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Some examples are given of the application of the Helmholtz- 
liirchoff free-streamline theory of incompressiblempotential flowj along 
with mixing c~Iculations, to the practical estimation of separated gas 
flows occurring in several configurations taken from flight propulsion 
systems. Configurations considered are the perforated plate, the 
compressor-blade cascade, the vee-gutter flameholder, the target-type 
thrust reverser ,  the butterfly valve, and the perforated combustorliner. 
Results include cavity shape, drag force and total-pressure loss. The 
theoretical predictions are compared to experimental results in most 
cases and reasonable agreement is found in the areas wherein the 
theoretical assumptions are justifiable. The effects of compressibility 
and scale are discussed. 

INTRODUCTION 

In the development of modern a i r -b rea th ing  flight propulsion systems,  powered 
by a i rc ra f t  gas turbines and ramje t s ,  cer ta in  internal  aerodynamic problems a r i se  
due to the occur rence  of separated flow, viz.,  s t r eaml ines  which separate  as a resu l t  
of boundary layer  action from the contours of i m m e r s e d  bodies or  passage walls.  
Similar  hydrodynamic problems a r i se  in the fuel and propellant sys tems  of liquid 
rocket  engines. 

In such separated flows, }'dead water"  regions are  formed downstream of the 
points of separat ion of the fluid f rom the solid boundaries.  Within the separated 
regions the fluid is more  or  less  at r e s t  re la t ive  to the moving fluid nearby. The 
separated regions may be styled as "aerodynamic cav i t i es"  in allusion to the true 
cavity flows in hydrodynamics,  where gas f i l led cavi t ies  o c c u r  in s imi la r  liquid 
flows. In some cases,  the separated flow is designed for (e.g., the separat ion regions 
of hot gas behind bluff-body f lame holders  in a i rc ra f t  gas turbine and ramje t  corn- 
bus{ion systems).  In other cases,  the separated flow is not desired,  but occurs  under 
cer ta in  operating conditions (e.g., the separat ion regions of air  behind stal led axia l -  
compres so r  blades in a i rc ra f t  gas turbines operat ing at off-design conditions). 
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In o rde r  to obtain optimum designs of the configurations in question, it is des i red  
p r io r  to model  tes t s  to predict  the cha rac te r i s t i c s  of the separa ted  flow fields. The 
des i red  resu l t s  a re  usually overa l l  resu l t s  ra ther  than the complete detai ls  of the 
flow field (e.g., force  on and geometry  of separa ted  region behind an i m m e r s e d  body, 
angular deflection and mass  flow of a jet  of gas, average  t o t a l - p r e s s u r e  loss  of gas 
flowing through a passage).  

In cases  where flow veloci t ies  a re  low ( incompress ib le  flow) and the flow con- 
f igurat ion is made of or  can be approximated by solid sur faces  composed of l inear  
e lements ,  along with separated s t r eaml ines  upon which stat ic  p r e s su re  is constant, 
and where  the s t r eamwise  cavity length is long compared  to configurational e lement  
s ize,  the des i red  resu l t s  are  conveniently obtained by application of the f ree  s t r e a m -  
line method originated by Helmholtz (1) and Kirchoff (2) and perfec ted  by Michell  (3) 
and others .  The method assumes  an infinitely long cavity with steady, two- 
dimensional ,  body- fo rce - f r ee ,  potential flow of an incompress ib le ,  nonviscous fluid. 
As a resul t  one obtains immersed -body  force,  separa ted  region geometry,  jet  def lec-  
tion, and mass  flow. Mixing calculat ions then yield t o t a i - p r e s s u r e  loss  in passage 
flow cases .  With good approximation, cer ta in  th ree -d imens iona l  flows can be t rea ted  
by considerat ion of "equivalent"  two-dimensional  flows having the same " c r o s s -  
sec t ional"  a reas  for flow. In passage flow cases  with higher flow veloci t ies ,  the 
compress ib i l i ty  effect can be accounted for at least  approximate lyby a compress ib le  
genera l iza t ion of the mixing calculation, if theory or  exper iment  is  available for 
es t imat ion of the geometry  of the separated flow region. Scale effects  (viscosi ty  
effects) may be neglected in cases  where  the separat ion points a re  fixed by sharp 
edges and where the f lu id-fr ic t ion forces  in the average  s t r eamwise  direct ion are  
negligible.  In other  cases,  the quali tat ive nature of the scale  effect  maybe  est imated,  
as d iscussed  e l sewhere  in the paper. 

PHYSICAL CONCEPTS OF FREE STREAMLINE FLOWS 

Ear ly  work (2)on f ree  s t reaml ine  flows included the case of a smal l  s h a r p -  
edged or i f ice  in an infinite plate and the case of a flat plate normal  to an unbounded 
s t ream.  In the f o r m e r  case, the theore t ica l  contract ion coefficient  agreed well  with 
exper imenta l  values obtained on both two-dimensional  s l i ts  and round holes (4). In 
the la t te r  case, the theore t ica l  drag coeff icients  were  found to be far  lower than 
exper imenta l  values (5). This discouraging resul t  impeded fur ther  prac t ica l  appli- 
cations of the method for many years .  

At the root of the large  difference between the two cases  is  the difference between 
two bas ic  types of flow: (a)The re la t ive ly  r e s t r i c t e d  flow of a jet  through an opening, 
as in the case of the sharp-edged orif ice,  and (b) The re la t ive ly  unres t r i c t ed  flow of 
a f ree  s t r eam over  an obstacle, as in the case of the flat plate. In the la t ter  case, 
instabil i ty of the f ree  boundary, smal l  a symmet r i e s ,  entrainment,  etc.,  cause smal l  
motions in the cavity, the ve loc i t ies  of which cannot be neglected re la t ive  to the f ree  
s t r eam velocity.  In the f o r m e r  case, ve loc i t ies  l ikewise occur  in the cavity, but are  
more  near ly  negligible re la t ive  to the large  veloci ty of the jet.  Thus, the fundamental 
assumption of a stagnant cavity is  more  just if iable in the case of the or i f ice  than in 
the case  of the plate and consequently there  is be t ter  agreement  between theory and 
exper iment .  This important  point can be understood best  by consider ing the two 
cases  in question as l imit ing cases  of the more  genera l  case  shown in Fig. 1. The 
general  case may be considered as a cascade consist ing of an infinite number of 
.4harp-edged flat plates of breadth* b, spaced apart by spacing t along a line normal  

* S e e  N o m e n c l a t u r e  a t  e n d  of  t e x t  f o r  d e f i n i t i o n  a n d  t h e  u n i t s  of  a l l  l e t t e r  s y m b o l s .  
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Fig.  1 - Model  for  flow in s la t  c a s c a d e  

to the  u n i f o r m  p a r a l l e l  f low i n f i n i t e l y  f a r  u p s t r e a m  of the  p l a t e s .  The  u p s t r e a m  flow 
at  Sec t ion  1 in  Fig.  1 h a s  v e l o c i t y  w 1. A l t e r n a t e l y ,  t h i s  c a s e  m a y  be  c o n s i d e r e d  as  
an  i n f i n i t e  n u m b e r  of s h a r p - e d g e d  o r i f i c e s  of open ing  t - b,  s p a c e d  a p a r t  by  s p a c i n g  
t .  S e p a r a t i o n  r e g i o n s  o r  c a v i t i e s  e x t e n d  i n f i n i t e l y  f a r  d o w n s t r e a m  and  a r e  e n c l o s e d  
by  the  f r e e  s t r e a m l i n e s  o r i g i n a t i n g  f r o m  the  s h a r p  e d g e s  T and  T' of the  so l i d  b o u n d -  
a r i e s .  The  s t a t i c  p r e s s u r e  i s  a s s u m e d  to b e  c o n s t a n t  a t  the  d o w n s t r e a m  va lue  on the  
f r e e  s t r e a m l i n e s  and  wi th in  the  cav i ty .  U n d e r  the  a s s u m p t i o n s  used ,  the  f l u i d v e l o c i t y  
i s  t hen  c o n s t a n t  on the  f r e e  s t r e a m l i n e s  and  d i s c o n t i n u o u s l y  d r o p s  to z e r o  in the  
cav i ty .  In f in i t e ly  f a r  d o w n s t r e a m  at  Sec t ion  2, the  c a v i t i e s  have  wid th  ~t  and  a r e  
i n t e r s p e r s e d  wi th  j e t s  of v e l o c i t y  w 2 and  b r e a d t h  (1 - ~ ) t ,  o r  a l t e r n a t e l y ,  ~ ( t  - b) ,  
w h e r e  cp i s  the  " c o n t r a c t i o n  c o e f f i c i e n t "  fo r  the  o r i f i c e  c a s e .  The  m o d e l  i s  c o m p l e t e d  
b y  v i s u a l i z a t i o n  of a m i x i n g  r e g i o n  b e t w e e n  Sec t ion  2 and Sec t ion  3, w h e r e  a u n i f o r m  
p a r a l l e l  f low of v e l o c i t y  w 3 e x i s t s .  The  b a s i c  g e o m e t r i c  p a r a m e t e r  of the  c o n f i g u r a -  
t ion  i s  b / t .  The  c a s e  of the  s i n g l e  p la t e  i s  o b t a i n e d  by  b / t  ---> 0, v iz . ,  t ----> co. The  
c a s e  of the  s i n g l e  o r i f i c e  i s  o b t a i n e d  by  b / t  ---> co, viz., b ~ co. In the  g e n e r a l  c a s e  of 
0 < b / t  < cc the  j e t  v e l o c i t y  w 2 > w 1 by  r e a s o n  of con t inu i ty  of flow, the  r a t i o  w2/w 1 
i n c r e a s i n g  as  b / t  i n c r e a s e s .  Thus ,  the  v a l i d i t y  of the  s t a g n a n t  c a v i t y  a s s u m p t i o n  
i n c r e a s e s  as  b / t  i n c r e a s e s ,  a r e s u l t  wh ich  i s  b o r n e  out  by  c o m p a r i s o n  of t h e o r y  and 
t e s t .  

