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INTRODUCTION 

The i n v e s t i g a t i o n s  to b e  d i s c u s s e d  h e r e  a r e  d iv ided  in to  the  fo l lowing  s u b j e c t s :  

1. The  n o i s e  s p e c t r u m  of c a v i t a t i o n  wi th  s t e a d y  s i n u s o i d a l  e x c i t a t i o n  and  i t s  
r e l a t i o n  to the  o s c i l l a t i o n  of the  b u b b l e s .  

2. The  c a v i t a t i o n  c a u s e d  by  a s i n g l e  u n d e r p r e s s u r e  p u l s e ,  

a.  e x c i t e d  wi th  a b a r i u m  t i t a n a t e  c a l o t t e  

b.  exc i t ed  by  the  s u d d e n  r e t a r d a t i o n  of a m o v i n g  w a t e r  co lumn.  

3. The  r e l a t i o n s  b e t w e e n  sound  p r e s s u r e  and  l u m i n e s c e n c e .  

4. The  m e a s u r e m e n t  of the  s u r f a c e  t e n s i o n  and  s u r f a c e  v i s c o s i t y  f r o m  the  
e x c i t a t i o n  of c a p i l l a r y  w a v e s  at  f r e q u e n c i e s  up to 1.5 M c / s .  

It i s  g e n e r a l l y  known tha t  the  o n s e t  of s t r e a m i n g  o r  u l t r a s o n i c  c a v i t a t i o n  i s  
a c c o m p a n i e d  by  no i se ;  the  no i se  h a s  a v e r y  b r o a d  f r e q u e n c y  s p e c t r u m  and  in m a n y  
c a s e s  the  aud ib le  p a r t  of i t  i s  so  n o t i c e a b l e  t ha t  i t  i s  o f ten  u s e d  as  a c r i t e r i o n  fo r  the  
o n s e t  of c av i t a t i on .  It was ,  fo r  e x a m p l e ,  d u r i n g  the  w a r  v e r y  e a s y  to d e t e r m i n e  the  
u p p e r  l i m i t  fo r  the  c r e e p i n g  s p e e d  of a s u b m a r i n e  a s  func t ion  of the  d iv ing  dep th  b y  
s i m p l y  l i s t e n i n g  to the  o n s e t  of c a v i t a t i o n  o r  the  o n s e t  of f o r m a t i o n  of a i r  b u b b l e s  
c a u s e d  by  a s u f f i c i e n t  n u m b e r  of r e v o l u t i o n s  of the  s c r e w  wi th  a k ind  of a s t e t h o s c o p e  
a t t a c h e d  to the  s c r e w  shaf t ;  a l r e a d y  wi th  the  f i r s t  e x p e r i m e n t  the  i n c r e a s e  of the  
c r i t i c a l  n u m b e r  of r e v o l u t i o n s  of the  s c r e w  wi th  the  s q u a r e  roo t  of the  d iv ing  dep th  
( s t a t i c  p r e s s u r e )  was  s t a t ed .  

As was  shown  in a n  o l d e r  p a p e r  by  Th.  Lange  (1) a l so  fo r  u l t r a s o n i c  c a v i t a t i o n  
the  o n s e t  of no i se  i s  so  s h a r p  t h a t  i t  i s  p r e f e r r e d  to the  f o r m a t i o n  of v i s i b l e  b u b b l e s  
a s  a c r i t e r i o n  for  c av i t a t i on .  It i s  to  a f a r  e x t e n t  wi thout  s i g n i f i c a n c e  wh ich  p a r t  of 
the  no i se  s p e c t r u m  i s  u s e d  f o r  d e t e c t i n g  the  o n s e t  of cav i t a t i on .  F r o m  the  work  of 
Th.  Lange  on ly  ona  f i g u r e  (Fig .  1) wi l l  b e  g i v e n  to c o n f i r m  the  above  s t a t e m e n t s .  
V i b r a t i o n  c a v i t a t i o n  w as  e x c i t e d w i t h  a q u a r t z  c r y s t a l  a t  575 k c / s .  The d r i v i n g  vo l t age  
of the  q u a r t z  i s  p l o t t e d  on the  a b s c i s s a  a g a i n s t  the  no i se  l e v e l  in  the  f r e q u e n c y  i n t e r v a l  
f r o m  520 to 540 k c / s  on the  o r d i n a t e .  H e r e  the  o n s e t  of c a v i t a t i o n  i s  m u c h  e a s i e r  
r e c o g n i z e d  t h a n  b y  u s i n g  e .g .  the  n o n l i n e a r i t y  of the  sound  p r e s s u r e  i n c r e a s e  of the  
exc i t i ng  f r e q u e n c y  (575 k c / s )  a s  a c r i t e r i o n .  
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Fig. 1 - Noise voltage (520 to 540 kc/s) vs transmitter 
vol tage  (575 k c / s )  for  d i f f e r e n t  s t ages  of d e g a s s i n g  

NOISE S P E C T R U M  AND SOUND PRESSURE OSCILLOGRAM 
FOR THE ONSET OF CAVITATION AND THEIR 
RELATION TO THE OSCILLATIONS OF THE BUBBLES 

In a t h o r o u g h  i n v e s t i g a t i o n  R. E s c h e  (2) ha s  s tud ied  the  s p e c t r u m  of son i c  o r  
u l t r a s o n i c  c a v i t a t i o n  fo r  a g r e a t  n u m b e r  of f r e q u e n c i e s  r a n g i n g  f r o m  100 c / s  up to 3 
M c / s .  He found out,  t ha t  t h e r e  i s  a l w a y s  a l i n e  and  a con t inuous  s p e c t r u m  s i m u l t a n e -  
ous ly .  In the  l ine  s p e c t r u m  the  e x c i t i n g  f r e q u e n c y  a p p e a r s ,  of c o u r s e ,  wi th  h igh  
i n t e n s i t y  a n d a l s o  the  h a r m o n i c s  a r e  o b s e r v e d .  Th i s  s e e m s  to b e  obv ious .  But  E s c h e  
could,  p e r h a p s  for  the  f i r s t  t i m e ,  a s c e r t a i n  t ha t  a l so  a n u m b e r  of s u b h a r m o n i c  f r e -  
q u e n c i e s  o c c u r .  In h i s  i n v e s t i g a t i o n h e  c a m e  to the  c o n c l u s i o n  t ha t  the  o c c u r r e n c e  of 
a c o n t i n u o u s  s p e c t r u m  m i g h t  be  a p r o p e r  m e t h o d  to d i s t i n g u i s h  t r u e  c a v i t a t i o n  ( f o r m a -  
t ion  of b u b b l e s  c o n t a i n i n g  only  w a t e r  v a p o r )  f r o m  tha t  type  of c a v i t a t i o n  w h e r e  a i r  
b u b b l e s  a r e  f o r m e d .  

The  o c c u r r e n c e  of s u b h a r m o n i c  f r e q u e n c i e s  (Fig.  2) is  of s p e c i a l  i n t e r e s t ,  a s  
s u b h a r m o n l c s  o n e - h a l f ,  o n e - t h i r d ,  and  o n e - f o u r t h  the  exc i t i ng  f r e q u e n c y  a r e  o b s e r v e d .  
Also  the  o v e r t o n e s  of the  s u b h a r m o n i c s  a r e  p r e s e n t .  In a m o r e  r e c e n t  i n v e s t i g a t i o n  
on  the  d e t a i l e d  s t r u c t u r e  of the  s p e c t r a  L. Bohn (3) found not  only  s u b h a r m o n i c s  
w i th in  the  r a n g e  of the  f u n d a m e n t a l  f r e q u e n c y  but  a l so  - m o s t l y  as  o v e r t o n e s  of h a l f -  
o r d e r  s u b h a r m o n i c s  - up to the  30th o r  40th  o r d e r ,  t h e i r  l e v e l  s o m e t i m e s  b e i n g  10 db 
u n d e r  the  l e v e l  of the  i n t e g e r  h a r m o n i c s .  

The  o c c u r r e n c e  of s u b h a r m o n i c s  i s  not  d i f f i cu l t  to u n d e r s t a n d .  In a h i g h - i n t e n s i t y  
sound  f i e ld  the  o s c i l l a t i n g  a i r  b u b b l e s  change  t h e i r  v o l u m e  to a g r e a t  ex t en t  d u r i n g  
one p e r i o d .  T h a t  m e a n s  t ha t  the  c o m p l i a n c e  of a i r  and the  m a s s  of w a t e r  t ak ing  p a r t  
i n t h e  o s c i l l a t i o n  a r e  f u n c t i o n s  of t i m e .  In t h i s  c a s e  we have  a r h e o l i n e a r  o s c i l l a t i o n ,  
the  d i f f e r e n t i a l  e q u a t i o n  of wh ich  a d m i t s  a l s o  s u b h a r m o n l c s  a s  s o l u t i o n s .  W. Giith 
(4) s t a r t s  f r o m t h e  p r i n c i p l e  t ha t  the  o s c i l l a t i o n  i s  n o n l i n e a r ,  s i n c e  the  c o m p l i a n c e  of 
the  a i r  c u s h i o n  i s  a func t ion  of the  o s c i l l a t i o n  a m p l i t u d e .  The c o m p l i a n c e  i n c r e a s e s  
wi th  i n c r e a s i n g  a m p l i t u d e .  The  r e s o n a n c e  c u r v e  of s u c h  a s y s t e m  i s ,  a s  i s  w e l l k n o w n ,  
not  s y m m e t r i c a l .  The  m a x i m u m  of the  c u r v e  m o v e s  t o w a r d s  l ower  f r e q u e n c i e s  wi th  
i n c r e a s i n g  a m p l i t u d e .  At  the  s a m e  t i m e  the  o c c u r r e n c e  of s u b h a r m o n l c s  i s  p o s s i b l e .  
It i s ,  h o w e v e r ,  s u r p r i s i n g  t ha t  e s p e c i a l l y  o n e - h a l f  the  exc i t i ng  f r e q u e n c y  and  the  c o r -  
r e s p o n d i n g  o v e r t o n e s  a r e  so  c l e a r l y  o b s e r v a b l e .  T h i s  m e a n s  tha t  i n t h e  o s c i l l a t i o n  of 
the  b u b b l e  a p e r i o d i c  a m p l i t u d e  o r  p h a s e  m o d u l a t i o n  wi th  o n e - h a l f  the  e x c i t i n g  f r e -  
q u e n c y  i s  v e r y  p r o m i n e n t .  

