a question of the labour involved; this should resolve itself once ade- 
quate programming techniques have been developed on high speed digital computers. 
Before we can attain this happy state with curved profiles it will be necessary to under- 
stand better the physical conditions at the point of separation. There is also a need for 
exact solutions with yawed bodies. 

The entry phase remains a most difficult topic for basic research and calls for 
further elementary solutions, especially for oblique entry, which may help us to under- 
stand the flow mechanism during this phase. A direct theoretical attack on this 
essential practical problem is still a distant objective. The need for carefully controlled 
experimental data concerning this phase has been evident for several years and it is to 
be hoped that such information will be available before long from the experimental 
facilities in the U.S.A. and U.K. 
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Figure 19. Twin hol low core vortex-tubes at rear of steady cavity. 

Similar remarks can be made concerning conditions governing cavity closure. 
The principles involved in both surface closure and deep seal are now fairly well 
understood from war-time researches; there is, however, still scope for the develop- 
ment of improved theoretical techniques which would enable these features to be fol- 
lowed in greater detail. 

As regards cavity breakdown, and the subsequent entrainment of the air within 
the cavity, the recent development of a theory which explains the effect of buoyancy 
on the generation of twin, hollow core, vortices at the rear end of the cavity is prob- 
ably capable of theoretical extension. 
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DISCUSSION 

G. Birkhoff 

My reactions to 'the preceding admirable review of recent contributions to 
hydroballistics tend to be those of the cautious critic. 

A critical review of impact and water entry theory was initiated several years 
ago by E. Cooper, H. Wayland, and myself. A careful study revealed wider dis- 
crepancies between theory and recorded observations than might be inferred from the 
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literature. Some of these discrepancies may be due to faulty instrumentation, but 
real further progress would seem to require that they be explained. Some of our 
conclusions are contained in Ref. [1], Ch. XI, §2, but N.O.T.S. lost interest in our 
project before it was completed. Also it was not clear how much experimental data 
should be declassified, especially as regards the influence of air viscosity. 

Again, and in spite of laborious calculations by Marchet, Miss Vaisey, Brunauer, 
and Young (see Ref. [1], Ch. X, §9), the axi-symmetric potential-theoretic cavity flow 
past a disc has never been accurately computed, for any cavitation number Q. Though 
Co(Q) is now accurately known, the variation in cavity length l as a function l(Q) 
of Q is not. In these calculations, the free streamline location seems very sensitive 
to small variations in pressure. Also, the singularity at the known separation point is 
extremely troublesome, and I wonder if a more careful analysis of the computational 
implications of this singularity should not take precedence over the still harder prob- 
lem of locating the unknown separation point on streamlined missiles. 

In the potential-theoretic approximation, this separation point should presumably 
be assumed to be determined by the axi-symmetric analog of the Brillouin-Villat Sepa- 
ration Condition (Ref. [1], Ch. VI, §6). But again, the numerical application of this 
method promises to be extremely difficult.--The situation is much more favorable in the 
plane case, and I confess to feeling great confidence in the calculations by Zarantonello 
and myself, referred to by Drs. Cox and Maccoll. 

The theoretical analysis of cavitating flows past yawed solid bodies strikes me 
as very much harder, except perhaps in the case of long, nearly cylindrical missiles. 
Moreover it should be remembered that, in hydroballistic applications, the problem is 
to predict the angle of yaw a and cavitation number Q, whereas these are assumed 
known in most theoretical analyses. In practice also, l and hence Q(l) depend on the 
complex mechanism of air entrainment at the rear end of the cavity, described by 
Drs. Cox and Maccoll. The amount of this air entrainment, and the degree of delay 
of separation due to boundary layer turbulence and air viscosity, all of which are 
neglected in the potential-theoretic model, impress me as being extremely difficult to 
predict. 

In spite of the above difficulties, and the probability of other complications as 
yet unsuspected, I hope that a determined effort to solve impact and water entry 
problems will continue. My critical remarks are not intended to discourage further 
research, but to emphasize the need for distinguishing plausible ideas from reliable 
methods of prediction. In hydrodynamical theory, this distinction is always essential. 