T h e r e f o r e ,  i n t e r n a l  f low c o n f i g u r a t i o n s  h a v i n g  c a v i t i e s  e n c l o s e d  by  j e t s  h a v i n g  a 
v e l o c i t y  r e l a t i v e l y  h igh  c o m p a r e d  to the  u p s t r e a m  v e l o c i t y  a r e  p a r t i c u l a r l y  a m e n a b l e  
to f r e e  s t r e a m l i n e  a n a l y s i s .  S ince  t h e r e  i s  i n t e r e s t  in o t h e r  c o n f i g u r a t i o n s  (no tab ly  
s i n g l e  b luf f  bod i e s )  i n w h i c h  t h i s  i s  not  the  case ,  and s i n c e  h y d r o d y n a m i c  c a v i t i e s  a r e  
f r e q u e n t l y  of f in i t e  length ,  n u m e r o u s  o t h e r  t h e o r e t i c a l  m e t h o d s  b a s e d  on v a r i o u s  
m o d e l s  of the  f low have  b e e n  d e v e l o p e d  in  o r d e r  to o b t a i n  b e t t e r  a g r e e m e n t  b e t w e e n  
t h e o r y  and  e x p e r i m e n t .  A m o n g  t h e s e  shou ld  b e  no t ed  the  m o d e l  of R i a b o u c h i n s k y  (6) 
wh ich  e m p l o y s  a d o w n s t r e a m  " r e f l e c t i o n  i m a g e "  of body  and cavi ty ,  the  m o d e l  of 
G i l b a r g  and  Rock  (7) wh ich  h a s  a f in i t e  cav i ty  " v e n t i l a t e d "  u p s t r e a m  into a n o t h e r  
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" R i e m a n n  s h e e t , "  and  the  m o d e l  of R o s h k o  (8) wh ich  u s e s  an  in f in i t e  cav i ty  h a v i n g  
l i n e a r  b o u n d a r i e s  f a r  d o w n s t r e a m .  All of t h e s e  m o d e l s  s u f f e r  f r o m  the  r e q u i r e m e n t  
tha t  e i t h e r  the  d r a g  coe f f i c i en t  o r  the  p r e s s u r e  w i th in  the  cav i ty  be  known f r o m  
e x p e r i m e n t  in  o r d e r  tha t  the  f low m o d e l  c an  b e  def ined .  A m o d e l  p r o p o s e d  by  
W e i n i g  (9) u t i l i z e s  f r e e  s t r e a m l i n e s  wh ich  t e r m i n a t e  in  "wind ing  p o i n t s "  in  o r d e r  to 
a c c o u n t  s o m e w h a t  f o r  f r e e  b o u n d a r y  i n s t a b i l i t y .  T u l i n  (10) d e v e l o p e d  a " l i n e a r i z e d "  
t h e o r y  fo r  r e l a t i v e l y  s l e n d e r  b o d i e s .  Any of t h e s e  m o d e l s  c an  b e  u s e d  to i m p r o v e  
the  r e s u l t s  of f r e e  s t r e a m l i n e  a n a l y s i s  of s ing le  b luf f  body  o r  f in i t e  c a v i t y  c a s e s ,  
a l though  a n a l y t i c a l  d i f f i c u l t i e s  a r e  s o m e t i m e s  l a r g e .  The  fac t  t ha t  s u c h  a l a r g e  
v a r i e t y  of m o d e l s  g i v e s  good r e s u l t s  d e m o n s t r a t e s  the  fac t  t h a t  the  exac t  s h a p e  of 
the  cav i ty  d o e s  not  a f fec t  the  r e s u l t s  too s t r o n g l y .  

The  e f f e c t s  of c o m p r e s s i b i l i t y  and  s c a l e  a r e  d i s c u s s e d  l a t e r  in the  p a p e r .  

A N A L Y T I C A L  METHODS FOR D E T E R M I N A T I O N  
OF F R E E  S T R E A M L I N E  FLOWS 

The  c l a s s i c a l  m e t h o d  fo r  so lu t i on  of f r e e  s t r e a m l i n e  p r o b l e m s  g r e w *  u n d e r  the  
e f f o r t s  of H e l m h o l t z  (1), K i r c h o f f  (2), M i c h e l l  (3), P l a n c k  (13), C h r i s t o f f e l  (14), 
S c h w a r z  (15), and  R a y l e i g h  (16) to  the  p r e s e n t l y  a c c e p t e d  m e t h o d  a s  d e l i n e a t e d  fo r  
e x a m p l e  by  L a m b  (17) and e s p e c i a l l y  we l l  by  M i l n e - T h o m s o n  (18). Thus ,  a f low f i e ld  
c o m p r i s i n g  l i n e a r  so l i d  b o u n d a r i e s  and  s e p a r a t e d  f r e e  s t r e a m l i n e s  i s  r e p r e s e n t e d  in 
the  " p h y s i c a l "  o r  z = x + iy p l ane  by  a L a p l a c i a n  ne t  of s t r e a m l i n e s  (w = c o n s t a n t )  
and  p o t e n t i a l  l i n e s  (4, = cons t an t ) ,  d e s c r i b e d  by  the  c o m p l e x  p o t e n t i a l  w = ¢ + i~ .  The  
c o m p l e x  v e l o c i t y  t of flow i s  g i v e n  by  ; = (u - iv ) /U = d W / U d z ,  w h e r e  U is  an a r b i t r a r y  
r e f e r e n c e  ve loc i ty .  Thus ,  ~ m a y b e  u s e d  as  a pos i t i on  v a r i a b l e  to def ine  a " h o d o g r a p h "  
o r  5 p l ane  h a v i n g  the  r e a l  c o o r d i n a t e  u/U p r o p o r t i o n a l  to u, the  x c o m p o n e n t  of p h y s i -  
ca l  p l ane  ve loc i t y ,  and  the  i m a g i n a r y  c o o r d i n a t e  -v/U p r o p o r t i o n a l  to the  y c o m p o n e n t .  
L i k e w i s e ,  a " l o g a r i t h m i c  h o d o g r a p h "  o r  H = ln (~ )  p l ane  m a y  b e  def ined ,  h a v i n g  the  
p o s i t i o n  v a r i a b l e  H = lnv/(u 2 + v 2 ) / U  2 - i t a n - l ( v / u ) .  A c c o r d i n g l y ,  the  f r e e  s t r e a m -  
l i n e s  in  the  z p l ane  m a y  be  c o n f o r m a l l y  t r a n s f o r m e d  to c i r c l e s  abou t  the  o r i g i n  in 
the  5 p l ane  and  l i n e s  p a r a l l e l  to the  i m a g i n a r y  a x i s  in  the  H p lane .  L i k e w i s e ,  the  
l i n e a r  s o l i d  b o u n d a r i e s  t r a n s f o r m  to r a y s  f r o m  the  o r i g i n  in the  5 p l ane  and  l i n e s  
p a r a l l e l  to the  r e a l  ax i s  in  the  H p lane .  Thus ,  the  p h y s i c a l  f low c o n f i g u r a t i o n  in the  
z p l ane  m a y  b e  s t ud i ed  in t e r m s  of the  r e l a t i v e l y  s i m p l e r  c o n f i g u r a t i o n s  of c i r c u l a r  
a r c s  and  r a y s  in  the  5 p lane  and  of s t r a i g h t  l i n e s  in  the  H p lane .  

The  p h y s i c a l  p r o b l e m  i n v o l v e s  the  d e t e r m i n a t i o n  of the  c o m p l e x  p o t e n t i a l  W(z), 
the  c o m p l e x  v e l o c i t y  5(z) and  f i n a l l y  the  s t a t i c  p r e s s u r e  p f r o m  the  B e r n o u l l i  r e l a t i o n  
p ¢ (1 /2 )p (u  2 + v 2 )  = c o n s t a n t .  T he  r e l a t i o n  W(z) i s  o b t a i n e d  i n d i r e c t l y  t h r o u g h  an 
a u x i l i a r y  v a r i a b l e  Z so de f ined  t h a t  the  z p l ane  i s  a h a l f - p l a n e  on the  r e a l  ax i s  of 
wh ich  i s  m a p p e d  the  po lygona l  b o u n d a r y  of the  f low f i e ld  in  the  H plane ,  by  m e a n s  of 
the  S c h w a r z - C h r i s t o f f e l  t r a n s f o r m a t i o n  func t ion .  Al so  m a p p e d  on the  7 p l ane  i s  the  
( r e c t a n g u l a r )  po lygona l  b o u n d a r y  of the  f low f i e ld  in  the  w = ¢ + iw p lane .  Thus ,  the  
r e l a t i o n s  ~(Z) and  w(z) a r e  o b t a i n a b l e  f r o m  the  m a p p i n g s .  Then ,  the  r e l a t i o n  z(Z) i s  
o b t a i n a b l e  by  i n t e g r a t i o n  as  z(Z) = ( I / U ) f e H ( Z ) [ d W ( Z ) / d Z ] d Z .  F ina l ly ,  h a v i n g  H(Z), 
W(Z), and  z(Z), t h e r e i s  ob ta ined ,  a t  l e a s t  i m p l i c i t l y ,  W(z)and ,  t h e r e f o r e ,  ~(z) and  p ( z ) .  

The  " c l a s s i c a l "  m e t h o d  j u s t  d e s c r i b e d  can  b e  u s e d  in any  f r e e  s t r e a m l i n e  p r o b -  
l em,  a l t hough  t h e r e  i s  no g u a r a n t e e  t ha t  a c l o s e d - f o r m  s o l u t i o n  c a n b e  ob ta ined ,  s i n c e  

:::See McNown (11} and  B i rkhof f  (12) for  i n t e r e s t i n g  h i s t o r i c a l  d i s c u s s i o n s  of the 
m e t h o d  and i t s  p r a c t i c a l  app l i ca t i on .  

t T h e  c o n v e n t i o n  dW/dz = +u - iv  is  u sed  h e r e i n .  
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i n t e g r a l s  s o m e t i m e s  o c c u r  w h i c h  c a n n o t  b e  e v a l u a t e d  a n a l y t i c a l l y .  A l e s s  g e n e r a l  
bu t  s i m p l e r  m e t h o d  can  be  u s e d  in s o m e  c a s e s ,  v iz . ,  when  the  flow f i e ld  w(¢) in  the  
h o d o g r a p h  p lane  can  b e  s y n t h e s i z e d  by  p h y s i c a l  r e a s o n i n g .  T h e n  W(¢) i s  o b t a i n e d  by  
i n t e g r a t i o n  of z(~) = ( l /U)  j ~ l(dW/d~)d~. 

EXAMPLE OF THE SLAT CASCADE 

As an example of the sort of application of the free streamline method considered 
herein, the slat cascade may be treated. The two-dimensional model is shown in 
Fig. I, characterized by the blocked area ratio b/t. Equivalent configurations of 
practical interest are the three-dimensional (same blocked area ratio) sharp-edged 
orifice plate, the sharp-edged orifice symmetrically placed in a channel, the per- 
forated plate strainer, and the ribbon screen. It is desired to predict the total- 
pressure loss, the drag force on the solid elements, and the flow through the cascade. 
The solution may be obtained as a special case of the solution for the stalled flat 
plate cascade (19) or: for illustrative purposes, maybe developed as follows, utilizing 
the alternative physical synthesis approach discussed above. Let the z = x + iy 
plane contain the slat cascade with the origin taken at the center of one of the infini- 
tesimally thin plates. Under the previously stated assumptions of the free streamline 
theory there exists a complex potential function W = • + i~, where¢ and ~ are 
respectively potential and stream functions. The nondimensional complex velocity of 
the flow is taken as ~ = (u - iv)/w 2 where u and v are respectively the x and y com- 
ponents of z plane velocity and where w 2 is the uniform velocity of the jets at × = +~0. 
Since ~ = dW/w2dz is ananalyticfunction of z, assuming W to be likewise, the z plane 
may be conformally transformed to or mapped upon the ~ plane, (nondimensional 
conjugate hodograph plane) yielding another Laplacian net of ¢ and ~ lines, which may 
be  v i s u a l i z e d  as  a p h y s i c a l l y  f i c t i t i o u s  p o t e n t i a l  f low f ie ld  in  i t s e l f .  A p o i n t - t o - p o i n t  
r e c i p r o c a l  c o r r e s p o n d e n c e  then  e x i s t s  b e t w e e n  the  p l a n e s  of z and  4, de f ined  by  the  
t r a n s f o r m a t i o n  func t ion  z = z(~) ,  a s  ye t  unknown.  

