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* * * * *

Some examples are given of the application of the Helmholtz-
Kirchoff free-streamline theory of incompressible, potential flow, along
with mixing calculations, to the practical estimation of separated gas
flows occurring in several configurations taken from flight propulsion
systems. Configurations considered are the perforated plate, the
compressor -blade cascade, the vee -gutter flameholder, the target-type
thrust reverser, the butterfly valve,and the perforated combustor liner.
Results include cavity shape, drag force and total-pressure loss. The
theoretical predictions are compared to experimental results in most
cases and reasonable agreement is found in the areas wherein the
theoretical assumptions are justifiable. The effects of compressibility
and scale are discussed,

* * * . *

INTRODUCTION

In the development of modern air-breathing flight propulsion systems, powered
by aircraft gas turbines and ramjets, certain internal aerodynamic problems arise
due to the occurrence of separated flow, viz., streamlines which separate as a result
of boundary layer action from the contours of immersed bodies or passage walls.
Similar hydrodynamic problems arise in the fuel and propellant systems of liquid
rocket engines.

In such separated flows, '"dead water" regions. are formed downstream of the
points of separation of the fluid from the solid boundaries. Within the separated
regions the fluid is more or less at rest relative to the moving fluid nearby. The
separated regions may be styled as ""aerodynamic cavities' in allusion to the true
cavity flows in hydrodynamics, where gas filled cavities occur.in similar liquid
flows, In some cases, the separated flow is designed for (e.g., the separation regions
of hot gas behind bluff-body flame holders in aircraft gas turbine and ramjet com-
bustion systems). In other cases, the separated flow is not desired, but occurs under
certain operating conditions (e.g., the separation regions of air behind stalled axial-
compressor blades in aircraft gas turbines operating at off-design conditions).
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In order to obtain optimum designs of the configurations in question, it is desired
prior to model tests to predict the characteristics of the separated flow fields. The
desired results are usually overall results rather than the complete details of the
flow field (e.g., force on and geometry of separated regionbehind an immersed body,
angular deflection and mass flow of a jet of gas, average total-pressure loss of gas
flowing through a passage).

In cases where flow velocities are low (incompressible flow) and the flow con-
figuration is made of or can be approximated by solid surfaces composed of linear
elements, along with separated streamlines upon which static pressure is constant,
and where the streamwise cavity length is long compared to configurational element
size, the desired results are conveniently obtained by application of the free stream-
line method originated by Helmholtz (1) and Kirchoff (2) and perfected by Michell (3)
and others. The method assumes an infinitely long cavity with steady, two-
dimensional, body-force-free, potential flow of an incompressible, nonviscous fluid.
As a result one obtains immersed-body force, separated region geometry, jet deflec-
tion, and mass flow. Mixing calculations then yield total-pressure loss in passage
flow cases. With good approximation, certain three-dimensional flows can be treated
by consideration of '"equivalent'" two-dimensional flows having the same ''cross-
sectional" areas for flow. In passage flow cases with higher flow velocities, the
compressibility effect can be accounted for at least approximatelyby a compressible
generalization of the mixing calculation, if theory or experiment is available for
estimation of the geometry of the separated flow region. Scale effects (viscosity
effects) may be neglected in cases where the separation points are fixed by sharp
edges and where the fluid-friction forces in the average streamwise direction are
negligible. In other cases, the qualitative nature of the scale effect maybe estimated,
as discussed elsewhere in the paper.

PHYSICAL CONCEPTS OF FREE STREAMLINE FLOWS

Early work (2) on free streamline flows included the case of a small sharp-
edged orifice in an infinite plate and the case of a flat plate normal to an unbounded
stream. In the former case, the theoretical contraction coefficient agreed well with
experimental values obtained on both two-dimensional slits and round holes (4). In
the latter case, the theoretical drag coefficients were found to be far lower than
experimental values (5). This discouraging result impeded further practical appli-
cations of the method for many years.

At the root of the large differencebetween the two cases isthe differencebetween
two basic types of flow: (a) The relatively restricted flow of a jet through an opening,
as in the case of the sharp-edged orifice, and (b) The relatively unrestricted flow of
a free stream over an obstacle, as in the case of the flat plate. In the latter case,
instability of the free boundary, small asymmetries, entrainment, etc., cause small
motions in the cavity, the velocities of which cannot be neglected relative to the free
stream velocity. In the former case, velocities likewise occur in the cavity, but are
more nearly negligible relative to the large velocity of the jet. Thus, the fundamental
assumption of a stagnant cavity is more justifiable in the case of the orifice than in
the case of the plate and consequently there is better agreement between theory and
experiment. This important point can be understood best by considering the two
cases in question as limiting cases of the more general case shown in Fig. 1. The
general case may be considered as a cascade consisting of an infinite number of
sharp-edged flat plates of breadth™ b, spaced apart by spacing t along a linenormal

*See Nomenclature at end of text for definition and the units of all letter symbols.