Ref. 1: G. Birkhoff and E. H. Zarantonello, "Jets, wakes and cavities," Academic 
Press, approx. Dec. 1956. 

F. S. Burt 

Dr. Maccoll has taken hydroballistics to cover not the whole field of the hydro- 
dynamics of underwater weapons but rather the various aspects connected with the 
entry of an uncontrolled air launched weapon up to and including its fully wetted 
underwater run. I think this is a perfectly proper view to take and it certainly leaves 
a sufficiently wide and difficult field to be considered under the heading of hydro- 
ballistics. 

In the water entry phase, even geometrically simple shapes like the sphere are 
extremely difficult to deal with theoretically. Unfortunately many of the applications 
we are interested in for naval use are concerned with the oblique entry of head shapes 
which are spherical, ogival, or a combination of both. With such head shapes the mmi- 
larity principle that applies to the entry phase of a cone is no longer applicable. The 
cone is a rather special mathematical case in that during the initial entry phase the situa- 
tion at a time t is very similar to that at a time t + ft. Nevertheless, I am very 
interested to see the data which Dr. Maccoll has presented on the oblique entry of cones. 

234 



At A.R.L. we had at one time extremely high hopes of Trilling's theory which 
Dr. Maccoll has mentioned but we now suspect that no theory which fails to take 
account of the deformation of the free surface can satisfactorily predict the horizontal 
component of force in obl ique entry. We have recently done a recalculation for the 
oblique entry of a sphere using an approximation to an oblate spheroid rather than a 
prolate ellipsoid. The general trend of the drag coefficient for horizontal and vertical 
components seem to agree generally with that obtained by the Trilling method. That 
is to say that the vertical component is much the same as that obtained at vertical 
entry rising to a maximum of 0.8 to 0.9 at some time after an immersion of about 
1/10th of the radius below the undisturbed free surface, whilst the horizontal compo- 
nent of the force rises much more slowly,. 

Recently Hobbs, Backdon and Woodley at the National Bureau of Standards 
have produced some measurements of impact force on spheres at oblique entry. One 
of the results they obtained was for a 4 in. diameter sphere with an entry angle of 
51 °. Comparing the vertical and horizontal coefficients of drag they obtained with 
those predicted by Trilling's method, it can be seen that although the vertical compo- 
nents are of the right order, the horizontal components are way off in the time scale. 
At A.R.L. we are of the opinion that in calculating the horizontal force in oblique 
entry the free surface deformation has to be taken into account, whereas Trilling's 
method is only possible because the deformation of the free surface is ignored. 
Admittedly, satisfactory experimental data on impact forces during oblique entry are 
not numerous. In this connection, we at A.R.L. are in the early stages of a programme 
of whip measurements at model scale. A related programme of axial deceleration 
measurements, for which we have no spare effort at the moment, would ideally comple- 
ment the whip measurements: between them they would provide much useful data 
on the impulse imparted to a weapon during the entry phase. 

The recent work by A.R.D.E. on the lift on the nose of an inclined body on 
a fully developed cavity is extremely interesting. They are to be congratulated on their 
"strip theory" and their application of the Munk-Jones slender body theory to cavity- 
running missiles. A recent A.R.L.. report No. A R L / R 1 / G / H Y / 1 8 / I  entitled "Water 
Tunnel Boundary Effects on Axially Symmetric Fully Developed Cavities" by I. J. 
Campbell and G. E. Thomas, dealing with the special case of such a cavity near a 
solid boundary such as a water tunnel wall, may be of some interest. We are also 
hoping to devote some effort to such forces in connection with the problems of stability 
in the cavity stage and, in view of the difficulties of making such measurements in 
water tunnels of our type, we are planning an experimental programme for our large 
rotating arm which seems to offer a number of advantages for this type of work. 