The  flow f i e ld  in  the  ¢ p l ane  i s  shown  in  Fig.  2, and  m a y  b e  p h y s i c a l l y  deduced  
to b e  so as  fo l lows:  The  f low in e a c h  s t r i p  of wid th  t in  the  z p l ane  m a p s  into the  

_ v / W  2 

I~A-- --A--M 

Fig. 2 - Hodograph plane for slat cascade 
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uni t  s e m i c i r c l e  in the  ~ plane.  All s t r e a m l i n e s  ( total  vo lume  of f low = wit ) e m a n a t e  
f r o m  the point  C 1 -- A, the  t r a n s f o r m e d  i m a g e  of the l ine  z 1 = - %  and t e r m i n a t e  in 
the point  ~2 = +1, the  t r a n s f o r m e d  i m a g e  of the  l ine  z 2 = +co. The p la te  s u r f a c e s  TT' 
m a p  into the i m a g i n a r y  ax is .  The f r e e  s t r e a m l i n e s  T2 and T'2 m a p  into the  uni t  
s e m i c i r c l e .  All  s t r e a m l i n e s  of the flow in the  z - p l a n e  s t r i p  m a p  into s t r e a m l i n e s  
con ta ined  wi th in  the  ~ p lane  s e m i c i r c l e .  The mapp ing  i s  r e p e t i t i v e  in tha t  each  z- 
p lane  s t r i p  m a p s  into the s a m e  4 -p lane  s e m i c i r c l e .  

The  n a t u r e  of the  flow at  C1 i s  tha t  of a s o u r c e  of s t r e n g t h  (volume flow) wit , 
whi le  at  4 2 t h e r e  m u s t  e x i s t  a double  s ink of s t r e n g t h  2wit. Th i s  fo l lows  f r o m  con-  
s i d e r a t i o n  of the  s y m m e t r i c  n a t u r e  of the C1 flow and f r o m  the r e q u i r e m e n t  that  the 
i m a g i n a r y  ax i s  and the  uni t  s e m i c i r c l e  be s t r e a m l i n e s  of the C-plane flow. The l a t t e r  
r e q u i r e m e n t  f u r t h e r  d e m a n d s  the e x i s t e n c e  of the s o u r c e s  ( s t r e n g t h  wit) at  44, Cs, 
and C6 and the  double  s ink ( s t r e n g t h  2wlt) at 47. The " r e f l e c t i o n  s i n g u l a r i t i e s "  added  
in the  C plane  a r e  wi thout  (or  on) the bounda ry  of the uni t  s e m i c i r c l e  and hence  do not 
imp ly  n o n p h y s i c a l  i m a g e  s i n g u l a r i t i e s  in the z -p lane  flow. F ina l ly ,  a l l  r e q u i r e d  
b o u n d a r y  cond i t i ons  in the z - p l a n e  and ~-plane f lows a r e  s a t i s f i e d  and the 4-plane 
flow f ie ld  i s  g iven by the c o m p l e x  po ten t i a l  due to the s ix  s i n g u l a r i t i e s  as  

W(C) = (wl t /2~)[ ln(C 2 - A 2) + ln(C 2 - 1/A 2) - 2 in(4 2 - 1)] . 

The c o m p l e x  ve loc i t y  of the 4 -p lane  flow f ie ld  i s  then  g iven by 

(1) 

dW/d4 : (wlt/277)[2~/(C 2 - A 2) + 24/(C 2 - I/A 2) - 4C/(C 2 - 1)]. 

The d e r i v a t i v e  of the t r a n s f o r m a t i o n  funct ion  z ( 4 ) i s  then g iven by 

(2) 

dW/dC dW/d4 
d z / d C  - 

dWdz w24 

: (Wlt/2~w2C)[2C/(~ 2 - A 2) + 2~/(~ 2 - 1/A 2) - 4C/(~ 2 - 1)] 

which  equa t ion  m a y  be i n t e g r a t e d  to y ie ld  

(3) 

z = (At/2~) In ~ - ~ - +  A In AC +~ - 2 In + CI (4) 

w h e r e  c 1 i s  an a r b i t r a r y  cons t an t  of i n t eg ra t i on .  Equat ion  (4) i s  the t r a n s f o r m a t i o n  
funct ion z(C) l inking po in t s  in the z and ~ p l an es .  

The C-plane p a r a m e t e r  A m a y  n o w b e  eva lua t ed  f r o m  use  of the p h y s i ca l  condi t ion  
that  the p la te  b r e a d t h  b i s  g iven by the r e l a t i o n  

b = ( 1 / i ) ( z  T, - ZT). 

Subs t i tu t ing  (4) in (5) with 4 T, = - i  and 4 T = +i, y i e ld s  the r e l a t i o n  

b / t  : 1 - A -  (2/w)(1 - A 2) tg - I (A)  

(5) 

(6) 

which g ives  the p a r a m e t e r  A = wJw 2 i m p l i c i t l y  in t e r m s  of the b lockage  b / t .  Thus,  
the  C plane  i s  c o m p l e t e l y  d e t e r m i n e d  fo r  a chosen  z - p l a n e  g e o m e t r y  b / t ,  and the z- 
p lane  c o m p l e x  ve loc i ty  u - iv = w24 can be d e t e r m i n e d  at any point.  In par t icular~  
at the point  ~2, the complex  ve loc i t y  i s  u 2 = w 2 = wl/A. 
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Continui ty of f low in the z -p lane  r e q u i r e s  that  

w2(1  - , ) t  = . h t  ( 7 )  

so that 

: 1 - A (8 )  

i s  ob ta ined  fo r  the c a v i t y w i d t h p a r a m e t e r  and ~ = ~z(b/t') i s  obta ined  f r o m  (6) and (8). 

The result may be expressed in terms of the contraction coefficient defined 
geometrically by 

= (1 - ; ) / ( 1  - b / t )  (9) 

which y ie lds  ~ = q~(b/t) f r o m  (6), (8), and (9). 

The  d rag  f o r c e  pe r  unit  span D on one of the s l a t s  m a y  be e x p r e s s e d  as  a non-  
d i m e n s i o n a l  d rag  coef f i c i en t  c D = D/(1/2) pw}b as  

C D = (1 - A ) 2 ( t / b ) / A  2 (I0) 

f r o m  appl ica t ion  of the m o m e n t u m  p r inc ip l e  to one s t r i p  of f luid of b r e a d t h  t and 
f r o m  c o n s i d e r a t i o n  of the B e r n o u l l i  r e l a t i on  for  the l o s s f r e e  flow be tween  Sec t ions  1 
and 2. Then,  (6) and (10) y ie ld  CD(b/t ) . 

The total-pressure loss APT = PT1  - PT3 may be calculated under the assumption 
of constant momentum mixing of the jets and cavities at Section 2 to yield a uniform 
stream of velocity w 3 = w I at Section 3. Thus, applying the momentum principle and 
the continuity principle to thefluid between Sections 2 and 3 and noting that PT2 = PTI 
as assumed, it follows that the total-pressure loss coefficient k = ApT/(I/2)pwl 2 is 
given by 

k = (1 - A)2/A 2 (II) 

so that  (6) and (11) y ie ld  k ( b / t ) .  

Plots of velocity ratio A, contraction 
coefficient % drag coefficient C D and loss 
coefficient ~ againstblockage b/t are shown 
in Figs. 3a-3d, compared totwo- and three- 
dimensional (same blockage) experimental 
data on various configurations. Figure 3a 
shows the theoretical prediction for A(b/t) 
compared to experimental data of Betz and 
Petersohn (20) for the cases of water dis- 
charging into air (circled points) and air 
into air (x points). It will be noted that the 
former tests agree most closely with theory. 
F i g u r e  3b c o m p a r e s  the t h e o r e t i c a l  ¢p(b/ t )  
with pipe o r i f i c e  w a t e r  t e s t s  of We i sbach  (21) 
and a x i s y m m e t r i c  nozz le  a i r  t e s t s  of G r e y  
and Wi l s t ed  (22). The t w o - d i m e n s i o n a l  
t heo ry  i s  c o m p a r e d  to the th ree  - d i m e n s i o n a l  
data  at the s a m e  b lockage  b / t .  F i g u r e  
3c shows the t h e o r e t i c a l  p red ic t ion  for  

IO 
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8 = 9 0  ° 

~°~1, ~ 
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Fig. 3a - Comparison of theory and 
experiment for jet velocity param- 
eter of slat cascade 
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Fig .  3b - C o m p a r i s o n  of t h e o r y  and e x p e r i m e n t  f o r  
c o n t r a c t i o n  coe f f i c i en t  of s l a t  c a s c a d e  

CD(Wl/W2 )2,  o r  d r a g  coe f f i c i en t  b a s e d  on j e t  v e l o c i t y  head ,  c o m p a r e d  to a i r  t e s t s  of 
L a n g e r  (23), who m e a s u r e d  s l a t  f o r c e s  w i th  a t w o - c o m p o n e n i  b a l a n c e .  F i g u r e  3d 
c o m p a r e s  the  t h e o r e t i c a l  k ( b / t )  to  the  t e s t  r e s u l t s  of v a r i o u s  i n v e s t i g a t o r s  ( 2 4 ) o n  
p e r f o r a t e d  p l a t e  ~ ; t r a ine r s ,  r i b b o n  s c r e e n s ,  and  s t r i p  s c r e e n s .  The  t e s t  r e s u l t s  a g r e e  
r e a s o n a b l y  we l l  w i th  the  t h e o r y ,  e s p e c i a l l y  at  h igh  s o l i d i t y  o r  b l o c k a g e  b / t ,  fo r  wh ich  
c a s e s  the  s t a g n a n t  cav i ty  a s s u m p t i o n  i s  m o s t  va l id .  G e n e r a l l y ,  e x p e r i m e n t a l  v a l u e s  
of ~ = 1 - n ,  CD, and  k a r e  l e s s  t han  t h e o r y  p r e d i c t s ,  undoub t ed ly  due in p a r t  to the  
l a ck  of p e r f e c t  s h a r p n e s s  of the  e x p e r i m e n t a l  p l a t e  e d g e s .  