V a r y i n g  the  cond i t i ons  f o r  u l t r a s o n i c  c a v i t a t i o n  s u c h  as  a i r  con t en t  o r  e x c i t i n g  
a m p l i t u d e ,  m o r e  a s t o n i s h i n g  r e s u l t s  wi th  r e s p e c t  to  the  sound  p r e s s u r e  o s c i l l o g r a m  
o r  to  the  sound  s p e c t r u m  m a y  be  ob ta ined .  Such i n v e s t i g a t i o n s  w e r e  c a r r i e d  out  by  
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S o n i c  a n d  U l t r a s o n i c  C a v i t a t i o n  i n  G 6 t t i n g e n  
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Fig. Z - Spectra of cavitation noise 

L. Bohn  (3). His  a p p a r a t u s  w as  v e r y  s i m p l e  in p r i n c i p l e  (Fig.  3). T w e n t y - o n e  m a g -  
n e t o s t r i c t i v e  s y s t e m s  wi th  a r e s o n a n c e  f r e q u e n c y  of 14.6 k c / s  c o n n e c t e d  in  p a r a l l e l  
w e r e  a r r a n g e d  in  s u c h  a w a y t h a t  the  sound  w as  f o c u s e d  on  a s m a l l  a r e a .  In the  focus  
a m i c r o p h o n e  was  p l a c e d ,  c o n s i s t i n g  of a 
t h in  n i c k e l  w i r e  of abou t  0 . 5 - m m d i a m e t e r  
(5). Only the  t ip  of the  n i c k e l  w i r e  w as  
s e n s i t i v e  to  sound  s i n c e  the  r e s t  of the  
w i r e  i m m e r s e d  in  the  w a t e r  w as  c o v e r e d  
wi th  a t h in  p l a s t i c  tube .  The  p a r t  of the  
w i r e  ou t s ide  the  w a t e r  had  c o n s i d e r a b l e  
l eng th  and  i t s  end  w as  c o v e r e d  wi th  a 
w e d g e - s h a p e d  l a y e r  of wax so  t h a t  only  
p r o g r e s s i v e  w a v e s  a r e  exc i t ed  a t  the  t ip  
of the  w i r e .  T h e s e  e x t e n s i o n a l  w a v e s  
g e n e r a t e  a n  ac  vo l t age  in  a s o l e n o i d  a r o u n d  
the  n i c k e l w i r e .  The  m i c r o p h o n e  r e s p o n d e d  
to f r e q u e n c i e s  up to 1 M c / s  and  i t  i s  of 
m i n o r  i m p o r t a n c e  w h e t h e r  the  f r e q u e n c y  
r e s p o n s e  c u r v e  r i s e s  wi th  f r e q u e n c y ,  a s  
c o r r e s p o n d s  to the  p r i n c i p l e  of the  m a g -  
n e t o s t r i c t i v e  t r a n s d u c e r ,  o r  i s  l e v e l e d  out  
by  an  e l e c t r i c a l  ne twork .  

The  c a v i t a t i o n  b u b b l e s  have  to be  
f o r m e d  a t  the  t ip of the  m i c r o p h o n e  to 
exc i t e  d i r e c t l y  the  m i c r o p h o n e  wi th  t h e i r  
v i b r a t i o n s .  In o r d e r  to  r e a l l y  a c c o m p l i s h  

R 7 
+ 

V ' /  H'O \ \ ~  

Fig. 3 Measuring arrangement. 
i. Magnetostrictive emitter system 
tuned at 14.6 kc/s, 2. probe micro- 
phone, 3. nickel wire, 4. permanent 
magnet, 5. pickup coil, 6. absorbing 
material, 7. electrolysis circuit. 
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the onset of cavitat ion at the v e r y  tip of the microphone,  espec ia l ly  with degassed 
water ,  a cur ren t  pulse  (shortened condenser  discharge)  was led through the wire  into 
the water;  so by e i ther  increas ing  the t empera tu re  of the water  over  a ve ry  smal l  
a r ea  or  by a Weak, t rans ient  e l ec t ro lys i s  gas bubble nuclei were  injected at the tip 
of the wire .  

Of specia l  in t e res t  is the cavitat ion noise for weak excitat ion in sa tura ted  or 
modera te ly  undersa tura ted  water .  Then the cavitat ion bubbles are  excited (by pulses)  
in the i r  na tura lpulsa t ion  osci l la t ion and r e v e r b e r a t e  with this frequency.  The bubbles 
a re  p re fe rab ly  s tabi l ized at ce r ta in  s izes .  Somet imes  clouds of ve ry  tiny bubbles are  
then in termi t tent ly  pushed away f rom an osci l la t ing bubble. This is probably caused 
by s t rong osci l la t ions  of the bubble sur face  exci ted by the high acce le ra t ion  re la ted  to 
the pulsation. It there fore  suggests  i t se l f  to assume that in this case the natural  pul-  
sation coincides with a natural  surface  osci l la t ion of the bubble. For  weak excitat ion 
the surface  v ibra tes  on a subharmonic overtone based upon one-half  the natural  f r e -  
quency of the pulsat ion oscil lat ion.  For  s t rong exci tat ion a higher o rder  of the surface  
osci l la t ion coincides d i rec t ly  with the natural  f requency of the pulsation oscil lat ion.  

o 1560 

i'° )'71= S,o 
, .oo f ~ ~  j "  

150- I 
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F i g .  4 - F r e q u e n c i e s  o f  t h e  n a t u r a l  r a d i a l  
o s c i l l a t i o n s  a n d  o f  s o m e  m o d e s  o f  s u r f a c e  
o s c i l l a t i o n s  f o r  a i r  b u b b l e s  i n  w a t e r  a s  a 
f u n c t i o n  o f  t h e  r e c i p r o c a l  r a d i u s  

In Fig. 4 the eigenfrequency f0 of the 
pulsat ion osci l la t ion and, the half-  
o rder  subharmonic f0/2 as well  as the 
different  over tones  (f 1 to f e ) f rom  the 
second to the seventh o rder  are  plotted 
against  the r ec ip roca l  bubble radius 
according to the formula  given by 
Minnaert .  It is evident f rom the graphs 
that for 43, 67, 112, and 210 k c / s  the 
eigenfrequency of the pulsation osc i l -  
lation for the corresponding bubble 
s ize  coincides withthe seventh, sixth, 
fifth, and fourth order  respec t ive ly  of 
the surface  oscil lat ion.  The third 
o rder  can also coincide with one-half  
the fundamental f requency of the pul-  
s a t i o n  oscil lat ion,  resul t ing in a 
" s t ab le"  osci l la t ion at i17 kc / s .  

A quantitative confirmation of 
s ta tements  is given in Figs.  5 and 6. 

F i g .  5 - B u b b l e  o s c i l l a t i o n  d u r i n g  c a v i t a t i o n  p r o c -  
e s s .  E x c i t i n g  f r e q u e n c y :  1 4 . 6  k c / s .  A m p l i t u d e  
c a .  i a t m .  N a t u r a l  f r e q u e n c y  o f  b u b b l e :  l l 0 -  1 2 0  
kc/s. Saturation of water: 70 - 80%. 
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Fig .  6 - Bubble  o s c i l l a t i o n s  d u r i n g  c a v i t a t i o n  p r o c -  
e s s .  Exc i t i ng  f r e q u e n c y :  14.6 k c / s .  Ampl i t ude  ca.  
1 a i m .  N a t u r a l  f r e q u e n c y  of bubble :  65 - 70 k c / s .  
S a t u r a t i o n  of w a t e r :  80 - 90%. 

H e r e  we h a v e  weak  cav i t a t i on ;  the  sound  p r e s s u r e  i s  0.7 a t m  and  the  s a t u r a t i o n  w i th  
a i r  abou t  70 to 80 p e r c e n t  (Fig.  5). The  c o r r e s p o n d i n g  v a l u e s  fo r  Fig .  6 a r e  1 a t m  
and  80 to 90 p e r c e n t  s a t u r a t i o n .  In the  o s c i l l o g r a m  a s  we l l  a s  in  the  s p e c t r u m  the  
p r e f e r e n c e  of a c e r t a i n f r e q u e n c y  r a n g e  - u s i n g  a t e r m  f r o m  p h y s i o l o g i c a l  and  m u s i c a l  
a c o u s t i c s  one m i g h t  s ay  " f o r m a n t  f r e q u e n c y "  - i s  obv ious .  In Fig.  5 t h i s  i s  110 to 120 
k c / s ,  in  Fig.  6 i t  i s  65 to 70 k c / s .  A l so  l ower  " f o r m a n t "  f r e q u e n c i e s  m i g h t  o c c u r ,  a s  
fo r  e x a m p l e  the  f r e q u e n c i e s  15.8 and  16.6 k c / s  r e s p e c t i v e l y  and  22 k c / s  in  Fig .  7 f o r  
a sound  p r e s s t t r e  of 1 a t m  and  a i r - s a t u r a t e d  w a t e r .  On the  o t h e r  hand  a l s o  h i g h e r  
f o r m a n t  r a n g e s  a r e  p o s s i b l e  ( see  Fig .  8); the  s a t u r a t i o n  c o r r e s p o n d i n g  to  Fig.  8 i s  60 
to 70 p e r c e n t  and  the  sound  p r e s s u r e  i s  r e l a t i v e l y  h igh  (2 a tm) .  