I can confirm that the application of Vandrey's method to the. calculation of 
the pressure distribution on fully wetted bodies of revolution does indeed involve much 
complicated labour and at A.R.L. we are in the process of programming the method 
for a high speed'computing machine. The evolution at A.R.D.E. of a similar method 
for application to cavities is very interesting. 

1. D. Nicolaides 

I had really only two remarks to make. One, I think that the timeliness and 
importance of this paper certainly should be recognizable to all who read the newspapers 
these days, and it is no breach of security to point out that the underwater weapons 
are beginning to gain on the pure air-flight weapons, and this problem of water entry 
and underwater motion is extremely important. 

You will recognize with supersonic aircraft drops and rocket shoots, we are into 
areas in which we are now hardly thinking about in terms of water entry velocity. 

Now I certainly acknowledge the many outstanding items which you included 
in your paper, particularly the lift force at angles of inclination, but these are indeed 
steady state phenomena, for the most part, and when one compares the accuracy of 
performance computations for missiles under water with missiles in the air, you will 
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note we are in a very serious situation with regard to mils dispersion. The argument 
that you travel a short distance under water so that the errors, though large in mils, 
are not important, is not sound. When we talk about submarines at very deep depths, 
and the errors in mils begin to imply large errors in distance,-the dynamic forces and 
moments acting may well be equal in importance to the static ones which we now 
consider, and, thus, will have to be included for calculations of satisfactory accuracy. 

Recent tests in fully wetted flow indicate that the Magnus forces which are 
ordinarily completely neglected by the hydrodynamicist, are indeed quite important, 
and create quite large transverse displacements. It might be expected that in the cavity 
flow these forces will be important also. 

In other words, what I am saying is we have come a long way, but the 
knowledge that we now have compared to what we need in weapons development is 
poor, and thus we are very far behind indeed. 

Now I might say in that regard, and this my second point, that in reference 
to the high-speed computers, they may in a sense be our main hope. For example, in 
connection with the double disk cavity problem in recent work by the Naval Proving 
Ground (NPG Report No. 1413 by Young, et al.) this problem has been completely 
coded, and the free boundaries have been determined. 

Now this problem was somewhat unchallenging to some of the people at the 
Naval Proving Ground, and they felt that it might be interesting to consider the case 
of a disk travelling at constant velocity in water, and then suddenly stopped, and then 
attempt, using that Naval Ordnance Research Computer to compute the transient 
development of the cavity. It is too early to indicate any results. More than a year 
has been spent just bringing up to date the coding required to attack this formidable 
problem. 

I might also mention that once you determine your forces and moments on a 
hydroballistic missile, be they linear or non-linear, you have the problem of determining 
where the missile will go. Assuming we have these forces, let me say to you, the coding 
is now available for this same machine to predict the underwater trajectories. 

In summary I would like to suggest two things about which there is an awful 
lot we don't  know: first, transient or dynamic forces and moments, including those 
of the Magnus type; and secondly, flow and performance problems for which the high 
speed computing machine, in the final analysis, may be our only hope. 

A. G. Fabula 

This paper gives a valuable summary of recent results and new directions for 
hydroballistics research. This summary is of especial value because as the authors 
have indicated, the open literature on the subject is limited and the research establish- 
ment reports have limited distribution. In an attempt to thank the authors for their 
excellent work, I would mention certain additional reports-- in the order as the subject 
material of the paper. 

SHOCK PHASE 

In [1], Dergarabedian has summarized the work of Trilling, Owens, and Korkegi 
on effects of water compressibility in normal impact (two and three dimensions). 
Basic assumptions of these linearized theories are that the body is rigid and that the 
ratio of body speed to the speed of sound in the water is much less than one. The 
more general problem of an elastic body impacting on the surface of a compressible 
liquid has received some preliminary consideration in [2]. 