THE S T A L L E D  C A SC A D E  O F  A R B I T R A R Y  STAGGER 

In o f f - d e s i g n  p e r f o r m a n c e  a n a l y s i s  of a x i a l - f l o w  c o m p r e s s o r s  f o r  a i r c r a f t  ga s  
t u r b i n e s ,  i t  i s  i m p o r t a n t  to b e  ab l e  to  p r e d i c t  the  p e r f o r m a n c e  of b l a d e  r o w s  o p e r -  
a t i ng  in s t a l l e d  cond i t ion .  A s i m p l e  m o d e l  (19) of a b l a d e  row  i s  the  t w o - d i m e n s i o n a i  
c a s c a d e  of i n f i n i t e s i m a l l y  th in  f l a t  p l a t e s  shown  in Fig .  4 and  c h a r a c t e r i z e d  g e o m e t -  
r i c a l l y  by  s o l i d i t y  1 / t  and  s t a g g e r  ~. The  c o n f i g u r a t i o n  i s  a g e n e r a l i z a t i o n  of t ha t  of 
the  s l a t  c a s c a d e  (~ = 90 °, ~1 = 0°) p r e v i o u s l y  d i s c u s s e d  and  m a y  be  a n a l y z e d  by  a 
s i m i l a r  m e t h o d .  
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F i g .  3c - C o m p a r i s o n  of  t h e o r y  a n d  e x p e r i m e n t  f o r  
n o r m a l - f o r c e  c o e f f i c i e n t  o f  s l a t  c a s c a d e  

I 

i 

I.O 

In the g e n e r a l i z e d  c a s e ,  the flow i s  c o m p l i c a t e d  by the  fac t  that  the c a s c a d e  
c a u s e s  a de f l ec t ion  8 = f t  - fi2 of the j e t s ,  whi le  the mi x i n g  of j e t s  and c a v i t i e s  
c a u s e s  a f u r t h e r  de f l ec t ion ,  to y ie ld  an o v e r a l l  d e f l e c t i o n  e = ~t - fi3" The s i tua t ion  
i s  conven ien t ly  v i s u a l i z e d  in t e r m s  of the conven t iona l  "ve loc i ty  t r i a n g l e "  of the 
c a s c a d e ,  as  shown in Fig. 5. It i s  noted  tha t  w t and w3 have equal  x c o m p o n e n t s  
( no rma l  to c a s c a d e  axis)  a s  a r e s u l t  of cont inui ty  of flow, whi le  w 2 and w 3 have equal  
y c o m p o n e n t s  (along c a s c a d e  axis)  a s  a r e s u l t  of m o m e n t u m  c o n s i d e r a t i o n s .  The 
conven t iona l  " v e c t o r  m e a n  ve loc i t y "  w= and i t s  i nc l ina t ion  fi= a r e  de f ined  such  tha t  

2 t a n  fi= = t a n  f i l  + t a n  f 3  (12a )  

w=/w I = cos f l / c o s  f = .  (12b) 

The f r e e  s t r e a m l i n e  a n a l y s i s  of Be tz  and P e t e r s o h n  (20) y i e l d s  the j e t  ve loc i ty  
p a r a m e t e r  A -- wl/w 2 and the j e t  flow angle fi2 a s  func t ions  of c a s c a d e  g e o m e t r y  l / t  
and , and of angle  of a t t ack  ~ = fit - *.  The cavi ty  width p a r a m e t e r  ~ then  fo l lows  
f r o m  c o n s i d e r a t i o n  of cont inui ty  of f low as  

yz = 1 - h co s  f l / C O S  f 2 '  (z3) 

A n a l y s i s  of the mix ing  of j e t s  and c a v i t i e s  (19) then  y i e l d s  the o v e r a l l  c a s c a d e  
p e r f o r m a n c e .  Thus,  the f ina l  ve ioc i ty  w 3 and i t s  i nc l ina t ion  f3  a r e  ob ta ined  f r o m  
cont inui ty  and m o m e n t u m  c o n s i d e r a t i o n  a s  

w3/w 2 = s i n  /~211 + ( I  - ~ ) 2 / t a n 2  f 2  ] 1 /2  (14a) 

t a n  ~3 = t a n  ~ 2 / ( i  - ~)  . (14b) 
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:Fig. 3d - C o m p a r i s o n  of  t h e o r y  and  e x p e r i m e n t  f o r  
t o t a l - p r e s s u r e  l o s s  c o e f f i c i e n t  of s l a t  c a s c a d e  

T h e  v e c t o r  m e a n  v e l o c i t y  woo a n d  i t s  i n c l i n a t i o n  ~ a r e  t h e n  o b t a i n e d  f r o m  (12) and  
t h e  o v e r a l l  c h a n g e s  in  s t a t i c  a n d  t o t a l  p r e s s u r e  a r e  o b t a i n e d  f r o m  c o n t i n u i t y  and  
m o m e n t u m  c o n s i d e r a t i o n s  a s  

( P 3 - P l ) / ( 1 / 2 ) P  w2 = c ° s 2 , ~ { [ 2 " / (  1 - " ) ] -  sec2fi l (1  - A2)/A 2} (15a) 

(PT1 - PT3 ) / ( 1 / 2 ) p w  2 = cos2fi=/~2/(1 - ~) 2 . (15b) 

T h e  f o r c e  N on  e a c h  p l a t e  i s  n o r m a l  to  t he  p l a t e  a n d  m a y  be  e x p r e s s e d  in  t e r m s  
of  a n o r m a l  f o r c e  c o e f f i c i e n t  CN~ = N/(1/2)pw 2, r e f e r r e d  to  w . T h e n ,  c o n v e n t i o n a l l y ,  
t h e  t o t a l  p l a t e  f o r c e  m a y  b e  r e s o l v e d  in to  t he  l i f t  L a n d  dra~g D f o r c e s ,  r e s p e c t i v e l y  
n o r m a l  and  p a r a l l e l  to  w=. T h e n ,  t h e  l i f t  a n d  d r a g  c o e f f i c i e n t s  a r e  g i v e n  by  

CL~ = L/(1/2)pw21 = CN~ cos (&~ - 7) (16a) 

CD~ = D/(1/2)pw21 = CN= s i n  (F~ - 7) • , (16b) 
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The  n o r m a l  f o r c e  coe f f i c i en t  CN~ i s  
o b t a i n e d  f r o m  m o m e n t u m  c o n s i d e r a t i o n s  
a s  

CNo o = ( C O S 2 ~ m / C O S 2 ~ l ) ( t / 1 )  

- [ (1  - A 2 ) / A  2] s i n ~  

+ 2 c o s  ~ l [ s i n  (~Jl - T)  

- ( l /A)  s in  (~2 ~ ) ]  } • (17) 

Then ,  (16) and  (17) m a y b e  u s e d  to o b t a i n  
CLc o and  CD~. 

T y p i c a l  t h e o r e t i c a l  r e s u l t s  (19) a r e  
shown  in F igs .  6 a - 6 c  f o r  the  c a s e  of the  
s t a g g e r  y = 30 ° and  the  ang le  of a t t a c k  

> 0. C o m p a n i o n r e s u l t s f o r  ~ < 0 ( t u r -  
b ine  ca se )  a r e  g iven  in Ref. 19. F i g u r e  
6a shows  the  r e l a t i o n  a m o n g  j e t  v e l o c i t y  
r a t i o  h, j e t  t u r n i n g  ang le  8, so l id i ty  l / t  , 

and  ang le  of a t t a c k  ~. F i g u r e  6b shows  
the  r e l a t i o n  a m o n g  o v e r a l l  t u r n i n g  e, 
l o s s  coe f f i c i en t  4, l / t ,  and  ~. F i g u r e  6c 
shows  the  " p o l a r  d i a g r a m "  w h e r e  l i f t  
c o e f f i c i e n t  CL~ = CL(Wl/W~)2 i s  p l o t t ed  
a s  a f u n c t i o n  o f  d r a g  coe f f i c i en t  

Fig. 4 - Model for flow in stalled 
cascade of stagger 7 

P3 P" x 

Fig. 5 - Velocity triangle for stalled cascade 
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CD® : CD(Wl/W=) 2 fo r  v a r i o u s  l*/t and  ~. F i g u r e s  7a  and  7b show c o m p a r i s o n s  of the  
t h e o r e t i c a l  r e s u l t s  wi th  e x p e r i m e n t a l  r e s u l t s  of v a r i o u s  i n v e s t i g a t o r s .  F i g u r e  7a 
c o m p a r e s  the  t h e o r e t i c a l  p r e d i c t i o n s  of A and  ~ wi th  e x p e r i m e n t a l  a i r  t e s t  da ta  of 
Be t z  and  P e t e r s o h n  (20) for  l / t  = 1.2, i n l e t  ang le  ~1 = 0, and  v a r i o u s  s t a g g e r  ~,. 
F i g u r e  7b s h o w s  t h e o r e t i c a l  n o r m a l - f o r c e  c o e f f i c i e n t  CN(Wl/W2) 2 fo r  v a r i o u s  so l id i ty  
l / t ,  and  s e v e r a l  v a l u e s  of ang le  of a t t a c k  ~ and  s t a g g e r  ~, = 90 °, c o m p a r e d  to a i r  t e s t  
r e s u l t s  of L a n g e r  (23). E x p e r i m e n t a l  v a l u e s  of h and  ~ e x c e e d  t h e o r e t i c a l  p r e d i c -  
t i ons ,  the  d i s c r e p a n c y  undoub ted ly  b e i n g  due in p a r t  to the  l a ck  of p e r f e c t  edge s h a r p -  
n e s s .  The  low v a l u e s  of n o r m a l - f o r c e  c o e f f i c i e n t  a t  low i n c i d e n c e  p r o b a b l y  imply  
the  l ack  of ful ly  deve loped  s t a l l .  The f o r c e  c o e f f i c i e n t  c o m p a r i s o n  s h o w s  i m p r o v e -  
m e n t  in  a g r e e m e n t  b e t w e e n  t h e o r y  and  t e s t  a s  so l id i ty  i n c r e a s e s ,  a t r e n d  shown by 
o t h e r  e x p e r i m e n t a l  da t a  on A and  ~ (19). 
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THE V E E - G U T T E R  F L A M E H O L D E R  

In a f t e r b u r n e r s  of a i r c r a f t  ga s  t u r b i n e  p o w e r  p l a n t s  and  in r a m j e t  combustors, 
v a r i o u s  b lu f f  b o d i e s  a r e  u s e d  a s  f l a m e h o l d e r s ,  the  d o w n s t r e a m  c a v i t i e s  b e i n g  u s e d  to 
s t a b i l i z e  c o m b u s t i o n .  A t y p i c a l  c o n f i g u r a t i o n  i s  c o m p o s e d  of c o n c e n t r i c  r i n g s  of vee  
c r o s s - s e c t i o n .  A s i m p l e  m o d e l  (25) i s  the  t w o - d i m e n s i o n a l  v e e - g u t t e r  c a s c a d e  shown 
in Fig. 8. The  c o n f i g u r a t i o n  m a y  be  c o n s i d e r e d  to be  a g e n e r a l i z a t i o n  of the  s l a t  
c a s c a d e  (a = 90°),  w i th  the  a d d i t i o n a l  g e o m e t r i c a l  v a r i a b l e  of g u t t e r - i n c l u d e d  h a l f -  
ang l e  a. The  d e s i r e d  r e s u l t s  a r e  a g a i n  the  c a v i t y  wid th  p a r a m e t e r  ~, the  d r a g  c o e f -  
f i c i e n t  c D and  the  t o t a l - p r e s s u r e  l o s s  c o e f f i c i e n t  ~ fo r  a c h o s e n  c a s c a d e  g e o m e t r y  
g i v e n  by  b l o c k a g e  b / t  and  h a l f - a n g l e  a .  