F o r  v e r y  s t r o n g  sound  e x c i t a t i o n  t h i n g s  b e c o m e  r a t h e r  complex .  T h e r e  o c c u r  
r e v e r b e r a t i n g  o s c i l l a t i o n s  of the  b u b b l e s  a t  c e r t a i n  f r e q u e n c i e s .  A l so  s t a b i l i z a t i o n  in  
the  above  d e s c r i b e d  s e n s e  i s  o b s e r v e d .  As i s  e x p e c t e d ,  the  e n e r g y  of t he  s p e c t r u m  in  
a l l  c a s e s  i n c r e a s e s  wi th  f r e q u e n c y .  T h e r e  a r e  s h a r p  m a x i m a  in  the  o s c i l l o g r a m s  
wi th  a p u l s e  wid th  of on ly  s o m e  m i c r o s e c o n d s .  The  wid th  of t h e s e  p u l s e s  c an  b e  c a l -  
cu l a t ed  f r o m  the  m i n i m a  in  the  r e s p e c t i v e  f r e q u e n c y  r a n g e s  of the  s p e c t r u m .  In Fig .  
9 a s p e c t r u m  of t h i s  type  i s  g iven .  T h e r e  i s  a m a r k e d  m i n i m u m  a t  abou t  200 k c / s .  

A n o t h e r  e x a m p l e  i l l u s t r a t i n g  how the  
n o i s e  s p e c t r u m  e x t e n d s  to h i g h e r  f r e q u e n c i e s  
w h e n  the  e x c i t i n g  sound  p r e s s u r e  i s  r a i s e d  
f r o m  1 to 4 a t m  i s  g i v e n  in Fig.  10. 

On the  o t h e r  h a n d  in  s a t u r a t e d  o r ,  
b e t t e r ,  o v e r s a t u r a t e d  w a t e r  l a r g e r  b u b b l e s  
a r e  f o r m e d  wh ich  a r e  in  r e s o n a n c e  w i th  the  
e x c i t i n g  f r e q u e n c y  of 14.6 k e / s .  T h e n  t h e r e  
a r e  no s h a r p  sound  p u l s e s  and  the  o s c i l -  
l o g r a m  r e s e m b l e s  m o r e  o r  l e s s  a s i ne  
c u r v e .  

V e r y  s h a r p  p u l s e s  a r e  n a t u r a l l y  o b s e r v e d  
in  e x t r e m e l y  u n d e r s a t u r a t e d  w a t e r  a t  h i g h e r  
e x c i t i n g  sound  p r e s s u r e  a m p l i t u d e s .  The  
s p e c t r u m  i s  t h e n  e x c l u s i v e i y  g i v e n  b y  the  

O O O Q O 0 0 0 0 0 0 0 0 0 0 0 0  

f i 
rk,'l~jL I I , 

I I + i i i i 

3 15 30 45 100 150kc/s 

F i g .  7 - N o i s e  s p e c t r u m  of  o s c i l -  
l a t i n g  b u b b l e s  i n  a i r -  s a t u r a t e d  
w a t e r .  S o u n d  p r e s s u r e  a b o u t  1 a i m .  
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Fig. 8 - Bubble oscillation during cavitationproc- 
ess. Exciting frequency: 14.6 kc/s. Amplitude 
ca, 2 arm. Saturation of water: 60 - 70%. 

Fig. 9 - Pressure shock caused by bubble collapse. 
]Exciting frequency: 14.6 kc/s. Amplitude about 4 atm. 
Saturation of water: 70%. 

f o r m  of the  p u l s e s  (Fig.  11). The  e n v e l o p e  of the  s p e c t r u m  c a n  e a s i l y  be  e x p l a i n e d  
wi th  the  a s s u m p t i o n  of a c o s i n e  p u l s e  of 6 to 7 ~ s e c  d u r a t i o n .  

The  o c c u r r e n c e  of a c o n t i n u o u s  s p e c t r u m  h a s  o f ten  b e e n  the  s u b j e c t  of d e t a i l e d  
d i s c u s s i o n .  F o r  s o m e  t i m e  i t  was  b e l i e v e d  t h a t  the  con t inuous  s p e c t r u m  was  a 
c r i t e r i o n  fo r  r e a l  c a v i t a t i o n ,  t h a t  i s ,  c a v i t a t i o n  of v a p o r  b u b b l e s .  A m o r e  s i m p l e  
r e a s o n  f o r  the  e x i s t e n c e  of a c o n t i n u o u s  s p e c t r u m  is  t ha t  the  a m p l i t u d e  o r  the  p h a s e  
of the  g a s  b u b b l e  o s c i l l a t i o n  i s  s u b j e c t e d  to s t a t i s t i c a l  f l u c t u a t i o n s ,  wh ich  c o n s e -  
quen t ly  r e n d e r  a c o n t i n u o u s  s p e c t r u m .  The  v a p o r  b u b b l e  c av i t a t i on ,  if i t  a t  a l l  h a s  
to  be  d i s t i n g u i s h e d  f r o m  the  f o r m a t i o n  of ga s  b u b b l e s ,  i s  s u p p o s e d  to be  the  s t r o n g e r  
the  h i g h e r  the  f r e q u e n c i e s  in  the  s p e c t r u m  a r e .  

S i m u l t a n e o u s l y  wi th  the  above  m e n t i o n e d  i n v e s t i g a t i o n s  E. M u n d r y  and  W. Gfith 
(6) f i l m e d  t he  ga s  b u b b l e  o s c i l l a t i o n  i t s e l f .  In t h e s e  e x p e r i m e n t s  the  o s c i l l a t i n g  c a v i -  
t a t i o n  b u b b l e  i s  g e n e r a t e d  a t  t he  t ip of a m a g n e t o s t r i c t i v e  n i c k e l  r o d  (2.5 k c / s ) .  The  
bubb le  i s  l i gh t ed  up wi th  an  i n t e r m i t t e n t  e l e c t r i c  s p a r k  and  t h e n  r e c o r d e d  on a 
s t a t i o n a r y  f i l m  wi th  the  he lp  of a r e v o l v i n g  m i r r o r ;  the  m a x i m a l  n u m b e r  of e x p o s u r e s  
i s  abou t  105,000 f r a m e s / s e e .  As s o o n  as  t h e b u b b l e  h a s  b e e n  r e g i s t e r e d  the  sound  i s  
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cut off at  once and the s i z e  of the 
bubble  at  r e s t  i s  m e a s u r e d .  The f i lm  
i s  t hen  eva lua ted  by p l a n i m e t e r i n g  the 
bubble .  Thus  an " a v e r a g e "  bubble 
r a d i u s  is  found. This  r ad iu s  i s p l o t t e d  
as  a func t ion  of t i m e  for  a number  of 
bubb le s  of d i f f e r e n t  s i z e s  in Fig.  12. 
The a v e r a g e  r a d i u s  of the bubb les  in 
th i s  f igu re  r a n g e s  f r o m  1.42 m m  down 
tc  0.3 ram. T h e s e  s i z e s  a r e  ind ica ted  
wi th  the d a s h - d o t  l ines  in the de ta i l ed  
p i c t u r e s  in Fig.  12. The da shed  l ines  
give the c o r r e s p o n d i n g  decay  c u r v e s  
a c c o r d i n g  to the t h e o r y  of Rayleigh.  
Two conc lu s ions  may  be d r a w n  f r o m  
the r e s u l t s .  F i r s t l y ,  the t i m e  i n t e rva l  
dur ing  which the bubble  is  l a r g e r  than 
in the e q u i l i b r i u m  pos i t i on  (under -  
p r e s s u r e  p h a s e )  is  longer  than  the 
t i m e  i n t e r v a l  dur ing  which  the bubble  
is  s m a l l e r .  Th i s  m e a n s  that  if gas  
d i f fus ion  o c c u r s  the  d i r e c t i o n  of the 
d i f fus ion  f r o m  the l iquid into the 
bubble  i s  p r e f e r r e d  to the oppos i t e  
d i r e c t i o n ,  so  that  the bubble  is  g r o w -  
ing. Even  m o r e  i n t e r e s t i n g  than- th i s  
p h e n o m e n o n  is the r e v e r b e r a t i o n  of 
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Fig. 10 - Noise spectra for increasing 
exciting sound pressure 

Exciting sound Air . 

pre s sure s atur ation 

(arm) (%) 

a. 1.0 80 
b. Z.0 80 
c. 3 to 4 60 to 70 
d. 3 to 4 60 to 70 

the bubble  exc i t ed  by the implos ion .  E s p e c i a l l y  fo r  the s m a l l e r  bubb le s  th i s  is  c l e a r l y  
v i s i b l e .  The r e v e r b e r a t i o n  f r e q u e n c y  is  p r a c t i c a l l y  g iven  by the na tu ra l  f r e q u e n c y  
of the pu l s a t i on  o sc i l l a t i on  ca l cu l a t ed  a c c o r d i n g  to the l i n ea r  t h e o r y  of the bubble  
o sc i l l a t i on .  In Fig.  13 a n u m b e r  of e x a m p l e s  of such  m e a s u r e m e n t s  a r e  co l l ec ted .  
P lo t t ed  aga ins t  the  m e a s u r e d  length  of the p e r i o d  of the na tu ra l  o s c i l l a t i o n  of the 
bubble  i s  the m e a s u r e d  r ad iu s  of the bubble  in e q u i l i b r i u m  pos i t ion .  The l ine c o r -  
r e s p o n d s  to the ca l cu l a t ions  of Minnae r t .  The r e s u l t s  a r e  obvious ly  in good a g r e e -  
men t  wi th  the above men t ioned  i nves t i ga t i ons  on the cav i ta t ion  s p e c t r u m .  