392



Aerodynamic Cavity Flows in Flight Propulsion Systems

W3

Fig. 1 - Model for flow in slat cascade

to the uniform parallel flow infinitely far upstream of the plates. The upstream flow
at Section 1 in Fig. 1 has velocity w,. Alternately, this case may be considered as
an infinite number of sharp-edged orifices of opening t - b, spaced apart by spacing
t. Separation regions or cavities extend infinitely far downstream and are enclosed
by the free streamlines originating from the sharp edges T and T' of the solid bound-
aries. The static pressure is assumed to be constant at the downstream value on the
free streamlines and within the cavity. Under the assumptions used, the fluid velocity
is then constant on the free streamlines and discontinuously drops to zero in the
cavity. Infinitely far downstream at Section 2, the cavities have width 4t and are
interspersed with jets of velocity wy and breadth (1 - w)t, or alternately, ¢(t - b),
where ¢ is the "contraction coefficient' for the orifice case. The model is completed
by visualization of a mixing region between Section 2 and Section 3, where a uniform
parallel flow of velocity w; exists. The basic geometric parameter of the configura-
tion is b/t. The case of the single plate is obtained by b/t — 0, viz., t — «». The
case of the single orifice is obtained by b/t — «, viz., b —> «. In the general case of
0 < b/t < «, the jet velocity w, > w, by reason of continuity of flow, the ratio w,/w,
increasing as b/t increases. Thus, the validity of the stagnant cavity assumption
increases as b/t increases, a result which is borne out by comparison of theory and
test.

Therefore, internal flow configurations having cavities enclosed by jets having a
velocity relatively high compared to the upstream velocity are particularly amenable
to free streamline analysis. Since there is interest in other configurations (notably
single bluff bodies) inwhich this is not the case, and since hydrodynamic cavities are
frequently of finite length, numerous other theoretical methods based on various
models of the flow have been developed in order to obtain better agreement between
theory and experiment. Among these should be noted the model of Riabouchinsky (6)
which employs a downstream 'reflection image' of body and cavity, the model of
Gilbarg and Rock (7) which has a finite cavity "ventilated'" upstream into another

39%



w. G, Cornell

"Riemann sheet," and the model of Roshko (8) which uses an infinite cavity having
linear boundaries far downstream. All of these models suffer from the requirement
that either the drag coefficient or the pressure within the cavity be known from
experiment in order that the flow model can be defined. A model proposed by
Weinig (9) utilizes free streamlines which terminate in "winding points' in order to
account somewhat for free boundary instability. Tulin (10) developed a "linearized"
theory for relatively slender bodies. Any of these models can be used to improve
the results of free streamline analysis of single bluff body or finite cavity cases,
although analytical difficulties are sometimes large. The fact that such a large
variety of models gives good results demonstrates the fact that the exact shape of
the cavity does not affect the results too strongly.

The effects of compressibility and scale are discussed later in the paper.

ANALYTICAL METHODS FOR DETERMINATION
OF FREE STREAMLINE FLOWS

The classical method for solution of free streamline problems grew *under the
efforts of Helmholtz (1), Kirchoff (2), Michell (3), Planck (13), Christoffel (14),
Schwarz (15), and Rayleigh (16) to the presently accepted method as delineated for
example by Lamb (17) and especially well by Milne-Thomson (18). Thus, a flow field
comprising linear solid boundaries and separated free streamlines is represented in
the "physical” or z = x + iy plane by a Laplacian net of streamlines (¥ = constant)
and potential lines (¢ = constant), described by the complex potential W = ¢ + i¥, The
complex velocity’ of flow is given by { = (u - iv)/U = dw/Udz, where U is anarbitrary
reference velocity. Thus, { maybe used as aposition variable to define a '"hodograph"
or { plane having the real coordinate u/U proportional to u, the x component of physi-
cal plane velocity, and the imaginary coordinate -v/U proportional tothe y component.
Likewise, a "logarithmic hodograph' or H = 1n({) plane may be defined, having the
position variable H = Inv(u2 + v2)/U2 - i tan-1(v/u). Accordingly, the free stream-
lines in the z plane may be conformally transformed to circles about the origin in
the { plane and lines parallel to the imaginary axis in the H plane. Likewise, the
linear solid boundaries transform to rays from the origin in the { plane and lines
parallel to the real axis in the H plane. Thus, the physical flow configuration in the
z plane may be studied in terms of the relatively simpler configurations of circular
arcs and rays in the { plane and of straight lines in the H plane.

The physical problem involves the determination of the complex potential w(z),
the complex velocity {(z) and finally the static pressure p from the Bernoulli relation
p *+ (1/2)p(u? + v2) = constant. The relation W(z) is obtained indirectly through an
auxiliary variable Z so defined that the Z plane is a half-plane on the real axis of
which is mapped the polygonal boundary of the flow field in the H plane, by means of
the Schwarz-Christoffel transformation function. Also mapped on the 7 plane is the
(rectangular) polygonal boundary of the flow field in the W = ¢ + i¥ plane. Thus, the
relations H(Z) and W(Z) are obtainable from the mappings. Then, the relation z(Z) is
obtainable by integration as z(Z) = (1/U) [ e H(2)[dW(Z)/dz]dz. Finally, having H(Z),
W(Z), and z(Z), there is obtained, at least implicitly, W(z) and, therefore, {(z) and p(z2).

The "classical" method just described can be used in any free streamline prob-
lem, although thereis no guarantee that a closed-form solution canbe obtained, since

*See McNown (11) and Birkhoff (12) for interesting historical discussions of the
method and its practical application.
TThe convention dW/dz = +u - iv is used herein.
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integrals sometimes occur which cannot be evaluated analytically. A less general
but simpler method can be used in some cases, viz., when the flow field %(¢) in the
hodograph plane can be synthesized by physical reasoning. Then ¥({) is obtained by
integration of z({) = (1/U) | {~Y(dw/d{)dl.