The  c o n f i g u r a t i o n  of the  v e e - g u t t e r s  and  c a v i t i e s  i s  a e r o d y n a m i c a l l y  e q u i v a l e n t ,  
u n d e r  the  a s s u m p t i o n s  m a d e ,  to  the  t w o - d i m e n s i o n a l  c o n t r a c t i o n  of wa l l  ang le  a and  
a r e a  r a t i o  1 - b / t .  The  c o n t r a c t i o n  w as  a n a l y z e d  by von  M i s e s  (26), u t i l i z i n g  the  
c l a s s i c a l  me thod ,  in  o r d e r  to o b t a i n  the  c o n t r a c t i o n  c o e f f i c i e n t  ~ : ( I  - ~ ) / ( I  - b / t )  
a s  a f u n c t i o n  of b / t  and  a, a r e s u l t  u s e f u l  in  the  p r e d i c t i o n  of f low t h r o u g h  c o n i c a l  
e x h a u s t  n o z z l e s  ( s a m e  a r e a  r a t i o )  of t u r b o j e t  eng ines .  The  t h e o r e t i c a l  r e s u l t s  of 
von  M i s e s  (26) a r e  shown in Fig.  9 in  t e r m s  of ~ a s  a f unc t i on  of b / t  and  a. 

Then ,  a s  in  the  c a s e  of the  s l a t  c a s c a d e ,  d r a g  c o e f f i c i e n t  C D and  l o s s  c o e f f i c i e n t  
a r e  c a l c u l a t e d  (25) a s  f u n c t i o n s  of b / t  and  a by  a p p l i c a t i o n  of the  con t inu i ty  and  

m o m e n t u m  p r i n c i p l e s .  The  t h e o r e t i c a l  r e s u l t s  a r e  shown  in F igs .  10a and  10b. In 
F igs .  l l a - l l c ,  the  t h e o r e t i c a l  r e s u l t s  a r e  c o m p a r e d  ( 2 5 ) t o  e x p e r i m e n t a l  r e s u l t s  of 
v a r i o u s  i n v e s t i g a t o r s .  F i g u r e  l l a  c o m P a r e s  t h e o r e t i c a l  v a l u e s  of wake  wid th  to 
p i t c h  r a t i o  ~ f o r  v a r i o u s  h a l f - a n g l e  a and  b l o c k a g e  b / t  to  e x p e r i m e n t a l  r e s u l t s  of 
G r e y  and  W i l s t e d  (22) f o r  a i r  t e s t s  of c o n i c a l n o z z l e s .  The  e x p e r i m e n t a l l y  d e t e r m i n e d  
c o n t r a c t i o n  c o e f f i c i e n t s  a r e  e x p r e s s e d  in t e r m s  of e q u i v a l e n t  v a l u e s  of ~ fo r  the  
c o m p a r i s o n .  F i g u r e  l l b  shows  t h e o r e t i c a l  d r a g  c o e f f i c i e n t  CD(wl/w2) 2 fo r  ~ = 140.5 ° 
and  v a r i o u s  b / t  c o m p a r e d  to e x p e r i m e n t a l  d a t a  of L a n g e r  (23) f r o m  a i r  t e s t s .  F i g -  
u r e  l l c  c o m p a r e s  the  t h e o r e t i c a l  p r e d i c t i o n  fo r  l o s s  c o e f f i c i e n t  ~ fo r  a = 45 ° and  
v a r i o u s  b / t  w i th  a i r  and  c o m b u s t i o n  ga s  t e s t  r e s u l t s  of N o r e e n  (27) on  t w o - d i m e n s i o n a l  
s i n g l e - g u t t e r  f l a m e h o l d e r  m o d e l s .  In g e n e r a l ,  t h e o r y  and  e x p e r i m e n t  c o m p a r e  b e s t  
a t  h igh  b l o c k a g e  b / t .  

i i  I - I  

I 

Fig.  8 - Mode l  fo r  flow in 
v e e - g u t t e r  c a s c a d e  

THE T A R G E T - T Y P E  THRUST 
R E V E R S E R  

In o r d e r  to s low down j e t  a i r c r a f t  
upon  l and ing ,  wi thou t  d e c r e a s i n g  e n g i n e  
r o t a t i v e  s p e e d  so  m u c h  t ha t  l a r g e  
eng ine  a c c e l e r a t i o n  t i m e s  would be  
r e q u i r e d  shou ld  l a n d i n g  p l a n s  be  a b a n -  
doned,  a v a r i e t y  of j e t  t h r u s t  s p o i l e r s  
and  r e v e r s e r s  have  b e e n  i n v e s t i g a t e d .  
One type  of j e t  t h r u s t  r e v e r s e r  i s  the  
t a r g e t  type,  in wh ich  a n  o b s t a c l e  of 
c o n c a v e  f o r m  on the  u p s t r e a m  face  i s  
i n s e r t e d  a c r o s s  the  j e t  in  o r d e r  to 
d e f l e c t  the  j e t  u p s t r e a m ,  t h e r e b y  p r o -  
v id ing  s o m e  r e v e r s e  o r  n e g a t i v e  t h r u s t .  
F o r  d e s i g n  p u r p o s e s ,  i t  i s  d e s i r e d  to 
o b t a i n  the  s h a p e  of and  v e l o c i t y  in  the  
d e f l e c t e d  j e t  a s  a f unc t i on  of t a r g e t  
g e o m e t r y ,  s o  t h a t  e f f e c t i v e n e s s  of 
t h r u s t  r e v e r s a l  m a y  be  s tud ied .  
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Fig.  9 - T h e o r e t i c a l  wake width  to p i t ch  r a t i o  
of v e e - g u t t e r  c a s c a d e  

C o n s i d e r i n g  a c y l i n d r i c a l  t h r u s t  r e v e r s e r  of i n t e r n a l  d i a m e t e r  D and  ax i a l  l eng th  
c, p o s i t i o n e d  s y m m e t r i c a l l y  a c r o s s  a j e t  of d i a m e t e r  d, the  e q u i v a l e n t  t w o - d i m e n s i o n a l  
c o n f i g u r a t i o n  i s  shown in Fig.  12. The  m o d e l  r e v e r s e r  h a s  ax i a l  l eng th  c and  b r e a d t h  
b, the  u p s t r e a m  j e t  b r e a d t h  b e i n g  a, w h e r e  c / a  = c /d  and  b / a  = (D/d) 2 def ine  the  
e q u i v a l e n c e  of the  two-  and  t h r e e - d i m e n s i o n a l  c o n f i g u r a t i o n s .  The  i n i t i a l  j e t  of 
b r e a d t h  a and  ve loc i t y  w 1 s p l i t s  in to  two s y m m e t r i c a l  j e t s  of wid th  a/2 and  v e l o c i t y  
wl, s i n c e  the  j e t s  a r e  b o u n d e d  by the  f r e e  s t r e a m l i n e s  a long  wh ich  the  v e l o c i t y  i s  
t a k e n  a s  c o n s t a n t .  The  d e s i r e d  r e s u l t  i s  the  j e t  d e f l e c t i o n  ang le  ~ a s  a f unc t i on  of 
t a r g e t  and  j e t  g e o m e t r y  b /a  and  c / a .  S a r p k a y a  (28) h a s  a n a l y z e d  the  c o n f i g u r a t i o n  by 
the  c l a s s i c a l  m e t h o d  in o r d e r  to s tudy  the  f low in w a t e r  t u r b i n e  " s c o o p "  b u c k e t s .  
The t h e o r e t i c a l  r e s u l t s  a r e  shown in  Fig.  13, c o m p a r e d  to t h r e e - d i m e n s i o n a l  t e s t  
da ta  of Siao and  H u b b a r d  (29) and  De Haven  (28) t a k e n  w i th  w a t e r  j e t s  in  a i r .  The 
c h e c k  b e t w e e n  t h e o r y  and  t e s t  i s  b e s t  a t  low b /a  and  low c / a ,  s u g g e s t i n g  t h a t  f r i c -  
t i o n a l  e f f e c t s  m a y  b e  r e s p o n s i b l e  f o r  the  l a c k  of b e t t e r  a g r e e m e n t .  

A s i m i l a r  a n a l y s i s  m a y  be  m a d e  of a c o n i c a l  t a r g e t  of i n t e r n a l  d i a m e t e r  D and  
inc luded  ang le  2(~ - a) p o s i t i o n e d  s y m m e t r i c a l l y  a c r o s s  a j e t  of d i a m e t e r  d. The  
e q u i v a l e n t  t w o - d i m e n s i o n a l  c o n f i g u r a t i o n ,  shown  in Fig.  14, h a s  b r e a d t h  b and  i nc luded  
ang le  2(~ - 6 ) ,  the  j e t  b r e a d t h  b e i n g  a, w h e r e  b /a  = (D/d) 2 d e f i n e s  the  e q u i v a l e n c e .  
The  d e s i r e d  r e s u l t  i s  j e t  d e f l e c t i o n  ang le  ~ a s  a f u n c t i o n  of t a r g e t  and  j e t  g e o m e t r y  
b /a  and  6. Stao and  H u b b a r d  (29) a n a l y z e d  the  m o d e l c o n f i g u r a t i o n  by  the  c l a s s i c a l  
m e t h o d  in o r d e r  to  s tudy w a t e r  t u r b i n e  b u c k e t  f lows.  T h e i r  t h e o r e t i c a l  r e s u l t s  a r e  
shown in Fig.  15, c o m p a r e d  w i th  r e s u l t s  of t h e i r  t h r e e - d i m e n s i o n a l  e x p e r i m e n t s  on 
w a t e r  j e t s  in  a i r .  M e a s u r e d  d e f l e c t i o n  a n g l e s  a r e  l o w e r  t h a n  p r e d i c t e d  and  i n c r e a s -  
ingly  so  a t  l a r g e r  b / a ,  p r e s u m a b l y  due m o s t l y  to the  e f f ec t  of f r i c t i o n  and  p o s s i b l y  
a l so  to the  l a ck  of p e r f e c t  s h a r p n e s s  of t e s t  p l a t e  edges .  
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F r o m  the point  of v iew of t h r u s t  r e v e r s e r  e f f e c t i v e n e s s ,  v iz . ,  l a r g e s t  de f l ec t i on  
angle ~ fo r  s m a l l e s t  t a r g e t  s i ze ,  the r e s u l t s  of the two c o n f i g u r a t i o n s  show tha t  
t h r u s t  r e v e r s a l  (~ > 90 °) b e g i n s  at  b/a  = 2, s m a l l e r  t a r g e t s  giving v < 90 °. L i t t l e  
addi t iona l  de f l ec t ion  i s  ob ta ined  above about b/a  = 4. Fo r  the c y l i n d r i c a l  t a rg e t ,  
i n c r e a s i n g  axial  length  m u c h  above about  c /a  = 1.5 g ives  l i t t le  addi t iona l  de f lec t ion .  
F o r  the con ica l  t a rge t ,  the inc luded  ha l f - ang l e  v - a, m u s t  be l e s s  than  90 ° in o r d e r  
to get  r e v e r s a l .  As ~ - a is  d e c r e a s e d  f r o m  90 °, de f l ec t ion  i n c r e a s e s  at  a d e c r e a s i n g  
ra te .  Genera l ly  speaking,  the con ica l  t a r g e t  r e q u i r e s  g r e a t e r  axial  l eng th  than the 
c y l i n d r i c a l  t a rge t ,  fo r  the s a m e  d i a m e t e r  and de f l ec t ion  angle ,  mak ing  the l a t t e r  
p r e f e r a b l e  b e c a u s e  of s m a l l e r  s i ze  and weight .  
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EXPERIMENTAL DATA 
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TARGET TO JET AREA RATIO b o 