It is  a l so  p o s s i b l e  to make  the shock  waves ,  c aused  by the i m p l o s i o n  of the bubble  
in the w a t e r ,  v i s i b l e  wi th  a s c h l i e r e n  me thod  (Fig. 14). T h e r e b y  a n u m b e r  of shock  
waves  a r e  o b s e r v e d  in t e m p o r a l  s u c c e s s i o n ,  a l l  of t h e m  having t h e i r  c e n t e r  on the 
s u r f a c e  of the t r a n s m i t t e r  but at d i f f e r en t  po in t s .  This  is  no wonde r .  It only i nd i ca t e s  

o D o o o o o o o o o e o o e o o  

[llllLIh . . . . . . .  _ ~  
- - ] l l l [ l l l l ] l l l l t~  H hLLL~_ 
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Fig.  I i  - S o u n d p r e s s u r e  a n d n o i s e  s p e c t r u z n f o r  cav i -  
ta t ion in u n d e r s a t u r a t e d  wate r .  Air  sa tura t ion :  60%. 
Sound p r e s s u r e  3 to 4 atn~. 
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Fig. lZ - Radius of oscillating gas bubbles as a function of time for bubbles 
with different diameters 

that  t h e r e  a r e  d i f f e r en t  c e n t e r s  of imp los ion .  That  aga in  may  be t aken  as  an op t ica l  
a r g u m e n t  or  p r o o f  fo r  the o c c u r r e n c e  of a cont inuous  s p e c t r u m  i n t h e  cav i t a t i on  no ise ;  
the shock  w a v e s  i l l u s t r a t e d  in Fig.  14 fo r  ex amp l e  a r e  g e n e r a t e d  wi th in  a t i m e  i n t e r -  
val  of at l e a s t  80 ~ s e c .  

A m o r e  de t a i l ed  s tudy of the shock  w a v e s  s h o w s  a s low p r e s s u r e  i n c r e a s e  at  the  
f ron t  of the  shock  waves  w h e r e a s  on the b a c k s i d e  t h e r e  is  a s t eep  d e c r e a s e .  A c c o r d i n g  
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Fig.  13 - P e r i o d s  of the ( l inear)  n a t u r a l  o s c i l l a -  
t ions  of gas bubbles  as a funct ion of t he i r  rad ius  
at  r e s t .  

to W. G/ith (7) t h i s  can  be  exp la ined  by looking at  the a c c e l e r a t i o n  of the  w a t e r  as  a 
func t ion  of t ime ;  we have  an i n c r e a s e  of the  a c c e l e r a t i o n  to the c e n t e r  and then  a 
sudden  r e t a r d a t i o n .  

At t h i s  point  s o m e  s h o r t  r e m a r k s  wi l l  be  put  in on c lean ing  of s u r f a c e s  with 
u l t r a s o n i c s ,  which  in the  p a s t  y e a r s  b e c a m e  an o f t e n - u s e d  p r a c t i c e .  J .  Olaf has  
w o r k e d  on th i s  p r o b l e m  in our  in s t i tu t e .  By mak ing  m e a s u r e m e n t s  in a l a r g e r  f r e -  
quency  r a n g e  he has  found out tha t  fo r  the  s p e e d y  c lean ing  of a d i r t y  s u r f a c e  (in h i s  
c a s e  g l a s s  p l a t e s  w i t h p o l i s h i n g  rouge  (Fe 20 3) 
con tamina t ion)  cav i t a t ion  i s  abso lu t e ly  n e c e s -  
s a r y .  If - without  chang ing  the  s o u n d p r e s s u r e  
- the  cav i t a t i on  i s  p r e v e n t e d  by  a high s t a t i c  
o v e r p r e s s u r e  the  c l ean ing  e f f ec t  is  p r a c -  
t i ca l ly  gone.  The d i f f e r e n c e s  in  the  c lean ing  
e f fec t  at  d i f f e r e n t  f r e q u e n c i e s  a r e  of s e c o n d -  
a ry  na tu re .  They  a r e  f o r  e x a m p l e  c a u s e d  by 
the d i r e c t i v i t y  of the  t r a n s m i t t e r  a .o.  It has  
a l so  to be  kep t  in  m i n d  tha t  at  h ighe r  f r e -  
q u e n c i e s  cav i t a t i on  i s  g e n e r a t e d  at  h i g h e r  
expense .  

CAVITATION BY A SINGLE 
UNDERPRESSURE PULSE 

For  the  e luc ida t ion  of the  f o r m a t i o n  and 
g rowth  of c a v i t a t i o n b u b b l e s  i t  i s  of advantage  
not to  u se  p e r i o d i c  u n d e r p r e s s u r e  i n t e r v a l s  
but  to apply  only one s i ng l e  u n d e r p r e s s u r e  
pu l se .  T h i s p r o b l e m  w a s  t a c k l e d  by G. Kur t ze  
(9). His  e x p e r i m e n t a l  se tup  i s  g iven  s c h e -  
m a t i c a l l y  in Fig .  15. A b a r i u m  t i t a n a t e  
ca lo t te  of 1 0 - c m  d i a m e t e r  and 6 - m m  th i ck -  
n e s s  is  t e r m i n a t e d  at  i t s  b a c k s i d e  by a long 

Fig.  14-  Sch l i e r en  opt ica l  p i c t u r e s  
of shock waves 
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Fig. 15 - Experimental setup for the exci- 

tation of cavitation by a single underpres- 

sure pulse 

b r a s s  cy l inde r .  The f ron t  s u r f a c e  is  
adjo in ing to a l iquid.  The sound is  
f o cu s ed  into th i s  l iquid.  The l iquid 
unde r  t e s t  i s  con ta ined  in a th in -  
wa l l ed  g l a s s  s p h e r e  in the foca l  point .  
The s t a t i c  p r e s s u r e  ins ide  th i s  g l a s s  
s p h e r e  can be r e d u c e d  to the vapor  
p r e s s u r e  of the t e s t  l iquid.  The sound 
is  g e n e r a t e d  by  s lowly  c h a r g i n g  the 
b a r i u m  t i t ana te  ca lo t te  to 12 kv and 
d i s c h a r g i n g  it wi th  a t i m e  co n s t an t  of 
2.5 ~sec .  The t i m e  cons t an t  is  s l igh t ly  
h i g h e r  than half  the p e r i o d  of the  
na tu ra l  v i b r a t i o n  of the b a r i u m  t i t an -  
ate  ca lo t te .  Thus dur ing  the r e v e r -  
b e r a t i o n  of the b a r i u m  t i t ana te  the 
u n d e r p r e s s u r e  ampl i tude  is  d o m i n a t -  
ing. The b r a s s  cy l i n d e r  o n t h e  b a c k -  
s ide  of the b a r i u m  t i t ana te  ca lo t te  is  
long enough to de lay  t h e  sound 
r e f l e c t e d  at i t s  o t h e r  end unt i l  the 
p r o c e s s  in the  t e s t  l iquid is  f in i shed .  
The o s c i l l o g r a m  of the sound p r e s -  
s u r e  in the foca l  po in t  as  a func t ion  
of t i m e  was  m e a s u r e d  with the  help  
of a t iny b a r i u m  t i t ana te  cube of 
1 - m m  3 vo lume .  T h e r e  is  p r a c t i c a l l y  
only an u n d e r p r e s s u r e  p u l s e  (Fig.  16). 

With th is  a p p a r a t u s  it i s  p o s s i b l e  to m e a s u r e  the sound p r e s s u r e  n e c e s s a r y  to 
in i t ia te  cav i t a t ion  and to o b s e r v e  the  g rowth  of the cav i t a t ion  bubble .  Of c o u r s e ,  fo r  
that  p u r p o s e  it is  i n d i s p e n s a b l e  to make  a l a r g e  v i s i b l e  bubble .  This  could only be  
ach i eved  by sub jec t ing  the t e s t  l iquid to a s t a t i c  u n d e r p r e s s u r e .  On the o t h e r  hand 
the g rowth  of the bubble  could be  ca l cu l a t ed  unde r  c e r t a i n  a s s u m p t i o n s  as  fo r  ex amp l e  
a d i s a p p e a r i n g  h y d r o s t a t i c  p r e s s u r e  and an u n d e r p r e s s u r e  p u l s e  of 1 - ~ s e c  d u ra t i o n  
and 2 0 - a t m  ampl i tude .  The r e s u l t s  a r e  p lo t t ed  as  a do t ted  l ine in Fig.  17. The two 
e x p e r i m e n t a l  c u r v e s  show that  the a s s u m p t i o n s  made  fo r  the  ca lcu la t ion  can be 
r e a l i z e d  to a c e r t a i n  extent .  

| | 1or'sac 

Fig. 16 - Pressure in the focal point of the barium 
titanate calotte as a function of time. Sound 
pressure: i0 atrn. 

188 



S o n i c  a n d  U l t r a s o n i c  C a v i t a t i o n  in  G ~ t t i n g e n  

0.9 
-"" CALCULATED 

.,... '"" (I p.S, -20 ATM) 
0.8 

0.7 . . ' " ~ ' ~ ' P  p°+ Ilmm WS 

po + IOmm WS 
0.6 ."" 

0.5 ~ / p  

0.4 

0.5 

0.2 • 

o. i 
I i I 1 

o 0.5 I.o i.5 2.0 
t (ms) 

F i g .  17 - B u b b l e  r a d i u s  a s  a f u n c t i o n  of  t i m e  w i t h  a s i n g l e  
pulse  of Z - p s e c  pu l se  width  a n d Z 0 - a t m  p r e s s u r e  a m p l i -  
tude (Po~  O) 

In the  a p p a r a t u s  d e s c r i b e d  h e r e  the  c a v i t a t i o n  t h r e s h o l d  r e a c h e s  20 a t m  fo r  a l l  
l i qu ids  u n d e r  t e s t  s u c h  as  w a t e r ,  t r a n s f o r m e r  oi l ,  c a r b o n  t e t r a c h l o r i d e ,  and  o t h e r s  
a f t e r  expos ing  t h e m  fo r  a l o n g e r  o r  s h o r t e r  t i m e  to a i r  a n d i s  i n d e p e n d e n t  of the  d i s -  
s o l v e d  a i r  con ten t .  