NORMAL ENTRY 

In connection with the authors' mention of Monaghan's extension of Wagner's 
approximate treatment of normal symmetric wedge impact, it is'interesting that related 
work was done by Bisplinghoff and Doherty [3]. Besides the effect of deadrise on 
the added mass coefficient, they included the effect on the rise of the free surface. 
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This was calculated as by Wagner, but computed with the velocity distribution along 
the line of zero potential of the prism instead of with that of the fiat plate. Unfortu- 
nately an incorrect velocity distribution was used in [3]. Computations based on the 
correct velocity dtstributions have been made by the writer as part of a study of 
extensions of Wagner's method [4]. 

A new approach to the exact solution for normal symmetric wedge impact has 
been given very recently by Bor~ [5]. 

The authors tell how Coombs has utilized an expanding hollow wedge model 
for the wedge impact flow, and how this is an outgrowth of work (by Chou) with 
an expanding spherical bowl model of normal sphere impact. The direct-two-dimen- 
sional analogue of Chou's work has also been considered, that is the expanding circular- 
arc model for the normal broadside impact of a circular cylinder [6]. 

OBLIQUE ENTRY 

In some recent work at the Naval Ordnance Test Station in Pasadena, miniature 
accelerometers inside two-inch diameter models have given data on axial and cross 
components of impact force during oblique inpact. For a hemisphere-cylinder con- 
figuration, the results have compared well with the predictions of Trilling's zero surface- 
rise, ellipsoid-fitting approximation, after some necessary rederivation of the expressions 
for the added mass of half-submerged spheroids. Reports are in preparation. 

WATER-ENTRY MODELING 

While this facet of hydroballistics was not discussed by the authors, it seems 
worthy of note that recent work at NOTS under Dr. Waugh has demonstrated accuracy 
of the modeling technique wherein model cavitation index and Froude number are 
made the same as for the prototype. For a family of head shapes, the pitch versus 
penetration in diameters has been shown to be modeled accurately for at least several 
diameters of travel. Investigation is underway of the importance of gas-density scaling 
on transient cavities. This work is answering many of the questions raised by wartime 
research in modeling, e.g. I7]. 

In closing, this writer would like to mention two little known reports which 
may be of interest. The first of these, [8] by Birkhoff and Isaacs, expands in consider- 
able detail the references to transient water entry cavities in Birkhoff's book "Hydro- 
dynamics." The second [9] is a translation of Weible's summary of German wartime 
work on water impact loads, including Schmieden's extension to three dimensions of 
Wagner's approximation. 
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H. M. Berger 

We have heard a very comprehensive review of the state of the art in the 
theory of water entry and it was interesting to hear in particular of the recent work 
at A R D E  on steady state cavitation. I would like to point out that one of the prob- 
lems in hydroballistics that was not mentioned and which has received practically no 
theoretical attention in the past is that of water exit. It  seems to me that this is a 
fertile problem for a theoretical treatment. Many of the difficult problems that plague 
us when we attempt to analyze water entry are not present in water exit, and therefore, 
I believe that a theoretical approach could contribute a great deal to an analysis of the 
forces that arise during water exit. 

I have just a few brief remarks to make about the state of the experimental 
work in this field. Concurrent  with the effort to develop an adequate theory for water 
entry that has been outlined by Dr. Maccoll has been an extensive experimental program. 
However, early in the history of water entry studies, those working in the field realized 
that the modeling techniques they were using did not model important full scale effects 
such as the sudden accelerations experienced when the missile strikes the water. Con- 
sequently the experimental program divided into two parts-----one, a full scale investiga- 
tion of water entry characteristics of part icular missi les-- the other, an investigation of 
the scaling laws. Also, much attention was given to the development of adequate instru- 
mentation for both full scale and model tests. 

Recently, studies have been carried out by Levy at the California Institute of 
Technology [1] and Waugh at the Naval  Ordnance Test Station [2] that have shown 
that with both Froude  and cavitation number modeling, good agreement can be 
obtained with full scale water entry tests. 

Levy concludes that for the range of Froude  numbers and cavitation numbers 
that are within the prototype range: 

1. "The behavior of the model with regard to trajectory, inclination, time to 
tail slap, and drag during cavity motion depends much more on the cavitation number 
than on the Froude  number." 