F i g .  13 - C o m p a r i s o n  of  t h e o r y  a n d  e x p e r i m e n t  f o r  j e t  d e f l e c t i o n  a n g l e  
o f  c y l i n d r i c a l  t h r u s t  r e v e r s e r  

Wl r 

F i g .  14 - M o d e l  f o r  f l o w  o v e r  c o n i c a l  
t h r u s t  r e v e r s e r  

I 
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I O  EX~ER1MENTAL OATA 
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TARGET TO JET AREA RATIO "~- 

F i g .  15 - C o m p a r i s o n  o f  t h e o r y  a n d  e x p e r i m e n t  f o r  j e t  d e f l e c t i o n  a n g l e  
o f  c o n i c a l  t h r u s t  r e v e r s e r  

THE B U T T E R F L Y  VALVE 

B u t t e r f l y  o r  d a m p e r  v a l v e s  a r e  f r e q u e n t l y  u s e d  as  flow r e g u l a t o r s  in l iqu id  
r o c k e t  eng ine  p ip ing,  a i r c r a f t  gas  t u r b i n e  c o n t r o l  s y s t e m  piping,  and  a e r o d y n a m i c  
t e s t  f ac i l i t y  duct ing .  I t  i s  d e s i r a b l e  to p r e d i c t  the  f low c h a r a c t e r i s t i c s  and  t o t a l -  
p r e s s u r e  l o s s e s  of s u c h  v a l v e s ,  a s  we l l  a s  the  f o r c e s  a c t i n g  on the  r e g u l a t i n g  p l a t e s .  
A t w o - d i m e n s i o n a l  m o d e l  of a b u t t e r f l y  v a l v e  i s  shown in Fig.  16. A p l a t e  of b r e a d t h  
t i s  p l a c e d  in a c h a n n e l  of the  s a m e  b r e a d t h  m a k i n g  an  angle  a wi th  the  c h a n n e l  ax is .  
Gaps  of b r e a d t h  ( 1 / 2 ) e  = ( 1 / 2 ) t ( 1  - s i n  a )  e x i s t  a t  e a c h  s ide  of the  p la t e .  A cav i ty  
i s  f o r m e d  b e h i n d  the  p l a t e ,  h a v i n g  b r e a d t h  t - (1/2)e(q~' + 9 " )  i n f in i t e ly  f a r  down-  
s t r e a m  f r o m  the  p la t e .  The  a s y m m e t r y  of the  c o n f i g u r a t i o n  c a u s e s  d i f f e r e n t  b r e a d t h s  
q~'e/2 and  ~"e/2  of the  j e t s  ou t s i de  of the  cavi ty .  The  v e l o c i t y  w 2 e x i s t s  in  bo th  j e t s ,  
a s s u m i n g  u n i f o r m  s t a t i c  p r e s s u r e  a t  Sec t i on2 .  The " a v e r a g e "  c o n t r a c t i o n  c o e f f i c i e n t  
of the  v a l v e  m a y  be  r e g a r d e d  a s  ( 1 / 2 ) ( ~ '  + ~") .  

E h r i c h  (30) m a d e  an  a p p r o x i m a t e  a n a l y s i s  of the  m o d e l  c o n f i g u r a t i o n  by t r e a t i n g  
the  flow in two p a r t s  a s  shown  in Fig. 17. The  two a p p r o x i m a t e  c o m p o n e n t  conf igu-  
r a t i o n s  have  unknown u p s t r e a m  b r e a d t h s  r e s p e c t i v e l y  equa l  to t ' / 2  and  t " / 2 ,  w h e r e  
t '  + t" : t ; o t h e r w i s e  b o u n d a r y  c o n d i t i o n s  a r e  the  s a m e .  Then ,  E h r i c h  r e c o g n i z e d  
t h a t  the  c o n f i g u r a t i o n s  of Fig.  17 w e r e  e q u i v a l e n t  to yon M i s e s '  (26) t w o - d i m e n s i o n a l  
c o n t r a c t i o n s  (or ,  l i kewi se ,  the  a u t h o r ' s  (25) v e e - g u t t e r  c a s c a d e s ) .  Thus  the c o n -  
t r a c t i o n  c o e f f i c i e n t s  9 '  and  9" m a y  be  o b t a i n e d  as  ~ ' ( s '  ,n - ~) and  ~"(s",a L w h e r e  
s '  = 1 - e / t '  and  s" = 1 - e / t "  a r e  r e s p e c t i v e l y  the  b locked  a r e a  r a t i o s  of the  two 
a p p r o x i m a t e  c o n f i g u r a t i o n s  and  ~ - a and  ~ a r e  the  wa l l  ang le s .  Then ,  the  c o n t r a c t i o n  
coef f ic ien '  J.1/2)(~p' + ~")  i s  ob t a ined  in  t e r m s  of va lve  c l o s u r e  ang le  a. E h r i c h  
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F i g .  16 - M o d e l  f o r  f low in b u t t e r f l y  v a l v e  
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F i g .  17 - A p p r o x i m a t e  m o d e l  fo r  f low in 
b u t t e r f l y  v a l v e  

o b t a i n e d  t h e  ( n o r m a l )  f o r c e  a c t i n g  on  t h e  v a l v e  p l a t e  by  c o n s i d e r a t i o n  of  m o m e n t u m  
a n d  c o n t i n u i t y ,  in t e r m s  of  c o m p o n e n t  a x i a l  and  l a t e r a l  f o r c e  c o e f f i c i e n t s  a s :  

Cax = Fax/(1/2)pw~t= { [ 2 t / e ( ~ '  + c p " ) ] -  1} 2 (18a) 

C ia t  = F l a t / ( 1 / 2 ) p w ~ t  = {[2t /e(~P'  + 9") ]  - 1} 2 cot  a (18b) 

w h e r e  e / t  = 1 - s i n  a .  T h u s ,  t he  v a l v e  f o r c e  i s  o b t a i n e d  a s  a f u n c t i o n  of  v a l v e  
c l o s u r e  c~. 

T h e  t o t a l - p r e s s u r e  l o s s  a c r o s s  t h e  v a l v e  m a y  be  o b t a i n e d  by  a s s u m i n g  c o m p l e t e  
m i x i n g  of  t h e  c~v i ty  and  j e t s  to y i e l d  a u n i f o r m  f low of  v e l o c i t y  w 3 = w 1 a t  S e c t i o n  3 
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as  shown in Fig. 16. Thus,  f r o m  cont inui ty  and m o m e n t u m  c o n s i d e r a t i o n s  (as i n  the 
c a s e  of the s la t  c a scade  ana lys i s ) ,  the t o t a l - p r e s s u r e  l o s s  coe f f i c i en t  ~ i s  given by 

~ :  ~ p ~ - p ~ y ~ . ~ w ~  : { E ~ o ~ '  + ~"~l - ~}~ (~9) 

which y i e ld s  ~(a). 

F i g u r e s  18a and 18b show the t h e o r e t i c a l  r e s u l t s  of con t r ac t i on  coef f i c i en t  ~ and 
l o s s  coe f f i c i en t  ~ as  funct ions  of va lve  c l o s u r e  angle  a. The t h e o r e t i c a l  l o s s  coef -  
f i c i en t  ~, i s  c o m p a r e d  to t h r e e - d i m e n s i o n a l  t e s t  data  of Weisbach  (31), with the l a t t e r  
be ing  l a r g e s t ,  p r e s u m a b l y  b e c a u s e  of the app rox ima t ion  in t roduced  in the ana ly s i s  
( c o m p a r e  v e e - g u t t e r  c a scade  resu l t s ) .  

Other interesting valve configurations analyzed by Ehrich (30) include flapper, 
needle, orifice plate, gate, and spool valves. 
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Fig. 18a - Theoretical average contraction coefficient of 
butterfly valve 
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Fig.  1 9 -  Mode l  for  flow i n  p e r f o r a t e d  
c o m b u s t o r  l i n e r  

THE P E R F O R A T E D  COMBUSTOR 
LINER 

In p r i m a r y  c o m b u s t i o n  s y s t e m s  fo r  
a i r c r a f t  ga s  t u r b i n e s  the  c o m b u s t o r  c o n -  
f i g u r a t i o n  u s u a l l y  c o n s i s t s  of one o r  m o r e  
c y l i n d r i c a l  c o n t a i n e r s ,  e a c h  h a v i n g  a con -  
c e n t r i c  i n n e r  Cyl inder  p e r f o r a t e d  wi th  
v a r i o u s  ho le s ,  s l o t s ,  and  l o u v e r s .  A i r  

f lowing  ax ia l ly  in  the  a n n u l a r  s p a c e  b e t w e e n  the  c y l i n d e r s  e n t e r s  the  i n n e r  c y l i n d e r  
t h r o u g h  the  p e r f o r a t i o n s ,  i s  m i x e d  wi th  fue l ,  and  b u r n e d ,  l e a v i n g  d o w n s t r e a m .  Thus ,  
t h e r e  i s  c o n s i d e r a b l e  p r a c t i c a l  i n t e r e s t  in  the  flow of a i r  t h r o u g h  a s h a r p - e d g e d  
open ing  in a wa l l  h a v i n g  a i r  flow a long  it. It i s  d e s i r e d  to p r e d i c t  the  flow t h r o u g h  
the  open ing  and  the  " p e n e t r a t i o n "  ( d e s c r i b e d  by  flow angle)  of the  j e t  in to  the  down-  
s t r e a m  space .  McNown and  Hsu ( 3 2 ) h a v e  s tud ied  the  m o d e l  shown  in Fig. 19. A two-  
d i m e n s i o n a l  c h a n n e l  of b r e a d t h  g h a s  u n i f o r m  v e l o c i t y  w 1 a t  inf ini ty .  A s lo t  of b r e a d t h  
f in one wal l  f o r m s  a j e t  h a v i n g  a r e a  ~ f  and .  ve loc i t y  w 2 a t  inf ini ty .  The j e t  i s  
d e f l e c t e d  t h r o u g h  an  ang le  u, r e l a t i v e  to the  u p s t r e a m  flow a t  Sec t ion  1. The  r e m a i n -  
d e r  of the  f low p a s s e s  out  of the  c h a n n e l  wi th  ve loc i t y  w 4 at  Sec t ion  4 a t  inf ini ty .  It 
i s  d e s i r e d  to p r e d i c t  the  c o n t r a c t i o n  c o e f f i c i e n t  ~ and the  j e t  d e f l e c t i o n  ang le  u fo r  
v a r i o u s  s l o t / c h a n n e l  b r e a d t h  r a t i o s  f /g  and  v a r i o u s  a m o u n t s  of j e t  f low as  c h a r a c -  
t e r i z e d  by the  ve loc i t y  r a t i o  w4/w r McNown and  Hsu o b t a i n e d  the  so lu t ion  by the  
c l a s s i c a l  method .  The  t h e o r e t i c a l  r e s u l t s  a r e  shown in Fig. 20, w h e r e  ~ and  u a r e  
shown  a s  f u n c t i o n s  of f /g  and w4/w 1. 
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Fig.  20 - T h e o r e t i c a l  c o n t r a c t i o n  coe f f i c i en t  and j e t  
de f l ec t i on  angle  of p e r f o r a t e d  c o m b u s t o r  l i n e r  

