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A theory of noise generation by the action of boundary layer turbu- 
lence on an elastic system has been developed, with particular reference 
to underwater application. The elastic system considered is a rectangu- 
lar plate closed off by a rectangular liquid-filled volume. A simple yet 
physically meaningful form is assumed for the boundarylayer pressure 
correlation. The resulting plate vibration and sound radiation are 
derived, taking into account coupling between the plate motion and the 
sound field in the liquid. In the theory, coupling is manifested by 
rad.iation-induced masses and viscous damping which, in e~ect, may be 
added to the mass and damping of the plate considered to be vibrating 
in vacuo. It is shown that the noise in the closed space decreases with 
decreasing free-stream speed and boundary layer thickness. Also the 
noise decreases with increasing mass and damping of the plate, and with 
increasing distance from the plate. The use of plate damping as a means 
of noise reduction is predicted to be limited on the one hand by radia- 
tion damping, and on the other hand by correlation decay in the assumed 
turbulence pressure field. 

INTRODUC~ON 

Noise caused by boundary layer turbulence is important in several fields of appli- 
cation. Boundary layer turbulence is believed to be an important factor in the gener- 
ation of noise by Rnderwater devices, and is the prime motivation for the present 
study. In addition, the noise in aircraft cabins at high speeds and at high frequencies 
is determined mainly by boundary layer turbulence. Also the vibration caused by 
boundary layer turbulence may have an important bearing on problems of equipment 
damage and structural fatigue in missiles and alrcraR. 

There are two mechanisms of noise generation by boundary layer turbulence. 
First, the turbulence pressure field may excite the plate adjacent to it; the plate 
vibrations then radiate noise to the surrounding medium. Second, the boundary layer 
turbulence may radiate noise directly by virtue of the fluctuations in the fluid prop- 
erties. For nonrigid plates such as met in practice the first mechanism is more 
important, and consequently we exclude consideration of the second mechanism in 
the present investigation. 
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We wish to study the mechanics of excitation of plates exposed to boundary layer 
turbulence and the consequent t r ansmis s ion  and radiat ion of the vibrat ions .  In p a r -  
t icular ,  we wish to t rea t  the case in which the excited plate forms one of the surfaces 
of a closed space. Figure 1 shows the idealized geometry we have chosen for study. 
The boundary layer  is assumed to be in contact with a large fiat plate, the other side 
of which is in par t  a closed volume. 

The problem may be thought to consist  of three elements:  determinat ion of the 
boundary layer  p re s su re  field, calculation of the vibrat ion in the plate adjacent to the 
boundary layer,  and calculation of the sound field radiated by the plate vibrat ions .  It 
is  tempting to assume that these e lements  can be investigated independently, but only 
in the case of a plate immersed  in a gas is this assumption likely to be acceptable. 
For  a plate in contact with a liquid, it is well known that the sound radiat ion will 
greatly influence the vibrat ions .  On the other hand, it is probably acceptable to 
assume that the boundary layer  p r e s su re  field can be investigated independently of 
the plate vibrat ions,  provided that the resu l t ingpla te  displacement  is smal l  compared 
with the boundary layer  displacement  thickness.  In what follows we shall assume that 
the boundary layer  p r e s su re  field can be specified independently, while the plate 
vibrat ions and consequent radiat ion are coupled phenomena. 

In the presen t  investigation we are not p r i ma r i l y  concerned with the basic prop-  
er t ies  of the boundary layer  p r e s su re  field but ra ther  with the mechanics of excita-  
tion and consequent t r ansmis s ion  and radiation. We are p r imar i l y  concernedwith the 
understanding of the s t ruc tura l  and acoustical  e lements  of the problem, with the 
ult imate objective of devising geometr ies  and t rea tments  that may lead to boundary 
layer  noise control. 

Several recent  works have direct  bearing onthe presen t  investigation. Kraichnan 
(1), Ribner (2), and Corcos and Liepmann (3) computed the noise radiated from plates 
excited by boundary layer  turbulence.  Because their  work concerned plates immersed  
in air,  no account was made of possible plate vibrat ion and sound radiat ion coupling, 
such as may be important  in liquids. Kraichnan considered the radiat ion from finite 
square plates while Ribner and Corcos and IAepmann considered radiat ion from large 
plates.  

Lyon (4) made theoret ical  and experimental  studies on the excitation of s t r ings  
by a random pres su re  field resembl ing  that of boundary layer  turbulence.  Er ingen 
(5) studied the excitation of beams  and plates to a purely random pres su re  field, 
without par t icu lar  reference to boundarylayer  excitation. Strasberg (6) used boundary 
layer  p re s su re  measurements  by Harr i son  (7) to compute the excitation of both finite 
membranes  and finite plates.  