EXAMPLE OF THE SLAT CASCADE

As an example of the sort of application of the free streamline method considered
herein, the slat cascade may be treated. The two-dimensional model is shown in
Fig. 1, characterized by the blocked area ratio b/t. Equivalent configurations of
practical interest are the three-dimensional (same blocked area ratio) sharp-edged
orifice plate, the sharp-edged orifice symmetrically placed in a channel, the per-
forated plate strainer, and the ribbon screen. It is desired to predict the total-
pressure loss, the drag force on the solid elements, and the flow through the cascade.
The solution may be obtained as a special case of the solution for the stalled flat
plate cascade (19) or, for illustrative purposes, maybe developed as follows, utilizing
the alternative physical synthesis approach discussed above. Let the z = x + iy
plane contain the slat cascade with the origin taken at the center of one of the infini-
tesimally thin plates. Under the previously stated assumptions of the free streamline
theory there exists a complex potential function w = ¢ + iy, where $ and y are
respectively potential and stream functions. The nondimensional complex velocity of
the flow is taken as { = (u - iv)/w, where u and v are respectively the x and y com-
ponents of z plane velocity and where w, is the uniform velocity of the jets at x = +w.
Since { = dW%/w,dz is ananalytic function of z, assuming w to be likewise, the : plane
may be conformally transformed to or mapped upon the { plane, (nondimensional
conjugate hodograph plane) yielding another Laplacian net of @ and ¥ lines, which may
be visualized as a physically fictitious potential flow field in itself. A point-to-point
reciprocal correspondence then exists between the planes of z and {, defined by the
transformation function z = z({), as yet unknown.

The flow field in the ¢ plane is shown in Fig. 2, and may be physically deduced
to be so as follows: The flow in each strip of width ¢ in the 2z plane maps into the

[—t—f—2—

|‘ 4 ) L ]
A | A I
Fig. 2 - Hodograph plane for slat cascade
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unit semicircle in the { plane. All streamlines (total volume of flow = w;t) emanate
from the point {; = A, the transformed image of the line z, = -», and terminate in
the point £, = +1, the transformed image of the line z, = +», The plate surfaces TT'
map into the imaginary axis. The free streamlines T2 and T'2 map into the unit
semicircle, All streamlines of the flow in the z-plane strip map into streamlines
contained within the { plane semicircle. The mapping is repetitive in that each z-
plane strip maps into the same {-plane semicircle.

The nature of the flow at {, is that of a source of strength (volume flow) wyt,
while at {, there must exist a double sink of strength 2w,t. This follows from con-
sideration of the symmetric nature of the {; flow and from the requirement that the
imaginary axis and the unit semicircle be streamlines of the {-plane flow. The latter
requirement further demands the existence of the sources (strength w;t) at {,, (.,
and {, and the double sink (strength 2w,t) at {,. The "reflection singularities" added
in the ¢ plane are without (or on) the boundary of the unit semicircle and hence do not
imply nonphysical image singularities in the z-plane flow. Finally, all required
boundary conditions in the z-plane and (-plane flows are satisfied and the {-plane
flow field is given by the complex potential due to the six singularities as

W) = (wyt/2n n(L? = A% + 1n(2? - /A% - 2 1In(2? - 1] . (1)
The complex velocity of the {-plane flow field is then given by

dwdl = (wit/2m (2082 - A%y + 20727 - 1/4%) - au(L? - D). (2)
The derivative of the transformation function z({) is then given by

dW/d{  dw/d{

42/d0 = Gy/az T wyt
2 2 2 2 2 @)
= (wit/2mw,0) [20/(07 =A%) + 20/(L° - 1/AT) - 4L/(L7 - 1))
which equation may be integrated to yield
_ 1 [-A AL=1 [-1
z—(At/277){xlnC+A+Aln‘,\c+1—21n€—+-l—}+cl (4)

where C, is an arbitrary constant of integration. Equation (4) is the transformation
function z({) linking points in the z and { planes.

The {-plane parameter A may nowbe evaluated from use of the physical condition
that the plate breadth b is given by the relation

b = (1/i)(zqp: - zp). (5)

Substituting (4) in (5) with {. = -i and {; = +i, yields the relation
b/t = 1 = A= (2/7)(1 - A% tg~1 (A) (6)
which gives the parameter A = w,/w, implicitly in terms of the blockage b/t. Thus,
the ¢ plane is completely determined for a chosen z-plane geometry b/t, and the -
plane complex velocity v - iv = w,{ can be determined at any point. In particular,

at the point [,, the complex velocity is u, = w, = w;/A.
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Continuity of flow in the z-plane requires that
wa(l = )t = wyt M
so that
p=1-A (8
is obtained for the cavity width parameter and » = w(b/t) is obtained from (6) and (8).

The result may be expressed in terms of the contraction coefficient defined
geometrically by

® = (1 - £)/(1 - b/t) (9
which yields ¢ = ¢(b/t) from (6), (8), and (9).

The drag force per unit span D on one of the slats may be expressed as a non-
dimensional drag coefficient Cy=D/(1/2)pw; 2y as

Cp = (1 - M2(t/b)/A° (10)

from application of the momentum principle to one strip of fluid of breadth t and
from consideration of the Bernoulli relation for the lossfree flow between Sections 1
and 2. Then, (6) and (10) yield C(b/t).