D 

E h r i c h  (33) a n a l y z e d  a d i f f e r e n t  c a s e  h a v i n g  c o m b u s t i o n  i n t e r e s t ,  w h e r e i n  a i r  i s  
fed  t h r o u g h  a s h a r p - e d g e d  s lo t  in to  a p a r a l l e l  f low which  i s  d i r e c t e d  a long  the  wall .  
F o r  the  c a s e  of equa l  t o t a l - p r e s s u r e s  of the  two s t r e a m s ,  the  s u r f a c e  of s e p a r a t i o n  
b e t w e e n  the  s t r e a m s  w a s  c a l c u l a t e d ,  a s  we l l  a s  the  f r e e  s t r e a m l i n e  s e p a r a t i n g  the  
j e t  f r o m  the  d o w n s t r e a m  so l id  bounda ry .  Q ua l i t a t i ve  a g r e e m e n t  was  o b t a i n e d  b e t w e e n  
t h e o r e t i c a l  j e t  s h a p e s  and  those  ob t a ined  e x p e r i m e n t a l l y .  
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C O M P R E S S I B I L I T Y  E F F E C T S '  IN AERODYNAMIC CAVITY FLOWS 

The  v a r i o u s  s o l u t i o n s  d i s c u s s e d  above  a s s u m e  i n c o m p r e s s i b l e  flow and  y ie ld  
r e a s o n a b l e  r e s u l t s  a s  long  a s  t h i s  and  the  o t h e r  a s s u m p t i o n s  a r e  j u s t i f i ab l e .  How- 
e v e r ,  in  c a s e s  of h igh  b l o c k a g e  o r  h igh  i n l e t  M a c h  n u m b e r  ( r a t i o  of flow ve loc i t y  to 
ve loc i t y  of sound)  o r  both ,  r e s u l t s  a r e  a s t r o n g  func t ion  of M a c h  n u m b e r ,  s i n c e  v e r y  
h igh  v e l o c i t i e s  t hen  o c c u r  in the  j e t s .  In such  c a s e s ,  the  c o m p r e s s i b i l i t y  e f fec t  i s  
i m p o r t a n t .  A n a l y t i c a l  m e t h o d s  a r e  not  a v a i l a b l e  fo r  h a n d l i n g  the  g e n e r a l  c a se .  
However ,  fo r  s p e c i f i c  config~arat ions,  s o l u t i o n s  c a n  be  m a d e  in a m a n n e r  e n t i r e l y  
s i m i l a r  to the  i n c o m p r e s s i b l e  c a l c u l a t i o n s .  

An e x a m p l e  of a c o m p r e s s i b l e  c a s e  i s  t h a t  of the  s l a t  c a s c a d e ,  t r e a t e d  by the 
a u t h o r  (24) in  the  s tudy of f low t h r o u g h  s h a r p - e d g e d  s c r e e n s .  In t h i s  ca se ,  the  con -  
t r a c t i o n  c o e f f i c i e n t  ~ w a s  e s t i m a t e d  as  a f unc t i on  of b l o c k a g e  b / t  and j e t  Mach  
n u m b e r  M 2. The e s t i m a t i o n  of e w a s  b a s e d  on a i r  t e s t  da t a  on  con i ca l  flow n o z z l e s ,  
t a k e n  o v e r  a r a n g e  of n o z z l e  p r e s s u r e  r a t i o s .  Then,  c o m p r e s s i b l e  m i x i n g  c a l c u l a t i o n s  
y i e lded  the  t h e o r e t i c a l  r e s u l t s  shown in Fig. 21, w h e r e  l o s s  c o e f f i c i e n t  ~ i s  shown as  
a func t i on  of in l e t  M a c h  n u m b e r  M 1 for  v a r i o u s  b l o c k a g e s  s = b / t .  The l o s s  coe f -  
f i c i e n t  £ r i s e s  wi th  '~1 fo r  a g iven  b / t ,  a s  m i g h t  be  p h y s i c a l l y  expec ted .  A s u b s o n i c  
f low l i m i t  c u r v e  i s  shown,  the  l ocus  of c o n d i t i o n s  s u c h  t h a t  M 2 = 1. The c u r v e s  a r e  
shown d a s h e d  b e y o n d  t h i s  l i m i t  b e c a u s e  they a r e  e x t r a p o l a t i o n s ,  the  o n e - d i m e n s i o n a l  
m i x i n g  c a l c u l a t i o n s  u s e d  b e i n g  inva l id  in t h i s  r eg ion .  F u r t h e r ,  a d d i t i o n a l  shock  wave 
l o s s e s  wi l l  o c c u r  in  s u p e r s o n i c  j e t s .  The  c u r v e s  a r e  t e r m i n a t e d  by the  enve lope  
c u r v e  l a b e l e d  " u p p e r  bound  f o r  c h o k e , "  the  l o c u s  of c o n d i t i o n s  such  tha t  son ic  ve loc i ty  
e x i s t s  a c r o s s  the  e n t i r e  open ing  of b r e a d t h  t - b. A c t u a l  chok ing  c o n d i t i o n s  wil l  
ob t a in  s o m e w h e r e  b e t w e e n  the  s u b s o n i c  flow l i m i t  and  the  u p p e r  bound  fo r  choke.  
Add i t iona l  c a l c u l a t i o n s  cou ld  be  m a d e  to y ie ld  c o m p r e s s i b l e  d r a g  c o e f f i c i e n t s  fo r  the  
s l a t  c a s c a d e .  

A c o m p a r i s o n  of t h e o r e t i c a l  p r e d i c t i o n s  of l o s s  c o e f f i c i e n t  k wi th  e x p e r i m e n t a l  
r e s u l t s  (24) i s  shown in Fig. 22, f o r  a i r  t e s t s  of two p e r f o r a t e d  p l a t e s .  R e a s o n a b l e  
a g r e e m e n t  i s  found b e t w e e n  t h e o r y  and  tes t .  

SCALE E F F E C T S  IN AERODYNAMIC CAVITY FLOWS 

In c a s e s  w h e r e  s e p a r a t i o n  p o i n t s  a r e  de f in i t e ly  f ixed  by the  g e o m e t r y  ( s h a r p  
edges )  and  w h e r e  f l u i d - f r i c t i o n  f o r c e s  in  the  a v e r a g e  s t r e a m w i s e  d i r e c t i o n  a c t i n g  on 
so l id  s u r f a c e s  a r e  neg l ig ib l e ,  e .g . ,  the  s l a t  c a s c a d e ,  l i t t l e  s c a l e  e f fec t  i s  found (24). 
At  v e r y  low R e y n o l d s  n u m b e r s  ( b a s e d  on u p s t r e a m  ve loc i t y  w 1 and  s l a t  b r e a d t h  b) the 
l o s s  c o e f f i c i e n t  ;~ m ay  be  e x p e c t e d  to fa l l  and  t hen  r i s e  a g a i n  a s  the  R e y n o l d s  n u m b e r  
i s  d e c r e a s e d ,  and  l i k e w i s e  fo r  the  d r a g  coe f f i c i en t  C D. The c o n t r a c t i o n  coe f f i c i en t  
m a y  be  e x p e c t e d  to r i s e  and  t h e n  fa l l  aga in  a s  the  R e y n o l d s  n u m b e r  f a l l s ,  s i m i l a r  to 
the  c a s e  of the  s ing le  s h a r p - e d g e d  o r i f i c e .  

In c a s e s  w h e r e  s e p a r a t i o n  p o i n t s  a r e  g e o m e t r i c a l l y  f ixed,  but  f l u i d - f r i c t i o n  f o r c e s  
in  the  a v e r a g e  s t r e a m w i s e  d i r e c t i o n  a r e  not  neg l ig ib l e ,  e .g . ,  the v e e - g u t t e r  c a s c a d e ,  
s o m e  s c a l e  e f fec t  i s  to be  expec ted .  At low Reyno lds  n u m b e r s  the  l o s s  c o e f f i c i e n t  .\ 
may  be  e x p e c t e d  to r i s e  wi th  f a l l i ng  R e y n o l d s  n u m b e r ,  and  l i k e w i s e  fo r  the  d r a g  
c o e f f i c i e n t  C D. The  c o n t r a c t i o n  c o e f f i c i e n t  may  be  e x p e c t e d  to fa l l  wi th  f a l l i ng  
R e y n o l d s  n u m b e r ,  s i m i l a r  to the  c a s e  of the  r o u n d e d  flow nozz le .  

In c a s e s  w h e r e  the  s e p a r a t i o n  p o i n t s  a r e  not  g e o m e t r i c a l l y  f ixed  and  f lu id -  
f r i c t i o n  f o r c e s  in the  a v e r a g e  s t r e a m w i s e  d i r e c t i o n  a r e  not  neg l ig ib l e ,  e. g., a c a s c a d e  
of c y l i n d e r s ,  a l a r g e  s c a l e  e f fec t  i s  to be  expec ted .  As  in the  c a s e  of the  s ing le  
c i r c u l a r  c y l i n d e r ,  the  l o c a t i o n s  of the  s e p a r a t i o n  p o i n t s  wi l l  v a r y  wi th  the  Reyno lds  
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n u m b e r  and, p o s s i b l y ,  the  e n t i r e  c h a r a c t e r  of the  flow wi l l  l i kewi se  va ry .  F o r  
e x a m p l e ,  e x p e r i m e n t a l  da ta  on r o u n d - w i r e  s c r e e n s  (24) show a s t r o n g  i n c r e a s e  in 
d r a g  coe f f i c i en t  c D a s  the Reyno lds  n u m b e r  d e c r e a s e s  in  the  r e g i o n  of low Reyno lds  
n u m b e r s .  