In addition to Harr ison,  Wil lmarth  (8) has made spectral  and correla t ion meas -  
urements  on boundary layers  in wind tunnels.  Kraichnan (9) studied the boundary 
layer  p re s su re  field theoret ical ly as a p re l imina ry  to his la ter  work on plate exci ta-  
tion (1). Kraichnan 's  (10) most  recent  work on turbulence holds promise  of providing 
additional information on boundary layer  turbulence.  In addition to the foregoing, 
there is a very r ich l i te ra ture  on turbulent  boundary layers  and their  more general  
aspects.  

Boundary layer  p r e s su re  fields have also been measured on airplane wings by 
Mull and Algranti  (11). Their  resul t s  are subject to some uncertainty,  however, 
because the microphone used was not smal l  compared with the boundary layer  d i s -  
placement thickness.  Ear l i e r ,  Rogers and Cook (12) made measurements  relevant  to 
the boundary layer  noise problem in a i rcraf t  spaces. Also Dyer (13) has reported 
boundary layer  p r e s su re s  as determined indirect ly from noise measurements  within 
a i rcraf t  cabins. These lat ter  two studies are largely heuris t ic  in nature.  
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Sound from Boundary Layer Turbulence 

G E N E R A L  EQUATIONS FOR P L A T E  EXCITATION 

The  v i b r a t i o n  on a p l a t e  exposed  to an  e x t e r n a l  p r e s s u r e  f ie ld  f (x, y, t ) i s  a s s u m e d  
to obey the  c l a s s i c a l  t h i n - p l a t e  equa t ion :  

~2w ~w 
B~74w+ M ~ + ~ -  = - f  - ( P l - P 2 ) z = L 2  = - F ( x , y , t )  (1) 

• w h e r e  w(x ,y , t )  i s  the  d i s p l a c e m e n t  of the  n e u t r a l  p l a n e  of the  p la t e ,  B the  bend ing  
s t i f f n e s s ,  .~,I the  m a s s  p e r  uni t  a r e a  of the  p la te ,  ,~ the  d a m p i n g  coef f i c ien t ,  and  p~ the  
sound  p r e s s u r e s  on e i t h e r  s ide  of the  p l a t e  (a t  z : L z ) .  F i g u r e  i shows  the  g e o m e t r y  
r e l e v a n t  to the  p r o b l e m .  The  bend ing  s t i f f n e s s  i s  g i v e n  by 

B - 

Eh 3 

12(z _~2) (2) 

w h e r e  E i s  Y o u n g ' s  modu lus ,  h the  p l a t e  t h i c k n e s s ,  and ~ P o i s s o n ' s  r a t i o .  The  
d a m p i n g  coe f f i c i en t  i s  a s s u m e d  to inc lude  bo th  v i s c o u s  and h y s t e r e t i c  damping ,  a 
s t ep  t h a t  i s  p o s s i b l e  only if we m a k e  a s p e c i a l  a s s u m p t i o n  on the  t i m e  d e p e n d e n c e  in 
Eq.  (i) ,  as  we s h a l l  do l a t e r .  

B o u n d a r y  cond i t ions  ( a s s u m e d  t i m e - i n d e p e n d e n t )  and i n i t i a l  c o n d i t i o n s  fo r  Eq.  (1) 
a r e  s p e c i f i e d  in a l a t e r  s e c t i o n .  

The  sound  f ie ld  on e i t h e r  s ide  of the  p l a t e  i s  a s s u m e d  to obey the  n o n - d i s s i p a t i v e  
l i n e a r  wave  equa t i on  of a c o u s t i c s  

V2~ 
- ~ - - :  o ( 3 )  i c ~ ~t 2 

I 
z 

/ 1 ~  ~ 1 /  / /  ~ 

/ t  / 

x 

h ~ Uoo f P l l z 

Fig.  1 - G e o m e t r y  and c o o r d i n a t e  s y s t e m  for  
b o u n d a r y  l a y e r  exc i t a t i on  
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w h e r e  q"i i s  the ve loc i t y  po ten t ia l  and c the sound speed .  We have a s s u m e d  that  the 
fluid i s  the  s a m e  on both s ides  of the pla te ,  but i t  wi l l  p r o v e  s i m p l e  to cons ide r  the  
m o r e  g e n e r a l  ca se  should the need a r i s e .  The v e l o c i t y  po ten t ia l  i s  r e l a t e d  to the 
sound p r e s s u r e  and sound p a r t i c l e  ve loc i t y  v by 

~ j  
pj = p -~ - -  

(4) 

V = - V~j 

w h e r e  p i s  the fluid dens i ty .  The space  j = 1 i s  taken  to be f r e e  f r o m  boundar ies ,  
excep t  at  z -- L Z. The space  j : 2 i s  a c l o s e d  s p a c e w i t h r e f l e c t i v e  boundar ies .  M o r e  
p r e c i s e  boundary  and in i t ia l  condi t ions  mus t  a l s o b e  spec i f i ed  wi th  Eq.  (3) but we sha l l  
l eave  th is  a l so  to a l a t e r  sec t ion .  