The total-pressure loss Ap, = pg; - pp; may be calculated under the assumption
of constant momentum mixing of the jets and cavities at Section 2 to yield a uniform
stream of velocity w; = w, at Section 3. Thus, applying the momentum principle and
the continuity principle to the fluid between Sections 2 and 3 and noting that py, = pq;
as assumed, it follows that the total-pressure loss coefficient \ = ApT/(1/2)pwf is
given by

A= (1 - MZ/aZ (11)

so that (6) and (11) yield A (b/t).

Plots of velocity ratio A, contraction

coefficient ¢, drag coefficient Cp and loss
coefficient A againstblockage b/t are shown X
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@

in Figs. 3a-3d, compared totwo-~ and three-

dimensional (same blockage) experimental -90°
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o
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data on various configurations. Figure 3a
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shows the theoretical prediction for A(b/t)

compared to experimental data of Betz and
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ES
K

Petersohn (20) for the cases of water dis-

charging into air (circled points) and air
into air (x points). It will be noted that the
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former tests agree most closely with theory.

Figure 3b compares the theoretical ¢(b/t)

with pipe orifice water tests of Weisbach (21) 00 o2 o4 o8 o8 o
and axisymmetric nozzle air tests of Grey BLOCKAGE . b/t )
and Wilsted (22). The two-dimensional )

theory is compared to the three-dimensional Fig. 3a - Comparison of theory and
data at the same blockage b/t. Figure experiment for jet velocity param-
3¢ shows the theoretical prediction for eter of slat cascade
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Fig. 3b - Comparison of theory and experiment for
contraction coefficient of slat cascade

Cp(w/wy)2, or drag coefficient based on jet velocity head, compared to air tests of
Langer (23), who measured slat forces with a two-component balance. Figure 3d
compares the theoretical A(b/t) to the test results of various investigators (24) on
perforated plate strainers, ribbon screens, and strip screens. The test results agree
reasonably well with the theory, especially at high solidity or blockage b/t. for which
cases the stagnant cavity assumption is most valid. Generally, experimental values
of u =1 - A, Cp, and A are less than theory predicts, undoubtedly due in part to the
lack of perfect sharpness of the experimental plate edges.

THE STALLED CASCADE OF ARBITRARY STAGGER

In off-design performance analysis of axial-flow compressors for aircraft gas
turbines, it is important to be able to predict the performance of blade rows oper-
ating in stalled condition. A simple model (19) of a blade row is the two-dimensional
cascade of infinitesimally thin flat plates shown in Fig. 4 and characterized geomet-
rically by solidity 1/t and stagger y. The configuration is a generalization of that of
the slat cascade (y = 90°, £, = 0°) previously discussed and may be analyzed by a
similar method.
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Fig. 3¢ - Comparison of theory and experiment for
normal-force coefficient of slat cascade

In the generalized case, the flow is complicated by the fact that the cascade
causes a deflection ¢ = 3, - g, of the jets, while the mixing of jets and cavities
causes a further deflection, to yield an overall deflection ¢ = 3, - 3;. The situation
is conveniently visualized in terms' of the conventional 'velocity triangle" of the
cascade, as shown in Fig. 5. It is noted that w, and w, have equal x components
(normal to cascade axis) as a result of continuity of flow, while w, and w; have equal
y components (along cascade axis) as a result of momentum considerations. The
conventional 'vector mean velocity' w_ and its inclination 5 are defined such that

2 tan 8 = tan 8; * tan S, ‘(123.)

w_/wy = cos f5y/cos B . (12b)

The free streamline analysis of Betz and Petersohn (20) yields the jet velocity
parameter A = w;/w, and the jet flow angle S, as functions of cascade geometry 1/t
and yand of angle of attack & = 8, - v. The cavity width parameter « then follows
from consideration of continuity of flow as

uw=1- Acos ﬁl/‘cos By - (13)

Analysis of the mixing of jets and cavities (19) then yields the overall cascade
performance. Thus, the final velocity w; and its inclination £; are obtained from
continuity and momentum consideration as

wy/wy = sin Byl + (1 - py/tan” 51" (14a)

tan B,/(1 - w) . (14b)

tan B3
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Fig.3d - Comparison of theory and experiment for
total-pressure loss coefficient of slat cascade

The vector mean velocity w, and its inclination £ are then obtained from (12) and
the overall changes in static and total pressure are obtained from continuity and
momentum considerations as

il

' (p3 - P1)/(1/2)pw2 cos?,Em{[Q,u-/(l - ) - sec?B(1 - A2)/A2} (15a)

(p'[_\ - PT3)/( 1/2)pw£

cos?B,u%/(1 - )2, (15b)

The force N on each plate is normal to the plate and may be expressed in terms
of a normal force coefficient ¢y, = N/(1/2)ow?, referred to w_. Then, conventionally,
the total plate force may be resolved into the lift L and drag D forces, respectively
normal and parallel to w_. Then, the lift and drag coeificients are given by

1
1

Crp = L/(1/2)pw2L = Cyy cos (5, — %) (16a)

Cpeo = D/(1/2)pw?L

1

Cyo sin (£, - 7). ' (16b)
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The normal force coefficient Cy, is

obtained from momentum considerations
as

Crnow = (coszﬁm/cos2ﬁl)(t/l)
{— siny [(1 ~ A%)/A?)