A l so  a n o t h e r  m e t h o d  to ob ta in  a s i n g l e  c a v i t a t i o n p r o c e s s  was  s t ud i ed  in GSt t ingen  
(J. S c h m i d  (10)). A w a t e r  c o l u m n  c o n t a i n e d  in a g l a s s  tube  is  g iven  a h igh  t r a n s l a t o r y  
v e l o c i t y  which  i s  t h e n  suddenlY r e t a r d e d .  T h u s  h igh  r e t a r d a t i o n  f o r c e s  a r e  s e t  f r e e  
and  the  w a t e r  i s  t o r n  a p a r t .  To le t  t h i s  h a p p e n  a t  a g i v e n  po in t  a b u b b l e  n u c l e u s  i s  
i n j e c t e d  by  a s h o r t - t i m e  e l e c t r o l y s i s .  The  p r o c e s s  i s  f i l m e d  wi th  a h i g h - s p e e d  
c a m e r a .  Two e x a m p l e s  of s u c h  r e g i s t r a t i o n  a r e  g i v e n  in F igs .  18a and  18b. The  
m a x i m a l  d i a m e t e r  of t h e b u b b l e s  i s  1.5 and  1.2 c m  r e s p e c t i v e l y .  The  c a m e r a  o p e r a t e s  
a t  the  r a t e  of 5000 and  63,000 f r a m e s / s e c .  The  g r o w t h  of the  b u b b l e  t a k e s  about  2.5 
ms ,  the  decay  about  0.9 m s .  N a t u r a l l y  a l s o  in t h i s  c a s e  a n  o s c i l l a t i o n  i s  o b s e r v e d  
d u r i n g  the  decay  of the  bubb le .  The  g r o w t h  of the  b u b b l e  d u r i n g  the  s e c o n d  p e r i o d  i s  
d i f fuse  and  i r r e g u l a r  in  r e l a t i o n  to s p a c e .  T h i s  i s  g e n e r a l l y  known and  w a s  a l r e a d y  
o b s e r v e d  by  W. G(ith (7) fo r  the  c o l l a p s e  of hot  w a t e r  v a p o r  b u b b l e s .  It i s  w o r t h  
m e n t i o n i n g  t ha t  the  i m p l o s i o n  at  the  f i r s t  a s  we l l  a s  a t  t he  s e c o n d  c o l l a p s e  of the  
b u b b l e  i s  so  v io l en t  t ha t  the  r a d i a t e d  s h o c k w a v e s  c a n d i r e c t l y  be  p h o t o g r a p h e d  wi thou t  
any  s c h l i e r e n  o p t i c s  (Fig.  18c). F i g u r e  18c s h o w s  t ha t  t h e r e  i s  a n u m b e r  of i m p l o s i o n  
c e n t e r s  wh ich  a r e  l oca t ed  c l o s e  t o g e t h e r  bu t  ac t  in  t e m p o r a l  s u c c e s s i o n .  

RELATION B E T W E E N  PRESSURE AND 
LUMINESCENCE FOR VIBRATION CAVITATION 

C l o s e l y  r e l a t e d  to son i c  o r  u l t r a s o n i c  c a v i t a t i o n  i s  s o n o l u m i n e s c e n c e ,  t h i s  b e i n g  
the  p h e n o m e n o n  tha t  s m a l l  o s c i l l a t i n g  ga s  b u b b l e s  c o n t a i n e d  in the  l iqu id  e m i t  l ight .  
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Fig. 18a - Cavitation excited by the sudden retardation of a fast moving water 

column. Repetition frequency, 4800 frames/sec. Maximum diameter of the bubble 

about 1.5 em. Time of growth about 2.5 ms. Time of decay about 0.9 ms {without 

rebound). 

Fig. 18b - Decay and rebound of a bubble. Repetition frequency, 63,000 frames/sec. 

Maximum diameter of the bubble about l.Z cm. 
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Fig. 18c - Shock waves radiated by collapsing 
bubbles without Schlieren optics 

The s 0 n o l u m i n e s c e n c e  h a s  o f ten  b e e n  the  s u b j e c t  of i n v e s t i g a t i o n s ,  and  t h e r e  a r e  a 
n u m b e r  of t h e o r i e s t r y i n g t o  e x p l a i n i t .  One of t h e m  i s t h e  " h o t - s p o t  t h e o r y . "  A c c o r d -  
ing to t h i s t h e o r y  the  gas  in  a c o l l a p s i n g b u b b l e  i s  e x p o s e d  to an  e x t r e m e l y  h igh  c o m -  
p r e s s i o n  and  i s  c o n s e q u e n t l y  h e a t e d  up, thus  e m i t t i n g  l ight .  A n o t h e r  t h e o r y  s t a r t s  
wi th  the  s e p a r a t i o n  of e l e c t r i c  c h a r g e s  a t  the  s u r f a c e  of a bubb le  w h e n  t h i s  is  t o r n  
a p a r t ;  the  gas  d i s c h a r g e  i n s i d e  the  b u b b l e  i s  the  d e c i s i v e  effect .  A l so  the  c h e m o -  
l u m i n e s c e n c e  and  the  t r i b o l u m i n e s c e n c e  a r e  d i s c u s s e d  in t h i s  connec t ion .  Now v e r y  
r e c e n t l y  W. U. W a g n e r  h a s  in our  i n s t i t u t e  c o m p l e t e d  a s e r i e s  of e x p e r i m e n t s .  

His  e x p e r i m e n t a l  se tup  i s  in  p r i n c i p l e  a r r a n g e d  as  in  Fig.  19. A q u a r t z  c r y s t a l  
wi th  a r e s o n a n c e  f r e q u e n c y  of 260 k c / s  g e n e r a t e s  s t a n d i n g  u l t r a s o n i c  w a v e s  in f r o n t  
of a 4 / 4  m e t a l  r e f l e c t o r .  Wi th  a v e r y  s m a l l  b a r i u m  t i t a n a t e  m i c r o p h o n e  (M) w i th  a 
v o l u m e  of 1 m m 3 ,  c a r e f u l l y  i s o l a t e d  a c o u s t i c a l l y  f r o m  the  l eads  and  i t s  moun t ing ,  
the  a l t e r n a t i n g  s o u n d p r e s s u r e  i s  m e a s u r e d .  The  m i c r o p h o n e  c a n b e  m o v e d i n t h e  f ie ld  
of s t and ing  waves .  The  t iny  ga s  b u b b l e s  o s c i l l a t i n g  p r o b a b l y  be low t h e i r  r e s o n a n c e  f r e -  
quency  a r e  c o l l e c t e d  in the  p r e s s u r e  m a x i m a  ,~f the  s t a n d i n g  wave.  T h i s  e f fec t  is ,  of 
c o u r s e ,  g e n e r a l l y k n o w n  and  it  can  a g a i n  c l e a r l y  be  s e e n  in Fig.  20 showing  the  e m i s s i o n  
of l ight .  One migh t ,  in  t h i s  case ,  s p e a k  of 
a r a d i a t i n g  g r a t i n g  m a d e  up of a g r e a t  
n u m b e r  of s e p a r a t e  l i g h t  s o u r c e s ,  
n a m e l y ,  the  l i g h t - e m i t t i n g  b u b b l e s .  
B e c a u s e  of the  a l t e r n a t i n g  p h a s e  only  
e v e r y  s e c o n d  row of r a d i a t i n g  b u b b l e s  
in  the  s t and ing  wave iS f o c u s e d  (L) on a 
p h o t o m u l t i p l i e r  (PM) by  m e a n s  of a 
s u i t a b l e  g r a t i n g  (G). The  m i c r o p h o n e ,  
s e n s i t i v e  to sound  p r e s s u r e ,  i s  s i t u a t e d  
in one of t h o s e  p r e s s u r e  m a x i m a ,  which  
a r e  u s e d  " o p t i c a l l y . "  P r e s s u r e  and  
u n d e r p r e s s u r e  i n d i c a t i o n  of the  m i c r o -  
phone  have  b e e n  c a r e f u l l y  d e t e r m i n e d  
wi th  s e v e r a l  c a l i b r a t i o n  m e t h o d s .  On 
the  s c r e e n  of an  o s c i l l o s c o p e  the  a l t e r -  
na t ing  sound  p r e s s u r e  a s  w e l l  as  
the  e m i s s i o n  of l igh t  a r e  r e g i s t e r e d  
s i m u l t a n e o u s l y .  

nlllnlltiUlll l!JUllFl l !m 
K,\ ' IM%,//I 

\ l ,  

G -,Z:~- 

PM ~ T3"T- 

Fig.  19 - S c h e m a t i c  of the e x p e r i m e n t a l  
se tup  for  the  i n v e s t i g a t i o n  of s o n o l u m i -  
n e s c e n c e :  M, m i c r o p h o n e ;  G, g ra t ing ;  
PM, p h o t o m u l t i p l i e r ;  L, l ens  
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Fig. 20 - Sonoluminescence in a standing wave 

W a g n e r  found out  t h a t  the  e m i s s i o n  of l igh t  i s  c e r t a i n l y  not  c o n s t a n t  wi th  t i m e ,  
a s  i s t h e  c a s e  when,  fo r  e x a m p l e ,  L u m i n o l i s  added  to  the  w a t e r ,  bu t  t h a t  i t  i s  e m i t t e d  
in p u l s e s .  The  m o s t  i m p o r t a n t  r e s u l t ,  h o w e v e r ,  i s t h a t  the  e m i s s i o n  of l igh t  c o i n c i d e s  
r a t h e r  a c c u r a t e l y  wi th  r e s p e c t  to  t i m e  w i t h  the  u n d e r p r e s s u r e  p h a s e  of the  a l t e r n a t i n g  
sound  p r e s s u r e  (Fig.  21). T h e s e  m e a s u r e m e n t s  w e r e  c a r r i e d  out  in  w a t e r  s a t u r a t e d  
w i t h  a i r  o r  wi th  k ryp ton .  In the  c a s e  of k r y p t o n  the  l u m i n e s c e n c e  i s  c o n s i d e r a b l y  
s t r o n g e r .  In Fig .  21 the  u p p e r  o s c i l l o g r a m  g i v e s  the  c o u r s e  of the  sound  p r e s s u r e  
and the  l o w e r  one the  c o r r e s p o n d i n g  output  vo l t age  of the  p h o t o m u l t i p l i e r .  In the  
s o u n d - p r e s s u r e  d i a g r a m ,  o v e r p r e s s u r e  i s  a l w a y s  p l o t t e d  u p w a r d s .  