CONCI,USIONS 

In a e r o d y n a m i c  cav i ty  f lows,  v iz . ,  l ong  c a v i t i e s  o r  w a k e s  of r e l a t i v e l y  low v e l o c -  
ity t r a i l i n g  b e h i n d  so l id  o b s t a c l e s  in  ga s  f lows,  r e a s o n a b l e  r e s u l t s  c an  be  ob t a ined  in 
p r e d i c t i n g  cav i ty  shape ,  d r a g  f o r c e ,  and  t o t a l - p r e s s u r e  l o s s  by u se  of the  f r e e  
s t r e a m l i n e  m e t h o d  of H e l m h o l t z - K i r c h o f f ,  a long  wi th  m i x i n g  c a l c u l a t i o n s ,  if the  flow 
ve loc i t i es~  a r e  low enough to jus t i fy  the  a s s u m p t i o n  of i n c o m p r e s s i b l e  flow, so l id  
s u r f a c e s  c an  be  a p p r o x i m a t e d  by l i n e a r  e l e m e n t s ,  the  Reyno lds  n u m b e r  i s  no t  too 
low, and  j e t  v e l o c i t i e s  a d j a c e n t  to the  c a v i t i e s  a r e  h igh  enough  to jus t i fy  the  a s s u m p t i o n  
of a s t a g n a n t  cavi ty .  

R e s u l t s  c a n  be  ob t a ined  fo r  h i g h e r  ve loc i t y  f lows,  if the  e f f ec t  of c o m p r e s s i b i l i t y  
on cav i ty  shape  can  be  e s t i m a t e d  a n a l y t i c a l l y  o r  o t h e r w i s e .  Scale  e f fec t  (Reyno lds  
n u m b e r  e f f e c t ) w i l l  not  be  l a r g e  in c a s e s  w h e r e  the  s e p a r a t i o n  p o i n t s  (cav i ty  incep t ion)  
a r e  f i x e d  by s h a r p  e d g e s  and w h e r e  one m a y  n e g l e c t  the  f l u i d - f r i c t i o n  f o r c e s  in the  
a v e r a g e  s t r e a m w i s e  d i r e c t i o n  on the  so l i d  s u r f a c e s .  In o t h e r  c a s e s ,  the q u a l i t a t i v e  
n a t u r e  of the  s c a l e  e f f ec t  may  be  e s t i m a t e d .  
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NOMENCLATURE 

a = j e t  b r e a d t h  u p s t r e a m  of t h r u s t  r e v e r s e r  (ft) 

b = b r e a d t h  of c o n f i g u r a t i o n  e l e m e n t  in d i r e c t i o n  t r a n s v e r s e  to u p s t r e a m  flow 
d i r e c t i o n  (ft) 

c = ax ia l  dep th  of c y l i n d r i c a l  t h r u s t  r e v e r s e r  (ft) 

C D = d r a g  f o r c e  coe f f i c i en t ,  r e f e r r e d  to u p s t r e a m  ve loc i t y  head  

C L = l i f t  f o r c e  coe f f i c i en t ,  r e f e r r e d  to u p s t r e a m  ve loc i ty  head  

C N = n o r m a l  f o r c e  coe f f i c i en t ,  r e f e r r e d  to u p s t r e a m  ve loc i t y  head  

D = d r a g  f o r c e  p e r  un i t  s p a n  l e n g t h  ( l b / f t )  

e = open ing  of b u t t e r f l y  va lve ,  m e a s u r e d  n o r m a l  to v a l v e  ax i s  (ft) 

f = b r e a d t h  of b l e e d  s lo t  in  wa l l  of c o m b u s t o r  l i n e r  (ft) 

g = b r e a d t h  of c h a n n e l  u p s t r e a m  of b l e e d  s l o t  in c o m b u s t o r  l i n e r  (ft) 

i= ~-I 
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= i l l  

APT = PT1 

6 = /~1 
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I = chord of  f l a t  p l a t e  c a s c a d e  (it) 

L = l i f t  f o r c e  p e r  u n i t  s p a n  l e n g t h  ( l b / f t )  

H = I n  ~ = n o n - d i m e n s i o n a l  c o m p l e x  p o s i t i o n  v a r i a b l e  in  t h e  l o g a r i t h m i c  
h o d o g r a p h  p l a n e  

M = lVIach n u m b e r  

N = n o r m a l  f o r c e  p e r  u n i t  s p a n  l e n g t h  ( l b / f t )  

p = s t a t i c  p r e s s u r e  ( l b / f t  2) 

PT = t o t a l - p r e s s u r e  ( l b / f t  2) 

s = b l o c k e d - a r e a  r a t i o  of  b u t t e r f l y  v a l v e  o r  p e r f o r a t e d  p l a t e  

t = p i t c h  o r  s p a c i n g  b e t w e e n  c o n f i g u r a t i o n  e l e m e n t s  (ft) 

u = x c o m p o n e n t  of  f lu id  v e l o c i t y  ( f t / s e c )  

g = r e f e r e n c e  v e l o c i t y  ( f t / s e c )  

v = y c o m p o n e n t  of  f l u id  v e l o c i t y  ( f t / s e c )  

w = f l u i d  v e l o c i t y  ( f t / s e c )  

w = ¢ + i~  = c o m p l e x  p o t e n t i a l  ( f t 2 / s e c )  

x = a b s c i s s a  in  t he  p h y s i c a l  p l a n e  (ft) 

y = o r d i n a t e  in t he  p h y s i c a l  p l a n e  (ft) 

z = x + iy  = c o m p l e x  p o s i t i o n  v a r i a b l e  in  t he  p h y s i c a l  p l a n e  (ft) 

Z = c o m p l e x  p o s i t i o n  v a r i a b l e  in  t h e  a u x i l i a r y  h a l f - p l a n e  (ft) 

a = i n c l u d e d  h a l f - a n g l e  of  v e e - g u t t e r  c a s c a d e  o r  v a l v e  c l o s u r e  a n g l e  of  b u t -  
t e r f l y  v a l v e  o r  e x t e r n a l  h a l f - a n g l e  o f  c o n i c a l  t h r u s t  r e v e r s e r  

fl = f l u id  a n g l e  m e a s u r e d  r e l a t i v e  to n o r m a l  to  c a s c a d e  a x i s  

= s t a g g e r  a n g l e  of  f l a t  p l a t e  c a s c a d e  

- y = a n g l e  of  a t t a c k  in  f l a t  p l a t e  c a s c a d e  

- PT3 = t o t a l - p r e s s u r e  l o s s  ( l b / f t  2) 

fi3 = o v e r a l l  d e f l e c t i o n  a n g l e  of  f l a t  p l a t e  c a s c a d e  

= (u - i v  )/U = n o n d i m e n s i o n a l  c o m p l e x  p o s i t i o n  v a r i a b l e  in the  h o d o g r a p h  
p l a n e  

= fil - fi2 = j e t  d e f l e c t i o n  a n g l e  of  f l a t  p l a t e  c a s c a d e  

420 



A = 

<p = 

p = 

q) = 

= 

Subscripts 

8 X  ---~ 

la t  = 

1 = 

2 = 

3 = 

4 = 
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APT/(1/2)pw21 = to ta l -p ressure  loss coefficient, r e fe r red  to ups t ream 
velocity head 

h 

wl/w 2 = velocity ratio 

cavity breadth as a fract ion of pitch t 

jet deflection angle of thrust  r eve r se r  or combustor l iner  

contraction coefficient (jet breadth as a function of configuration aperture 
breadth) 

fluid mass  density (slug/ft  3) 

potential function (ft 2/sec) 

s t ream function (ft 2/sec) 

subscript  re fe r r ing  to axial force in butterfly valve analysis  

subscript  re fe r r ing  to la tera l  force in butterfly valve analysis  

subscript  r e fe r r ing  to conditions infinitely far ups t ream of configuration 

subscript  r e fe r r ing  to conditions infinitely far downstream of configuration 

subscript  r e fe r r ing  to conditions after mixing of jets  and cavities 

subscript  re fe r r ing  to conditions downstream of bleed slot in combustor 
l iner  

subscript  r e fe r r ing  to vector mean velocity in flat plate cascade 

1. 

2. 

3. 

4. 
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DISCUSSION 

G. Birkhoff (Harvard University) 

This is  an excellent review of the favorable side of the ledger, as regards  p re -  
dictions of realwake behavior from mathematical  solutions of the Helmholtz Problem. 
Perhaps in Dr. Cornel l ' s  discussion of general  conformal mapping methods more 
emphasis  might have been put on the pa ramete r  problem: in most cases,  the greatest  
difficulty comes in determining the auxil iary constants (parameters)  of the Schwarz- 
Christoffel t ransformat ions  involved. 

I was unable to understand c lear ly  the "constant momentum mixing" hypothesis 
used, and wonder if it is mathematically equivalent to the following naive method of 
calculation. Let two para l le l  s t r eams  of equal density p, thicknesses T1, T2, and 
velocities vl, v2, mix as they flow downstream under Helmholtz instability. The 
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m e a n  d o w n s t r e a m  ve loc i t y ,  v o = (TlV 1 +T2v2) / (T1  +T2) , shou ld  be  r e g a r d e d  a s  z e r o  
r e l a t i v e  to th i s ,  by  the  B e r n o u l l i  e q u a t i o n  

2 
P l  + 1/2 p ( v  1 - v o  )2 = P 2  + 1/2 p ( v  2 - v o )  

In 1943, I s u g g e s t e d  t h i s  m e t h o d  of c a l c u l a t i o n  to the  l a t e  J o h n  yon  N e u m a n n  a s  a 
b a s i s  f o r  c a l c u l a t i n g  wake  u n d e r p r e s s u r e  ( in t h i s  c a s e ,  T 2 = ~ and  v o = v2). He 
p o i n t e d  out  t h a t  fo r  m o s t  c a s e s  ( though not  for  a b r o a d s i d e  f l a t  p l a t e )  i t  s e r i o u s l y  
o v e r - e s t i m a t e d  the  wake  u n d e r p r e s s u r e .  

M. Tu l in  (Off ice of Nava l  R e s e a r c h )  

Has  t h e r e  b e e n  any  a p p l i c a t i o n  of c a v i t y - f l o w  m o d e l s  to  the  p r e d i c t i o n  of f l a m e o u t  ? 

W. G. C o r n e l l  

Wi th  r e s p e c t  to  f l a m e o u t ,  I would s ay  no. So f a r ,  m o s t  a p p l i c a t i o n s  have  b e e n  to 
p r e d i c t  s o - c a l l e d  d r y  l o s s e s  in  the  f l a m e h o l d e r s  w h i c h  a r e  pu t  in to s t a b i l i z e  
c o m b u s t i o n .  
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