+ 2 cos £ylsin (B; - 7)

- (1/A) sin (f, ~ y)]} ) (1

Then, (16) and (17) may be used to obtain
Cio and Cp,.

Typical theoretical results (19) are
shown in Figs. 6a-6¢c for the case of the
stagger v = 30° and the angle of attack
3 > 0. Companionresultsfor » < 0 (tur-
bine case) are given in Ref. 19. Figure
6a shows the relation among jet velocity
ratio A, jet turning angle 4, solidity 1/t,
and angle of attack 5. Figure 6b shows
the relation among overall turning e,
loss coefficient A, 1/t, and ¢. Figure 6c
shows the ''polar diagram" where lift

coefficient C;, = C (w;/w,)? is plotted Fig. 4 - Model for flow in stalled
as a function of drag coefficient cascade of stagger ¥
¥ -
b
#\
&
)
. "y
y
Bi
B2 y. _
X
B, P

Fig. 5 - Velocity triangle for stalled cascade
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Cpo = Cn(“’x/“’m)2 for various 17t and §. Figures 7a and 'Tb show comparisons of the
theoretical results with experimental results of various investigators. Figure 7a
compares the theoretical predictions of A and ¢ with experimental air test data of
Betz and Petersohn (20) for 1/t = 1.2, inlet angle 2, = 0, and various stagger y.
Figure Tb shows theoretical normal-force coefficient CN(Wx/W2)2 for various solidity
1/t, and several values of angle of attack & and stagger y = 90°, compared to air test
results of Langer (23). Experimental values of A and 6 exceed theoretical predic-
tions, the discrepancy undoubtedly being due in part to the lack of perfect edge sharp-
ness. The low values of normal-force coefficient at low incidence probably imply
the lack of fully developed stall. The force coefficient comparison shows improve-
ment in agreement between theory and test as solidity increases, a trend shown by
other experimental data on A and 6 (19).
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THE VEE-GUTTER FLAMEHOLDER

In afterburners of aircraft gas turbine power plants and in ramjet combustors,
various bluff bodies are used as flameholders, the downstream cavities being used to
stabilize combustion. A typical configuration is composed of concentric rings of vee
cross-section. A simple model (25) is the two-dimensional vee-gutter cascade shown
in Fig. 8. The configuration may be considered to be a generalization of the slat
cascade (a = 90°), with the additional geometrical variable of gutter-included half-
angle a. The desired results are again the cavity width parameter .., the drag coef-
ficient C, and the total-pressure loss coefficient A for a chosen cascade geometry
given by blockage b/t and half-angle a.

The configuration of the vee-gutters and cavities is aerodynamically equivalent,
under the assumptions made, to the two-dimensional contraction of wall angle « and
area ratio 1 - b/t. The contraction was analyzed by von Mises (26), utilizing the
classical method, in order to obtain the contraction coefficient ¢ = (1 - x)/(1 - b/t)
as a function of b/t and a, a result useful in the prediction of flow through conical
exhaust nozzles (same area ratio) of turbojet engines. The theoretical results of
von Mises (26) are shown in Fig. 9 in terms of . as a function of b/t and a.

Then, as in the case of the slat cascade, drag coefficient C, and loss coefficient
A are calculated (25) as functions of b/t and « by application of the continuity and
momentum principles. The theoretical results are shown in Figs. 10a and 10b. In
Figs. 11a-11c, the theoretical results are compared (25) to experimental results of
various investigators. Figure 1la compares theoretical values of wake width to
pitch ratio x for various half-angle a« and blockage b/t to experimental results of
Grey and Wilsted (22) for air tests of conicalnozzles. The experimentally determined
contraction coefficients are expressed in terms of equivalent values of . for the
comparison. Figure 11b shows theoretical drag coefficient Cp(w/w,)? for a = 140.5°
and various b/t compared to experimental data of Langer (23) from air tests. Fig-
ure llc compares the theoretical prediction for loss coefficient A for « = 45° and
various b/t withair and combustion gas test results of Noreen (27) ontwo-dimensional
single-gutter flameholder models. In general, theory and experiment compare best
at high blockage b/t.

THE TARGET-TYPE THRUST
REVERSER

In order to slow down jet aircraft
upon landing, without decreasing engine
. rotative speed so much that large
engine acceleration times would be
required should landing plans be aban-
doned, a variety of jet thrust spoilers
! and reversers have been investigated.
One type of jet thrust reverser is the

T vy target type, in which an obstacle of

o ut = concave form on the upstream face is

! ! inserted across the jet in order to

: l deflect the jet upstream, thereby pro-

viding some reverse or negative thrust.