I n F i g .  21 the  t e m p o r a l  d u r a t i o n  of the  e m i s s i o n  of l igh t  i s  r e l a t i v e l y  long, wh ich  
i s  p r o b a b l y  due to s t a t i s t i c a l  f l u c t u a t i o n s  of the  c a v i t a t i o n  as  we l l  a s  the  e m i s s i o n  of 
l ight .  The  sound  p r e s s u r e  c u r v e s  a r e  o f ten  d i s t o r t e d  b e c a u s e  of the  cav i t a t ion ,  and  
w i thou t  c a v i t a t i o n  t h e r e  i s  no  l u m i n e s c e n c e .  But  a l s o  in the  c a s e  of a m o r e  s i n u s o i d a l  
c o u r s e  of the  sound  p r e s s u r e  l i gh t  p u l s e s  a r e  o b s e r v e d .  Wi th  p r o p e r  exc i t i ng  c o n -  
d i t i ons  the  l igh t  p u l s e s  c an  be  s h o r t  and  high.  

I t  m u s t  be m e n t i o n e d  t h a t  the  m e a s u r i n g  c u r v e t t e  a l l o w s  fo r  v a r i a t i o n  of s t a t i c  
p r e s s u r e  and  t e m p e r a t u r e  of the  l iqu id  u n d e r  t e s t .  M o s t  of the  f i g u r e s  g i v e n  h e r e  
w e r e  m a d e  w i th  a n  o v e r p r e s s u r e  of 0.5 a t m .  At  v e r y  h igh  o v e r p r e s s u r e s  c a v i t a t i o n  
i s  p r e v e n t e d  and  a l s o  l u m i n e s c e n c e  i s  no t  to  be  o b s e r v e d  a n y m o r e .  

T h i s  i s  j u s t  a s h o r t  s u m m a r y  of the  r e s u l t s  of the  i n v e s t i g a t i o n .  They  show t h a t  
the  h o t - s p o t  t h e o r y  p r o b a b l y  does  no t  ho ld  t r u e  in  t h i s  case ,  s i n c e  the  l u m i n e s c e n c e  

WAVAVAm 

Fig. Z1 - 5ound pressure and luminescence. Upper oscillogram: 
sound pressure (overpressure upwards). Lower oscillogram: output 
voltage of the photomultiplier. 
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d o e s  not  co inc ide  w i t h  the  o v e r p r e s s u r e  p h a s e .  But  t h e r e  i s  the  p r e a s s u m p t i o n  t h a t  
the  b u b b l e s  a r e  s m a l l e r  t h a n  the  r e s o n a n c e  s i ze ,  i . e . ,  t h a t  t hey  a r e  v i b r a t i n g  in p h a s e  
w i t h  the  sound  p r e s s u r e ,  w h i c h  i s  no t  known w i t h  c e r t a i n t y . *  

SURFACE TENSION AND SURFACE VISCOSITY 

S u r f a c e  t e n s i o n  and  an  e v e n t u a l  s u r f a c e  v i s c o s i t y  m a y  p l ay  an  e s s e n t i a l  p a r t  fo r  
the  n u c l e a t i o n  in the  l iquid,  and  I wi l l  go in to  the  p a r t i c u l a r s  of a new w o r k  by W. 
E i s e n m e n g e r  (12) dea l ing  wi th  the  d y n a m i c  s u r f a c e  t e n s i o n  and  a p o t e n t i a l  s u r f a c e  v i s -  
c o s i t y  in l iqu ids .  D u r i n g  the  r e c e n t  y e a r s  we have  m a d e  s e v e r a l  a p p r o a c h e s  to t h i s  
p r o b l e m  at  Gb t t ingen .  In the  b e g i n n i n g  the  p r o b l e m  was  s t ud i ed  wi th  gas  b u b b l e s  in  
l iqu ids ,  e s p e c i a l l y  v e r y  s m a l l  b u b b l e s ,  w h e r e  the  s u r f a c e  t e n s i o n  h a s  a d e c i s i v e  i n f lu -  
e n c e  on the  r e s o n a n c e  f r e q u e n c y .  The  l o g a r i t h m i c  d e c r e m e n t  of the  n a t u r a l  v i b r a t i o n  
of the  bubb le  was  m e a s u r e d .  U n f o r t u n a t e l y  t h e s e  m e a s u r e m e n t s ,  wh ich  w e r e  m a d e  
wi th  a l l  s i z e s  of b u b b l e s  down to v e r y  s m a l l  ones  wi th  a r e s o n a n c e  f r e q u e n c y  of abou t  
300 k c / s ,  show tha t  the  h igh  t h e r m a l  d a m p i n g  in the  gas  c o n t a i n e d  in the  bubb le  m a k e s  
any s t a t e m e n t  abou t  the  s u r f a c e  v i s c o s i t y  i m p o s s i b l e .  One th ing  was  l e a r n e d  f r o m  t h e s e  
e x p e r i m e n t s :  one h a s  to  m a k e  a r e a l l y  f r e e  s u r f a c e  and  to u s e  c a p i l l a r y  w a v e s  a t  the  
b o u n d a r y  s u r f a c e  b e t w e e n  l iquid  and  a i r .  T h i s  h a s  b e e n  t r i e d  f o r m e r l y ,  but  w i thou t  
m u c h  s u c c e s s .  In ou r  c a s e  the  t r i c k  i s  to  e x c i t e  r h e o l i n e a r  o s c i l l a t i o n s  of the  s u r f a c e  
w i th  the  help  of a p a r a m e t r i c  exc i t a t ion :  a s m a l l  v o l u m e  of w a t e r  i s  s e t  v i b r a t i n g  
v e r t i c a l l y  and  the  exc i t i ng  a m p l i t u d e  i s  i n c r e a s e d  un t i l  a t  a c r i t i c a l  a m p l i t u d e  c a p i l l a r y  
w a v e s  o c c u r  a t  the  s u r f a c e .  The f r e q u e n c y  of t h e s e  c a p i l l a r y  w a v e s  i s  one ha l f  of the  
exc i t i ng  f r e q u e n c y .  

The  p l a n e  c a p i l l a r y  wave  i s  d e s c r i b e d  by 

= a ~ * ( t )  cos kx 

w h e r e  a i s  the  a m p l i t u d e .  The  o n s e t  of the  c a p i l l a r y  w a v e s  i s  g iven  by the  s o l u t i o n  of 
a M a t h i e u  d i f f e r e n t i a l  equa t i on  in the  f i r s t  r a n g e s  of i n s t a b i l i t y :  

~277" + 2/30 ~ + ~7*(WK 2 + kh wA 2 cos WAt ) = 0 
~t 2 

H e r e  oJ k = Wv/~k3/p i s  the  c a p i l l a r y  wave  f r e q u e n c y ,  in  w h i c h  T i s  the  s u r f a c e  t e n s i o n  
and  p i s  the  dens i ty ,  h cos WA t i s  the  e x c i t i n g  o s c i l l a t i o n  of the  w a t e r  vo lume ,  and  
fl0 i s  the  v i s c o s i t y d a m p i n g .  F o r  s m a l l  c a p i l l a r y  wave  a m p l i t u d e s ,  fl0 = 2/~k2/P w h e r e  

i s  the  v i s c o s i t y  and k i s  the  wave  n u m b e r .  The so lu t i on  of the  above  e q u a t i o n  
r e n d e r s  fo r  the  o n s e t  a m p l i t u d e  of the  rheo l inea . r  o s c i l l a t i o n  the  e x p r e s s i o n  

h 0 : 2 -~  

T h i s  o n s e t  a m p l i t u d e  h 0 of the  exc i t i ng  f r e q u e n c y  i s  g iven  by the  s u r f a c e  t e n s i o n  T and  
the  v i s c o s i t y  ~. 

-~Since the preparation of this manuscript some other observations have been made. 
For very low frequencies (2 kc/s) a relatively strong luminescence has been found 
too, in water, in glycol, and in glycerine. In this case the phase of luminescence 
did not coincide with the underpressure phase. Therefore, it was necessary to co- 
ordinate the phase of the bubble motion and the phase of luminescence. The result 
is that the luminescence pulses coincide with the collapsing bubbles, more precisely 
with the last collapsing bubbles out of a larger number of bubbles (E. Meyer and 
H. Kuttruff (II)). 
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Whenthe amplitude h of the exciting vibration is  increased  overthe  cr i t ica lpoint  
of onset h0, the capil lary wave amplitude a fol lows this law*. 

h - h 0 a 2 

- -  = C - -  
h o ~ 2  

where C is  a constant. In other words,  the damping of the capi l lary waves  has an 
ampli tude-  and frequency-dependent additional express ion  of the form 

(,a) ~=  ~o +C 

where c is,  according to the theory of Klemm,  given by 

7r 2 e I 
C - k 

8 

where e' is  introduced b y K l e m m  as a surface v i scos i ty .  Unforhmately in the expres -  
sion for (h - h0)/h0, that is ,  in the constant C, a further additional express ion  has to 
be added, given by the second power of the normal  v i s c o s i t y  damping. This  term is,  
however, independent of frequency. 

