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INTRODUCTION 

The problem of the determination of ship hulls with minimum wave resistance has been 
the subject of numerous investigations. The usual way of approach, based on a classical 
paper by Weinblum (1930) is to consider a ship hull in the form of an infinitely deep cylinder 
and to solve the variational problem of minimizing the resistance integral with prescribed 
horizontal cross section of the ship. In Weinblum's original paper a Ritz method is used; 
the waterline is represented by a polynomial with unknown coefficients which are determined 
from a minimum problem for a function of a finite number of variables. Computation of the 
Weinblum-functions (1955) facilitates the procedure. 

The method, however, is open to some criticism, since it is not a priori clear, that it 
yields a good approximation to the variational problem. 

It is known that Pavlenko (1934) reduced the variational problem to the solution of an 
integral equation of the first kind. It is known that its solution has certain singularities, 
which cannot properly be represented by a polynomial. 

In this paper the problem is reduced to an integral equation of the second kind, obtained 
by the following consideration. The resistance integral in the thin ship approximation is 
known to be a quadratic functional of the hull function. If the additional condition is also 
expressed by a quadratic functional, the problem is simply equivalent to a principal axis 
problem and the solution exists, as is known from the general theory of quadratic functionals. 
Essentially, it is assumed that the cross sections of the ship are similar in shape, which 
(with a slight modification) produces the required result. This means, that the ship consid- 
ered has a finite draft. 

In order to obtain a simple integral equation, the influence of the bottom in the evalua- 
tion of Michell's integral is neglected, although a more correct treatment lies within the 
power of numerical methods. 

MICHELL'S FORMULA FOR THE RESISTANCE INTEGRAL 

We introduce a coordinate system with the x axis along the axis of the ship, the y axis 
athwartships, and the z axis downward. The ship hull is represented by a function 

y = _+ f ( x , z )  , - L / 2  < x < L / 2  , 0 < z < T 
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where L is the length of the ship and T the draft. The ship is moving in the x direction with 
constant veloci ty  c. The disturbance potential  cO, from which the disturbance ve loc i t i es  
u = - a q ~ / a x ,  v = -aq~/Jy ,  w = -ocp/az  are derived, is determined by the condition that at 
the hall of the ship 

~q~ = ,  "~___.(_r. 
3x 3x 

The l inearization,  introduced by Michell consis ts  in applying this condition at the plane of 
symmetry y = 0, in which ease the potential ,  sa t isfying the Laplace equation ~72q~ = 0 and 
the free surface condition at the plane z = 0: 

q~== - Kq~ z = 0 

where 

g 

'C 2 

The solution of this boundary value problem is then 

~(×,y,~)  

c~ 2 
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2C dx  1 d z  I cos ( 2 ( x -  x l )  d a  
+ ~-~ Bx 1 
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(.~0| __e " ~ _  __ cos (n~-e) cos ( n q -  e) X dn 

~o 
where 

(22 
t a n  ~ = - - - .  

K/'I 

The pressure is determined by Bernoulli's equation 

-q~ t  + - ' c  + q~x) + q ~  + :J . + ~ - -  1 ,C2 Pm 
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or, in linearized approximation for steady flow, 

P - P = - t ~c  (Px + , O g z  . 
o~ 

The force in the x direction, exerted on a surface element of the hull is 

~[ d x d z  dK = - P ~xx 

where dxdz  is  the projection of the element on the x,z plane. The total resistance is 

R = -2 P ~x dxdz = 2p'c ~¢~ ~f dxdz. 
?x ?x 

" o L / 2  - L / 2  

Substitution of the expression for cp gives for the resistance integral 

R - ~- dx dx 1 dz dz I ~x ~x 1 
o L / 2  - I . , / 2  0 

oo (x 2 
f - ~ - ( Z + * l )  a2 COS a (X-X1) 

e 
K ~ - K 2 

d a .  

We introduce dimensionless coordinates 

2× 2y z 

~ -  L ' "q = B- ' ~ = T- 

where B is the beam and T the draft of the ship. Then 

- ~ [ ( x , z )  _ B - ~ ( ~ ,  ~)  _ 

~x L -d~ 
B 
~ h ( ~ ,  ~) 

and the resistance integral takes the form 

+1 +1 +1 +I 

R - /°'c2B2T2K2 -1 ~ ~-1 d~l fo d~ ~0 d~l h(~, ( )  h(¢ 1, ( t )  

'~ - ~'2K T((+(I) 
e 

/k,L K /~k 2 d/~ 

v/fi_l 
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The volume of the ship is given by 

+ L / 2  T 

V : f dx ~o [ (x , z )  dz.  
-L/2 

The problem then consists in the determination of the function f(x,z), which minimizes the 
resistance at a prescribed volume. 