@ @ O For design purposes, it is desired to

3 obtain the shape of and velocity in the

deflected jet as a function of target

Fig. 8 - Model for flow in geometry, so that effectiveness of
vee-gutter cascade thrust reversal may be studied.
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Considering a cylindrical thrust reverser of internal diameter D and axial length
c, positioned symmetrically acrossa jet of diameter d, the equivalent two-dimensional
configuration is shown in Fig. 12. The model reverser has axial length ¢ and breadth
b, the upstream jet breadth being a, where c/a = c¢/d and b/a = (D/d)? define the
equivalence of the two- and three-dimensional configurations. The initial jet of
breadth a and velocity w, splits into two symmetrical jets of width a/2 and velocity
wy, since the jets are bounded by the free streamlines along which the velocity is
taken as constant. The desired result is the jet deflection angle v as a function of
target and jet geometry b/a and c/a. Sarpkaya (28) has analyzed the configuration by
the classical method in order to study the flow in water turbine ''scoop" buckets.
The theoretical results are shown in Fig, 13, compared to three-dimensional test
data of Siao and Hubbard (29) and De Haven (28) taken with water jets in air. The
check between theory and test is best at low b/a and low c/a, suggesting that fric-
tional effects may be responsible for the lack of better agreement. -

A similar analysis may be made of a conical target of internal diameter b and
included angle 2(# - o) positioned symmetrically across a jet of diameter d. The
equivalent two-dimensional configuration, shown in Fig. 14, has breadth b and included
angle 2(7 - a), the jet breadth being a, where b/a = (D/d)? defines the equivalence.
The desired result is jet deflection angle v as a function of target and jet geometry
b/a and a. Siao and Hubbard (29) analyzed the model configuration by the classical
method in order to study water turbine bucket flows. Their theoretical results are
shown in Fig. 15, compared with results of their three-dimensional experiments on
water jets in air. Measured deflection angles are lower than predicted and increas-
ingly so at larger b/a, presumably due mostly to the effect of friction and possibly
also to the lack of perfect sharpness of test plate edges.
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Fig. 12 - Model for flow over cylindrical thrust reverser

From the point of view of thrust reverser effectiveness, viz., largest deflection
angle v for smallest target size, the results of the two configurations show that
thrust reversal (v > 90°) begins at b/a = 2, smaller targets giving » < 90°. Little
additional deflection is obtained above about b/a = 4. For the cylindrical target,
increasing axial length much above about c/a = 1.5 gives little additional deflection.
For the conical target, the included half-angle = - «, must be less than 90° in order
to get reversal. As 7 - a is decreased from 90°, deflection increases at a decreasing
rate. Generally speaking, the conical target requires greater axial length than the
cylindrical target, for the same diameter and deflection angle, making the latter
preferable because of smaller size and weight.
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THE BUTTERFLY VALVE

Butterfly or damper valves are frequently used as flow regulators in liquid
rocket engine piping, aircraft gas turbine control system piping, and aerodynamic
test facility ducting. It is desirable to predict the flow characteristics and total-
pressure losses of such valves, as well as the forces acting on the regulating plates.
A two-dimensional model of a butterfly valve is shown in Fig. 16. A plate of breadth
t is placed in a channel of the same breadth making an angle « with the channel axis.
Gaps of breadth (1/2)e = (1/2)t(1 - sin a) exist at each side of the plate. A cavity
is formed behind the plate, having breadth t - (1/2)e(¢’ + ¢") infinitely far down-
stream from the plate. The asymmetry of the configuration causes different breadths
¢'e/2 and ¢"e/2 of the jets outside of the cavity. The velocity w, exists in both jets,
assuming uniform static pressure at Section2. The "average'' contraction coefficient
of the valve may be regarded as (1/2)(¢' + ¢").

Ehrich (30) made an approximate analysis of the model configuration by treating
the flow in two parts as shown in Fig. 17. The two approximate component configu-
rations have unknown upstream breadths respectively equal to t'/2 and t"/2, where
t’ + t" = t; otherwise boundary conditions are the same. Then, Ehrich recognized
that the configurations of Fig. 17 were equivalent to von Mises' (26) two-dimensional
contractions (or, likewise, the author's (25) vee-gutter cascades). Thus the con-
traction coefficients ¢’ and ¢" may be obtained as ¢'(s’',7 - a) and ¢"(s",a), where
s’ =1-¢e/t' and s” = 1 - e/t" are respectively the blocked area ratios of the two
approximate configurations and 7 - « and « are the wallangles. Then, the contraction
coefficien “1/2)(¢' + ¢") is obtained in terms of valve closure angle «. Ehrich
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obtained the (normal) force acting on the valve plate by consideration of momentum
and continuity, in terms of component axial and lateral force coefficients as:

C.y = Fax/(1/2)pwft = {[2t/e(¢>' + "] - 1}2 (18a)
Crat = Flad/(1/2)0wt = {[Qt/e(¢>' fon) 1}2 cot a (18b)

where e/t = 1 - sin a. Thus, the valve force is obtained as a function of valve
closure a.

The total-pressure loss across the valve may be obtained by assuming complete
mixing of the cavity and jets to yield a uniform flow of velocity w; = w, at Section 3
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\

as shown in Fig. 16. Thus, from continuity and momentum considerations (as -in the
case of the slat cascade analysis), the total-pressure loss coefficient A is given by

A = (ppy - PT3)/(1/2),0W§ = {[Zt/e(q>' + "] - 1}2 (19)

which yields A\(a).

Figures 18a and 18b show the theoretical results of contraction coefficient ¢ and
loss coefficient X as functions of valve closure angle a. The theoretical loss coef-
ficient A is compared to three-dimensional test data of Weisbach (31), with the latter
being largest, presumably because of the approximation introduced in the analysis
(compare vee-gutter cascade results).