2. "Model tests in which the cavitation number is considerably greater than that 
of the prototype may yield a model behavior that is completely different from that of 
the prototype." 

3. "Within the range of parameters that are encountered in prototype opera- 
tion, the behavior of the missile is nearly independent of Froude number. This means 
that good results may be expected in most cases by using cavitation scaling alone. This 
is not meant to imply that the cavitation criterion is the only one that need be con- 
sidered. I t  is known that under some conditions water entry phenomena are affected 
by gravity, viscosity and surface tension. However, cavitation scaling does not specify 
the operating conditions of the model except by establishing a functional relation 
between speed and pressure. 

Therefore, it should be possible to avoid these other complications by proper 
choice of variables." 

Dr. Waugh has told me that preliminary tests that he has made show that with gas 
density modeling, in addition to Froude and cavitation modeling, the cavity shape and 
closure can be accurately reproduced by model tests. The above results should give 
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added impetus to experimental studies of watei" entry, especially in view of the diffi- 
culties Dr. Maccoll has pointed out that exist in the theory. 

There are several questions that I would like to ask Dr. Maccoll. First, what 
test facilities does he consider best for studies of the various phases of hydroballistics 
that he has outlined? My second question ai'ises from his mention of the gravity effects 
on the quasi-steady cavity phase-- that  is, the effects causing the ro!iing up of the rear 
of the cavity into two hollow-core vortices, I would like to know whether he knows of 
any tests that show a Froude number effect on the drag of a cavitating body, and if 
so, is the drag reduced or increased by such effects? My last question concerns the 
role of water entry theory in the development of hydroballistic missiles. I would 
like to hear Dr. Maccoll's opinion of the role water entry theory plays in such a 
development. 

REFERENCES 

1. Levy, J., "On Modeling the Oblique Entry Into Water of Air-Launches Missiles," Calif. 
Inst. of Tech. Hydrodynamics Lab. Rept. No. E-12.19, August 1956. 

2. Waugh, J. G., "X~Vater-Entry Pitch Modeling With One-to-One Froude and Cavitation 
Number Scaling," U. S. Naval Ordnance Test Station, Underwater Ordnance Depart- 
ment Internal Report, IDP 221, 8 July 1955. 

I. W. Maccol l  

These contributions represent a valuable extension to the topics discussed in 
the paper, and draw attention to some subjects, such as water exit, unsteady flow, and 
dynamics of an underwater body which it was not possible to deal with in the time 
available. 

The remarks by Professor Birkhoff and Mr. Nicolaides serve to emphasise 
the computational difficulties of even the simplest potential-theoretic flows, and under- 
line the need for a closer mathematical and physical understanding of the separation 
phenomenon. 

The remarks by Dr. Berger and Mr. Fabula on the experimental work on 
water entry modelling at the California Institute of Technology and the Naval Ordnance 
Test Station are of great interest. An extension of this work to the high speeds associ- 
ated with rocket entry would be of great practical use. Dr. Berger's question on test 
facilities is rather difficult to answer briefly, except perhaps to mention that in the 
experimental field there is a need for detailed measurements of pressure distributions 
during the water entry phase, and, in general, for work on high speed water entry, 
in which the main problem is that of controlling the entry conditions. For steady flow 
problems there is already an impressive and varied array of cavitation tunnels and 
rotating arm facilities in existence. 

The authors know of no tests which show a marked Froude number effect on 
drag at the low cavitation numbers at which vortex rolling-up takes place; it is unlikely 
that the flow over the head of a body will be very much affected by conditions at the 
rear of a cavity. Security requirements unfortunately preclude a full answer to Dr. 
Berger's question on the role of water entry theory in the development of hydrobal- 
listic missiles; the remarks by Mr. Burt and Mr. Nicolaides point out the need for a 
great deal more work in this field before theory can be applied with confidence to the 
problem of water entry of missiles. 

In  conclusion the authors wish to thank Mr. Fabula, Dr. Berger and others 
taking part in the discussion for drawing attention to additional work which had 
escaped their attention. 
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