The experimental  setup is  very  s imple  in principle .  For frequencies  up to about 
200 k c / s  hollow barium titanate cyl inders  with Mason horns attached to them were  

O, l mrn  
1000 kc /sec 

i ¸ 

O l m m  O, tmm 
94 5 kc/sec 178 kc/5,ec 

==================================== 

°° t t : : : : :~ t : .  . . . . . . . . . . . . . . . . . . .  

================================ 
. . . . . . . . . . . . . . . . . . . . . . . . . . . .  

~t0eooo~oPot~o~°°~*~o°~°*°**°°'°'''**o" 
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used .  T h e r e  a r e  s m a l l g r o o v e s  a t  t h e t o p s  of t h e M a s o n  h o r n s  f i l l e d w i t h  w a t e r .  Thus  
p l a n e  c a p i l l a r y  w a v e s  a r e  f o r c i b l y  exc i t ed .  The  a b s o l u t e  a m p l i t u d e  (h) of the  exc i t i ng  
M a s o n  h o r n  i s  m e a s u r e d  e l e c t r o s t a t i c a l l y  w i t h  a s e c o n d  M a s o n  h o r n .  The  a m p l i t u d e  
(a) of the  c a p i l l a r y  w a v e s  i s  d e t e r m i n e d  op t i ca l l y  f r o m  the  r e f l e c t i o n  of a l i gh t  b e a m  
a t  the  ~ t e e p e s t  p a r t s  of t he  s i n u s o i d a l  c a p i l l a r y  wave .  

In the  f r e q u e n c y  r a n g e  f r o m  400 k c / s  to  3 M c / s  concave  b a r i u m  t i t a n a t e  s h e l l s  
f i l l ed  w i t h  w a t e r  a r e  u sed .  A v e r y  th in ,  p l a t i n i z e d  c o p p e r  fo i l  i s  p l a c e d  in the  foca l  
p l a n e  of the  s h e l l  s o  t h a t  a w a t e r  d r o p l e t  on i t s  s u r f a c e  i s  a t  t he  foca l  poin t .  In the  
f i r s t  c a s e  p l a n e  c a p i l l a r y  w a v e s  a r e  e x c i t e d  in  the  g r o o v e s ;  in  the  s e c o n d  c a s e  the  
c a p i l l a r y  w a v e s  g e n e r a t e d  h a v e  the  f o r m  of c r o s s e d  g r a t i n g s .  E x a m p l e s  for  bo th  
c a s e s  a r e  found in  F ig .  22 f o r  exc i t i ng  f r e q u e n c i e s  of 94.5 k c / s ,  178 k c / s ,  1 M c / s ,  
and  3 M c / s .  P h o t o g r a p h s  of t h i s  k ind  a l low fo r  an  e a s y  m e a s u r e m e n t  of the  c a p i l -  
l a r y  w a v e l e n g t h  and  f o r  t he  d e t e r m i n a t i o n  of the  s u r f a c e  t e n s i o n  t h e r e f r o m .  In Fig.  
23 t h i s  w a s  done  fo r  a l a r g e r  f r e q u e n c y  r a n g e  (up to uA/2 = Uk = 1.5 M c / s )  in  p u r e  
w a t e r  fo r  the  o n s e t  a m p l i t u d e  of the  o s c i l l a t i o n ,  i . e . ,  fo r  a c a p i l l a r y  wave  a m p l i t u d e  
a /n  = 0.01.  In a n o t h e r  c a s e  the  s a m e  m e a s u r e m e n t s  w e r e  m a d e  w i th  a h i g h e r  
a m p l i t u d e  a /k  = 0.12) and  t h e r e  i t  b e c a m e  obvious ,  a s  a f i r s t  r e s u l t ,  t h a t  the  s u r f a c e  
t e n s i o n  i s  a m p l i t u d e  dependen t ,  bu t  t h i s  only a t  h i g h e r  f r e q u e n c i e s .  T h i s  e f fec t  i s  
obv ious ly  c a u s e d  by  t he  f a c t  t h a t  the  f i l l i n g - i n  of the  ex t ended  s u r f a c e  wi th  w a t e r  
m o l e c u l e s  f r o m  i n s i d e  the  l iqu id  n e e d s  a c e r t a i n  t i m e .  

It  i s  a l s o  not  w i thou t  i n t e r e s t  t h a t  the  m e a s u r e d  o n s e t  a m p l i t u d e  h 0 of the  c a p i l -  
l a r y  w a v e s ,  s u b s t a n t i a l l y  g i v e n  by the  v i s c o s i t y  of the  m e d i u m ,  s a t i s f i e s  the  equa t ion  

h o = TCOk 

v e r y  we l l .  In  F~. 24 the  m e a s u r e d  v a l u e s  a r e  c o m p a r e d  w i th  the  t h e o r e t i c a l  c u r v e s  
fo r  T = 75 d y n e - c m  -z ,  8 = 20°C,  and  ~ = 10 -2 d y n e _ c m . 2  s e c  for  the  g i v e n  f r e q u e n c y  
r a n g e .  

The  r e l a t i o n  b e t w e e n  e x c i t i n g  a m p l i t u d e  h and  c a p i l l a r y  wave  a m p l i t u d e  a for  
v a l u e s  up to a = 0 .12k  i s  t r e a t e d  v e r y  t h o r o u g h l y  fo r  41 k c / s .  The  c u r v e  i s  d i s p l a y e d  
in  F ig .  25. G iven  a s  a b s c i s s a  i s  the  exc i t i ng  a m p l i t u d e  h o r  ( h  - h 0 ) / h  0 . The c u r v e  
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Fig. Z3 - Surface tension inpure water as a function 
of frequency and amplitude 
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Fig.  Z4 - O n s e t  a m p l i t u d e  of the exc i t i ng  o s c i l l a t i o n  as  
a func t ion  of the  exc i t ing  f r e q u e n c y  fo r  pu re  w a t e r  

i s  in  v e r y  good a g r e e m e n t  w i t h  the  t h e o r e t i c a l  r e l a t i o n .  F o r  the  c o n s t a n t  C, i n t r o -  
duced  above ,  one f inds  C = 18.7. The  r e s p e c t i v e  v a l u e s  fo r  o t h e r  l i qu ids  wi th  d i f f e r e n t  
s u r f a c e  t e n s i o n s  a r e  of the  s a m e  o r d e r  of m a g n i t u d e .  

I t  i s  only n e c e s s a r y  to d e t e r m i n e  the  c o n s t a n t  c f o r  w a t e r  fo r  a n u m b e r  of f r e -  
q u e n c i e s  in  o r d e r  to  f ind out  abou t  a p o t e n t i a l  s u r f a c e  v i s c o s i t y .  It  i s  t h e r e b y  s t a t e d  
t h a t  fo r  w a t e r  the  f r e q u e n c y  d e p e n d e n c e  i s  v e r y  s m a l l  and  t h a t  a p o t e n t i a l  s u r f a c e  
v i s c o s i t y  i s  c e r t a i n l y  s m a l l e r  t h a n  1 0 - s  d y n e - c m "  1 - sec .  

R e a l i z i n g  t h a t  a h i g h e r  s u r f a c e  v i s c o s i t y ,  a s  i t  w a s  s u p p o s e d  by o t h e r  a u t h o r s ,  
w a s  not  found in  w a t e r ,  the  q u e s t i o n  a r i s e s  w h e t h e r  the  a d m i x t u r e  of s u r f a c e  a c t i v e  
s u b s t a n c e s  would r e n d e r  a h i g h e r  f r e q u e n c y  d e p e n d e n c e  of c ,  t h e r e b y  a l s o  i n d i c a t i n g  
a h i g h e r  s u r f a c e  v i s c o s i t y .  T h e r e f o r e  d i f f e r e n t  c o n c e n t r a t i o n s  (10"4 and  10-1 w e i g h t  
p e r c e n t )  of an  e m u l g a t o r  (Renex 688) and  two we t t i ng  a g e n t s  (Hos tapa i  and  T w e e n  80) 
w e r e  e x a m i n e d .  In t h i s  c a s e  the  whole  r a n g e  of a m p l i t u d e s  of the  c a p i l l a r y  w a v e s  a s  
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Fig.  Z5 - C a p i l l a r y  wave a m p l i t u d e  as  a 
func t ion  of the  exc i t i ng  a m p l i t u d e  
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Sonic and Ultrasonic Cavitation in G6ttingen 
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Fig.  26 - Re la t ive  d i f f e r e n c e  of the 
exc i t ing  a r n p l i t u d e - h - h 0 / h  0 = {0.122 as  
a func t ion  of the  f r e q u e n c y  for  d i f f e r e n t  
s u r f a c e - a c t i v e  s u b s t a n c e s .  C a p i l l a r y  
wave a m p l i t u d e  a = 0.12Z, 

a func t ion  of the  e x c i t a t i o n  w a s  not  m e a s u r e d .  Only the  o n s e t  a m p l i t u d e  h o and  the  
exc i t i ng  a m p l i t u d e  h fo r  a g i v e n  r a t i o  a/~, = 0.122 w a s  e x a m i n e d .  The  c o r r e s p o n d i n g  
va lue  ( h - h 0 ) / h  0 = ~0.122 iS p l o t t ed  in  Fig.  26 v e r s u s  f r e q u e n c y .  The  c o n s i d e r a b l e  
f r e q u e n c y  d e p e n d e n c e  of Renex  688 i s  ev iden t .  H e r e  we f ind a s u r f a c e  v i s c o s i t y  of 
about  1 × 10-4  d y n e - c m - 1 - s e c ,  be ing  m u c h  h i g h e r  t h a n  fo r  " p u r e "  w a t e r .  