Other interesting valve configurations analyzed by Ehrich (30) include flapper,
needle, orifice plate, gate, and spool valves.
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Fig. 18a - Theoretical average contraction coefficient of
butterfly valve
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In primary combustion systems for
aircraft gas turbines the combustor con-
figuration usually consists of one or more
cylindrical containers, each having a con-
centric inner c¢ylinder perforated with
various holes, slots, and louvers. Air
flowing axially in the annular space between the cylinders enters the inner cylinder
through the perforations, is mixed with fuel, and burned, leaving downstream. Thus,
there is considerable practical interest in the flow of air through a sharp-edged
opening in a wall having air flow along it. It is desired to predict the flow through
the opening and the "penetration (described by flow angle) of the jet into the down-
stream space. McNown and Hsu (32) have studied the model shown in Fig. 19. A two-
dimensional channel of breadth g has uniform velocity w, at infinity. A slotof breadth
f in one wall forms a jet having area »f and.velocity w, at infinity. The jet is
deflected through an angle v, relative to the upstream flow at Section 1. The remain-
der of the flow passes out of the channel with velocity w, at Section 4 at infinity. It
is desired to predict the contraction coefficient ¢ and the jet deflection angle v for
various slot/channel breadth ratios f/g and various amounts of jet flow as charac-
terized by the velocity ratio w,/w,, McNown and Hsu obtained the solution by the
classical method. The theoretical results are shown in Fig. 20, where ¢ and v are
shown as functions of f/g and W4/ Wy,

Fig. 18b - Comparison of theory and
experiment for total-pressure loss
coefficient of butterfly valve
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Ehrich (33) analyzed a different case having combustion interest, wherein air is
fed through a sharp-edged slot into a parallel flow which is directed along the wall.
For the case of equal total-pressures of the two streams, the surface of separation
between the streams was calculated, as well as the free streamline separating the
jet from the downstream solid boundary. Qualitative agreement was obtained between

theoretical jet shapes and those obtained experimentally.
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COMPRESSIBILITY EFFECTS' IN AERODYNAMIC CAVITY FLOWS

The various solutions discussed above assume incompressible flow and yield
reasonable results as long as this and the other assumptions are justifiable. How-
ever, in cases of high blockage or high inlet Mach number (ratio of flow velocity to
velocity of sound) or both, results are a strong function of Mach number, since very
high velocities then occur in the jets. In such cases, the compressibility effect is
important. Analytical methods are not available for handling the general case.
However, for specific configurations, solutions can be made in a manner entirely
similar to the incompressible calculations.

An example of a compressible case is that of the slat cascade, treated by the
author (24) in the study of flow through sharp-edged screens. In this case, the con-
traction coeificient ¢ was estimated as a function of blockage b/t and jet Mach
number M,. The estimation of ¢ was based on air test data on conical flow nozzles,
takenover a range of nozzle pressure ratios. Then, compressible mixing calculations
yielded the theoretical results shown in Fig. 21, where loss coefficient A is shown as
a function of inlet Mach number M, for various blockages s = b/t. The loss coef-
ficient A rises with M, for a given b/t, as might be physically expected. A subsonic
flow limit curve is shown, the locus of conditions such that M, = 1. The curves are
shown dashed beyond this limit because they are extrapolations, the one-dimensional
mixing calculations used being invalid in this region. Further, additional shock wave
losses will occur in supersonic jets. The curves are terminated by the envelope
curve labeled "upper bound for choke,’ the locus of conditions such that sonic velocity
exists across the entire opening of breadth t+ - b. Actual choking conditions will
obtain somewhere between the subsonic flow limit and the upper bound for choke.
Additional calculations could be made to yield compressible drag coefficients for the
slat cascade.

A comparison of theoretical predictions of loss coefficient A with experimental
results (24) is shown in Fig. 22, for air tests of two perforated plates. Reasonable
agreement is found between theory and test.

SCALE EFFECTS IN AERODYNAMIC CAVITY FLOWS

In cases where separation points are definitely fixed by the geometry (sharp
edges) and where fluid-friction forces in the average streamwise direction acting on
solid surfaces are negligible, e.gz., the slat cascade, little scale effect is found (24).
At very low Reynolds numbers (based on upstream velocity w, and slat breadth b) the
loss coefficient A may be expected to fall and then rise again as the Reynolds number
is decreased, and likewise for the drag coefficient c,. The contraction coefficient ¢
may be expected to rise and then fall again as the Reynolds number falls, similar to
the case of the single sharp-edged orifice.

In cases where separationpoints are geometrically fixed, but fluid-frictionforces
in the average streamwise direction are not negligible, e.g., the vee-gutter cascade,
some scale effect is to be expected. At low Reynolds numbers the loss coefficient A
may be expected to rise with falling Reynolds number, and likewise for the drag
coefficient C;. The contraction coefficient may be expected to fall with falling
Reynolds number, similar to the case of the rounded flow nozzle.

In cases where the separation points are not geometrically fixed and fluid-
friction forces in the average streamwise direction are not negligible, e.g., a cascade
of cylinders, a large scale effect is to be expected. As in the case of the single
circular cylinder, the locations of the separation points will vary with the Reynolds
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number and, possibly, the entire character of the flow will likewise vary. For
example, experimental data on round-wire screens (24) show a strong increase in
drag coefficient C; as the Reynolds number decreases in the region of low Reynolds
numbers.