SIMPLIFIED TREATMENT OF THE VARIATIONAL PROBLEM 

We put the condition that f(x,z)= 0 for x=  +_L/2 and transform the resistance integral 
by integration by parts: 

R = 

- 1  - I  

fm -~}KT(~+~I) ~.LK k4 d~. 
× 1 e cos  ~ (~ : -  ~:1) x / ~  - 1 

In order to simplify the problem, a special class of ship hulls is considered which is so de- 
termined that both R and V appear as quadratic functionals of a function f (~ .  We assume 

r (~,~) = [ (~)  g F(~) _]" 

where f(~), the waterline function, is to be determined and g( /~) i sa  fixed function of 
which is zero for /1 greater than a certain value. If the factor X/1-~2 did not exist, the as- 
sumption would mean that all cross sections of the ship were similar. If f(~) vanishes at 
the front and the stern of the ship, also the draft would vanish there. This is prevented by 
the present assumption, and moreover it will appear later that the addition of this factor ac- 
tually yields functions f(~) which vanish at these places. The volume of the ship is given 
by 

[ L - i  - i  ~ / I - ~  2 

The resistance is 
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ic2B2T2L 2K4 
4~ 

+ 1  + 1  co co 

X - I  -1 

x t e cos  ~ ( ~ - ~ t )  V/~ - 1 

In order to obtain a simple integral expression, we neglect the dependence of g on ~ and 
assume infinite depth. An estimate of the validity of this procedure is obtained by consid- 
ering the case, where the cross sections are rectangular: 

f g(~z) : 1, 0 < /~ < 1 

g(/~) O, /~ > I .  

Then 

¢'i_~2 
~o "x2K r~ d~ e 

I -X2KT f(~)  1 
1 1 - e I / ' I -  " ~ 2  

~2KT 

which integral is simply replaced by 1/X2KT. 
If necessary, the method can be refined, yielding more complicated integrals which can 

be treated by numerical methods. The simplified expression for R is 

~c2B2L2K2 ; I  ; I  ~ cos  W o ( ~ _ ~ l ) ~  

-I -I  ~/X 2 -  I 

or, using the formula 

R = 

2 ~= cos  "7o(~:-~:1) ~" 

= - ~ -  ~1 v ~ - I  
d~., 

+1 +1 ~'c2B2L2K2 I 8  (~ I 
-1 -1 
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where 

To - 
KL gL 1 

2 2c 2 2F 2 

depends on the Froude number. We introduce variables 0 and 01 by cos 0 = ~:, cos 01 = ~1 
and have to minimize the integral 

J = d o  d01 f ( O )  / ( 0 1 )  s i n  0 s i n  01 Yo To[  c ° s  0 - c o s  011 = J ( f , f )  

with the condition 

"/7 

fo f ( o 2 )  dO = C .  

REDUCTION TO AN INTEGRAL EQUATION OF THE SECOND KIND 

Suppose that f(O) is the minimal function and consider a neighbouring function 

f (0 )  + ~h(0)  

where ~ is a small parameter. Then 

J ( f + ¢ h )  = J ( f , f )  + 2 e J ( f , h )  + e 2 j ( h , h )  

and 

V ( f +  eh) = V ( f , f )  + 2 ~ V ( f , h )  + ¢ 2 V ( h , h ) .  

Since J(f,13 must be a minimum for f, with constant V, we consider 

J(  f + eh) - LV( f + eh) 

where )t is a Lagrangian multiplier. The expression 

J ( f +  sh) - k V ( f +  eh) = J ( f , f )  - k V ( f , f )  + 2 e [ J ( f , h )  - L V ( l , h ) ]  

+ s ~ [ J ( h , h )  - ~ V ( h , h ) ]  

can only be an extremum if 

j ( ~ , h )  - ~ v ( r , h )  
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vanishes for any choice of h. This means that [ must be such that 

7/" / 7  

- x J'o r (o)  h(O) dO : 0 

for all functions h(O), or 

fo h(Oz) d01"< i n  81 f(O) s i n  0 YoLTo(COS 0 -  cos  01 dO-)kf(O 1 

This can only be true, if [(0) satisfies the integral equation of the second kind: 

= 0 .  

77 

Xf(O1) = f0 f ( O ) s i n  0 s in 0 z YoITo(COSO- cos 01) 1 dO. 

Since the kernel is integrable, this is an ordinary Fredholm equation and the functions f(O) 
are the eigenfunctions of the corresponding equation, while X is the corresponding eigen- 
function. Apparently the solutions vanish for 0 = 0 and 0 = it, as was required. Moreover, 
the eigenvalue h is the value of the quotient ]([,f)/V([,f) for the eigenfunction. For the 
ship hull only the first eigenfunction, which has no zeros, will come into consideration. 

SOLUTION OF THE INTEGRAL EQUATION 

The integral equation 

77 
=;0 sin 0 sin01  o( olcos. cos 

resembles an integral equation satisfied by the Mathieu functions. Therefore, at first a solu- 
tion in terms of a Fourier series in 0, with coefficients depending on Yo was looked for. 
This method, however, is only feasible for very small values of Yo. For this reason, a di- 
rect numerical approach was used. 