The above  p a p e r  c b n t a i n s  a s h o r t  s u r v e y  of s o m e  i n v e s t i g a t i o n s  s p e c i a l i z i n g  on 
son ic  and u l t r a s o n i c  c a v i t a t i o n  c a r r i e d  out  in C-6ttingen. I do hope,  t h a t  s o m e  of the  
r e s u l t s  m i g h t  be of g e n e r a l  i n t e r e s t .  
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DISCUSSION 

T. Brooke Benjamin (University of Cambridge) 

I wish to comment upon the formation of capi l lary waves on the surface of a mass  
of liquid which is contained in a vesse l  undergoing ver t ica l  vibrations.  This was the 
subject of a paper by Ursel l  and myself* and the problem has continued to in teres t  
me since it appears to exemplify very nicely a general  c lass  of phenomena, many 
ins tances  of which ar ise  in prac t ica l  acoustics.  For example, Murray Strasberg and 
I have shown that the waves in question have counterpar ts  in the behavior of small  
bubbles undergoing radial  pulsat ions in response to a sound field: such bubbles may 
develop large nonspherical  osci l la t ionswhen the amplitude and frequency of the radial  
motion take cer ta in  values, and the explanation which we suggested is the same, 

• exactly, in principle as that for the waves on a plane free surface. 

I think it may be of in te res t  to r emark  that the mechanism of these waves was 
the subject of a historic  controversy extending well over a century. They were f i r s t  
studied by Michael Faraday about 130 years  ago. He observed that a pat tern  of stand- 
ing waves somet imes appeared on a layer  of liquid covering a ver t ical ly  vibrat ing 
plate, and he noticed that the frequency of the waves was only one-half that of the 
plate. About 50 years  after, the famous Germanphys ic i s t  Matthiessen re- invest igated 
the problems and found in his exper iments  that the waves were synchronous with the 

*Proc. Roy. Soc. 225(A):505 (1954). 
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v i b r a t i o n s  of the  v e s s e l .  The d i s c r e p a n c y  b e t w e e n  t h i s  and  F a r a d a y ' s  r e s u l t  l ed  L o r d  
R a y l e i g h  to m a k e  a f u r t h e r  s e r i e s  of e x p e r i m e n t s ,  wh ich  s u p p o r t e d  F a r a d a y ' s  o b s e r -  
va t ion .  You may  r e c a l l ,  i nc iden t a l l y ,  t ha t  R a y l e i g h  gave to the  w a v e s  the  a p p e a l i n g  
t e r m  " c r i s p a t i o u s " :  t h i s  t e r m  wi l l  p e r h a p s  be  r e m e m b e r e d  by anyone  f a m i l i a r  w i th  
Ray le igh '  s t ex tbook  " T h e o r y  of Sound."  

The t h e o r y  s e t  out  in the  p a p e r  by U r s e l l  and  m y s e l f  a p p e a r e d ,  happi ly ,  to  r e c o n -  
c i le  the o b s e r v a t i o n s  of F a r a d a y  and  Ray le igh  and  those  of M a t t h i e s s e n ;  f o r  i t  was  
Shown t h a t  bo th  h a l f - f r e q u e n c y  and  s y n c h r o n o u s  w a v e s  c a n  b e  g e n e r a t e d  in s u i t a b l e  
c i r c u m s t a n c e s .  The e s s e n t i a l  e x p l a n a t i o n  of t h e s e  w a v e s ,  and a l so  of the  m a n y  
s i m i l a r  p h e n o m e n a  which  I w i s h  to keep  in v iew h e r e ,  c an  be  s u m m a r i z e d  wi thou t  
need  fo r  m u c h  m a t h e m a t i c s .  

I th ink  tha t  to e m p h a s i z e  the  g e n e r a l  c h a r a c t e r  of the  e x p l a n a t i o n  we should  con -  
s i d e r  any m e c h a n i c a l  s y s t e m  in which  f r e e  v i b r a t i o n s  a r e  p o s s i b l e  in c e r t a i n  n o r m a l  
modes .  Now, suppose  t h a t  one of the  p h y s i c a l  p a r a m e t e r s  of the s y s t e m  i s  m a d e  to 
v a r y  in s i m p l e  - h a r m o n i c  f a s h i o n  wi th  t i m e  t h r o u g h  the  a c t i o n  of s o m e  e x t e r n a l  agency .  
(We may  c o n s i d e r ,  to f ix our  i deas ,  t h a t  the  p a r a m e t e r  v a r i e d  i s  one t h a t  would e n t e r  
the  equa t i on  fo r  the f r e q u e n c y  of the  n o r m a l  m o d e s :  e .g . ,  i t  i s  a s t i f f n e s s  or  i n e r t i a l  
coe f f i c i en t . )  Now, wi th  t h i s  m o d i f i c a t i o n ,  s m a l l  d i s p l a c e m e n t s  in the  s y s t e m  wi l l  be  
d e t e r m i n e d  by an  equa t i on  of m o t i o n  h a v i n g  a t  l e a s t  one p e r i o d i c  coe f f i c i en t .  T h i s  
equa t ion  wi l l  be  l i n e a r ,  of c o u r s e ,  p r o v i d e d  the  d i s p l a c e m e n t s  a r e  s m a l l  enough  and,  
in  the  a b s e n c e  of d i s s i p a t i o n ,  i t  wi l l  n e a r l y  a l w a y s  b e  r e d u c i b l e  to M a t h i e u ' s  equa t ion ,  
whose  s t a n d a r d  f o r m  m a y  be w r i t t e n  

d 2 a n  

dT 2 
- - +  ( p  - 2q c o s  2 T ) a  n = 0 . 

In g e n e r a l ,  a n i s  the  a m p l i t u d e  of, say ,  the  n th  mode  of d i s t u r b a n c e ,  and .T  = wt w h e r e  
i s  the  f r equency ,  of the  app l i ed  o s c i l l a t i o n .  Also ,  the  p a r a m e t e r  q i s  p r o p o i ' t i o n a l  to  

the  a m p l i t u d e  of t h i s  o s c i l l a t i o n ,  and  p = (2 ~n/~)2 w h e r e  ~n i s  the f r e q u e n c y  of f r e e  
v i b r a t i o n s  in the  n th  mode.  

Now, the  g e n e r a l  so lu t i on  of M a t h i e u ' s  e q u a -  
t ion  i s  known to be  u n s t a b l e  f o r  c e r t a i n  v a l u e s  of 
p and q, i .e . ,  i t  b e c o m e s  unbounded  as  T ~ % and  
t h i s  p r o v i d e s  the  e x p l a n a t i o n  of why the  m e c h a n i c a l  
s y s t e m  in q u e s t i o n  m a y  s p o n t a n e o u s l y  deve lop  
l a r g e  o s c i l l a t i o n s .  The s t a b i l i t y  c h a r t  i s  s k e t c h e d  
in Fig. DI :  the d i a g r a m  i s  s y m m e t r i c a l  about  
the  p - a x i s ,  and  the  t h i r d  and f o u r t h  q u a d r a n t s  do 
not  c o n c e r n  us  h e r e .  "Note t ha t  w h e n  p ~ 1, i .e . ,  
when  ~ = 2 ~o, i n s t a b i l i t y  i s  p o s s i b l e  fo r  s m a l l  
v a l u e s  of q. 

When  p ~ 4, i n s t a b i l i t y  m a y  a g a i n  o c c u r  fo r  
s m a l l  v a l u e s  of q, and  the  deve loped  f r e q u e n c y  
i s  t hen  ~, i .e . ,  the  app l i ed  and  deve loped  o s c i l -  
l a t i o n s  a r e  s y n c h r o n o u s .  

In the  c a p i l l a r y  wave  p r o b l e m ,  the  d i s t u r b e d  
m o t i o n  of the f r e e  s u r f a c e  i s  the  s a m e  as  if the  

2 4 6 

Fig. D1 - Plot of p-q values 
showing stable and unstable 
behavior of Mathieu's equation 
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vesse l  were  at rest ,  and the gravi tat ional  acce lera t ion  were  given a periodic compo- 
nent in addition to the constant g. We now see that the plane, f ree  surface becomes  
unstable when the amplitude and frequency of this component have the appropriate 
values.  The waves a re  not, of course,  forced vibra t ions  in the usual sense: they de- 
velop quite suddenly as p or q is va r ied  so as to bring the point (p, q) into an unstable 
region of the stabil i ty chart,  and they grow in amplitude until eventually they are  r e -  
s trained by non- l inear  effects, not so far  considered,  or until the free s u r f a c e  
dis integrates .  

The effects  of f r ic t ion tend, of course,  to  inhibit the growth of waves. For  
instability to occur in prac t ice ,  the point (p, q) must l ie  somewhere inside an unstable 
region of the chart,  so that the ra te  of growth of the f r ic t ion less  solution exceeds the 
ra te  of f r ic t ional  damping. Thus, as P ro fe s so r  Meyer has pointed out in his paper,  
an es t imate  of the damping can be obtained f rom a careful  exper imental  observat ion 
of the onset of instability. In my own exper iments  on these waves, the frequency of 
the vesse l  was about 30 cyc les  per  second, which is considerably less  than in the 
exper iments  at GSttingen. In mine, most  of the damping was evidently due to the 
boundary layer  at the sides of the vesse l  and was quite small.  I was unable to get a 
good agreement  between exper imenta l  and theore t ica l  e s t imates  of the rate  of damp- 
ing, and I concluded that the discrepancy was mainly due to ext ra  dissipation in the 
vicinity of the meniscus  at the edge of the f ree  surface.  However, I am very pleased 
to learn  that at GSttingen this method has given sa t is factory  measuremen t s  of the 
damping at high frequencies .  

E. Meyer 

The point here  is that this is not only the damping of this surface,  but also the 
damping given by the normal  damping, i .e. ,  by the v iscos i ty  of the liquid itself.  Then 
there  is an additional t e rm,  the damping by the surface,  and this is  very  difficult to 
separate.  There is a lso a quadrat ic  t e rm for the normal  damping and you have to 
distinguish this f rom the surface damping. The distinguishing t e r m  is the frequency. 
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