CONCI.USIONS

In aerodynamic cavity flows, viz., long cavities or wakes of relatively low veloc-
ity trailing behind solid obstacles in gas flows, reasonable results can be obtained in
predicting cavity shape, drag force, and total-pressure loss by use of the free
streamline method of Helmholtz-Kirchoff, along with mixing calculations, if the flow
velocities, are low encugh to justify the assumption of incompressible flow, solid
surfaces can be approximated by linear elements, the Reynolds number is not too
low, and jetvelocities adjacent to the cavities are highenough to justify the assumption
of a stagnant cavity.

Results can be obtained for higher velocity flows, if the effect of compressibility
on cavity shape can be estimated analytically or otherwise. Scale effect (Reynolds
number effect) will not be large in cases where the separation points (cavity inception)
are fixed by sharp edges and where one may neglect the fluid-friction forces in the

average streamwise direction on the solid surfaces. In other cases, the qualitative
nature of the scale effect may be estimated.
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NOMENCLATURE
a = jet breadth upstream of thrust reverser (ft)

b = breadth of configuration element in direction transverse to upstream flow
direction (ft)

axial depth of cylindrical thrust reverser (ft)

o
i

Cp = drag force coefficient, referred to upstream velocity head
¢, = lift force coefficient, referred to upstream velocity head
Cy = normal force coefficient, referred to upstream velocity head
D = drag force per unit span length (1b/ft)
e = opening of butterfly valve, measured normal to valve axis (ft)
f = breadth of bleed slot in wall of combustor liner (ft)
g = breadth of channel upstream of bleed slot in combustor liner (ft)
i= -1
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1 = chord of flat plate cascade (ft)
L = lift force per unit span length (lb/ft)

H = 1n { = non-dimensional complex position variable in the logarithmic
hodograph plane

M = Mach number

N = normal force per unit span length (Ib/ft)

p = static pressure (Ib/ft?2)
pr = total-pressure (Ib/ft?)

s = blocked-area ratio of butterfly valve or perforated plate

t = pitch or spacing between configuration elements (ft)

u = x component of fluid velocity (ft/sec)

U = reference velocity (ft/sec)

v = y component of fluid velocity (ft/sec)

w = fluid velocity (ft/sec)

W = ¢ + i? = complex potential (ft 2/sec)

x = abscissa in the physical plane (ft)

y = ordinate in the physical plane (ft)

z = x + iy = complex position variable in the physical plane (ft)
Z = complex position variable in the auxiliary half-plane (ft)

o = included half-angle of vee-gutter cascade or valve closure angle of but-

terfly valve or external half-angle of conical thrust reverser

B = fluid angle measured relative to normal to cascade axis

v = stagger angle of flat plate cascade

8 = B, - 7 = angle of attack in flat plate cascade

Apy = pp; - ppz = total-pressure loss (Ib/ft?)
e = B, - f3 = overall deflection angle of flat plate cascade

{ = (u ~ iv)/U = nondimensional complex position variable in the hodograph
plane

6 = £, - B, = jet deflection angle of flat plate cascade
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A = ApT/(1/2)pwf = total-pressure loss coefficient, referred to upstream
velocity head '

N
A = wy/w, = velocity ratio

u = cavity breadth as a fraction of pitch t

v = jet deﬂéction angle of thrust reverser or combustor liner

¢ = contraction coefficient (jet breadth as a function of configuration aperture
breadth)

o = fluid mass density (slug/ft3)
® = potential function (ft %/sec)

¥ = stream function (ft ?2/sec)

Subscripts
ax = subscript referring to axial force in butterfly valve analysis
lat = subscript referring to lateral force in butterfly valve analysis
1 = subscript referring to conditions infinitely far upstream of configuration
2 = subscriptreferringto conditions infinitely far downstream of configuration
3 = subscript referring to conditions after mixing of jets and cavities

4 = subscript referring to conditions downstream of bleed slot in combustor
liner

» = Subscript referring to vector mean velocity in flat plate cascade
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DISCUSSION

G. Birkhoff (Harvard University)

This is an excellent review of the favorable side of the ledger, as regards pre-
dictions of real wake behavior from mathematical solutions of the Helmholtz Problem.
Perhaps in Dr. Cornell's discussion of general conformal mapping methods more
emphasis might have been put on the parameter problem: in most cases, the greatest
difficulty comes in determining the auxiliary constants (parameters) of the Schwarz-
Christoffel transformations involved.

I was unable to understand clearly the "'constant momentum mixing' hypothesis
used, and wonder if it is mathematically equivalent to the following naive method of
calculation. Let two parallel streams of equal density o, thicknesses T,, T,, and
velocities v,, v,, mix as they flow downstream under Helmholtz instability. The
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mean downstream velocity, v, = (T v, +T,v,)/(T; +T,), should be regarded as zero
relative to this, by the Bernoulli equation

Pyt /2 p(vy=v )2 = py + 172 plvy-v) 2.
In 1943, I suggested this method of calculation to the late John von Neumann as a
basis for calculating wake underpressure (in this case, T, = @ and v, = v,). He

pointed out that for most cases (though not for a broadside flat plate) it seriously
over-estimated the wake underpressure.

M. Tulin (Office of Naval Research)

Has there been any application of cavity-flow models to the prediction of flameout ?

W. G. Cornell
With respect to flameout, I would say no. So far, most applications have been to

predict so-called dry losses in the flameholders which are put in to stabilize
combustion.
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