Equation (3) is coupled to Eq. (i) by virtue of the continuity condition on velocity: 

z=L, ~'~Z 2 z=Lz 
~w 
~t - ~z = - " (5) 

We may  a s s o c i a t e  with Eq.  (1) the c o r r e s p o n d i n g  equat ion  fo r  the impu l se  
r e s p o n s e  g(x,y,tlx0,Y0,t0) of the p la te :  

b2g bg - ~(x BV4g + M ~-~ + ~-~t = -Xo)" 8~y-yo) 8(t-to) (6) 

w h e r e  ~ is  the D i r a c  de l t a  funct ion.  Then an i n t e g r a l  equat ion  for  w may  be 
wr i t t en  (14): 

w( r , t )  = ~.~ dt o ~ d S o g ( r , t l r o , t o ) F ( r o , t o )  (~) 

w h e r e  we have  abb rev i a t ed  r fo r  x ,y  and dS 0 for  dx0dY 0. We note that  Eq.  (7) i s  a 
sum of a l l r e s p o n s e s  of the p la te  fo r  e v e r y  t i m e  t o be fo re  t i m e  t. F o r  the uncoupled 
c a s e  in which  F is  independent  of w, Eq.  (7) i s  a so lu t ion  for  w. F o r  both the coupled 
and uncoupled cases ,  however ,  we r e q u i r e  a r e p r e s e n t a t i o n  of the impu l se  r e s p o n s e  g. 

We may  obtain a f o r m a l  r e p r e s e n t a t i o n  of the impu l se  r e s p o n s e  in t e r m s  of the  
e igenfunc t ion  o r  n o r m a l  m o d e s  of o sc i l l a t i on  of the p la te .  The n o r m a l  mode  Wren fo r  
a mode des igna ted  by the two o r d e r  n u m b e r s  m and n, i s  of the f o r m  

Wmn(X, y, t) = •mn(X, y) exp [-amnt'- iCOmnt] (8) 

where amn is the modal damping and ~m. the damped resonance frequency. Both amn 
and ~m. are positive and real. The normal mode satisfies the equation 

~2Wmn + ~Wmn 
B(I -  i~)V4Wmn + M--~--]--- f l o ~ =  0 (9) 

w h e r e  we have  made  exp l i c i t  d iv i s ion  of the damping into h y s t e r e t i c  damping  ( d e t e r -  
mined  by the l o s s  f ac to r  7) and v i s c o u s  damping (de te rmined  by the r e s i s t a n c e  
coef f i c i en t  rio)- 
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Subst i tut ion of Eq.  (8) into Eq.  (9) g ive s  the equat ion  for  the e igenfunc t ions  

V4q~mn - F4mn ~bmn = 0 (10) 

where  the e igenva lues  Finn a r e  taken  to be r e a l .  It i s  convenient  to have the e i g e n -  
funct ions  n o r m a l i z e d  such that  

~)mn Cpq dS = ~mp ~nq ( i i )  

whe re  ~ is  the K r o n e c k e r  de l ta .  Solut ions of Eq.  (10) a r e  to obey the s a m e  boundary 
condi t ions  as  those  of Eq .  (1). The e igenva lues  Finn a r e  then d e t e r m i n e d  by the p a r -  
t i cu l a r  boundary condi t ions  of i n t e r e s t .  

The modal  damping and damped r e s o n a n c e  f r equency  a r e  d e t e r m i n e d  by the 
damping coef f i c i en t s  and e igenva lues  as  fol lows:  We a s s u m e  that  the damping m e e t s  
the inequa l i t i e s  

~? _< ~-  and < -$" (12) 

These  r e s t r i c t i o n s  i n s u r e  that  the damping  is  not  too l a rge ,  but they do not 
exclude  c a s e s  of p r a c t i c a l  i n t e r e s t .  Then  the moda l  damping  is  g iven  by 

~0 F4mn B'r/ 
amn = ' ~ - +  2Ma~mn 

(13) 
._ O)mn + + 

77 ~ ~ -- 

which fo l lows as  a consequence  of Eqs .  (8), (9), and (10). Impor t an t  l imi t ing  va lues  
of ~ .  a r e  

• ~ m .  flo 
= - -  << ~ (14) amn 2 O)mnM 

• 3o /3o 
titan = 2-"M 7] << COmnM (15) 

__. ~C°m + /~0 2 <:<: 2 
amn ~ 2M ' amn ~mn • (16) 

The damped r e s o n a n c e  f r equency  is  a l so  d e t e r m i n e d  f r o m  Eqs .  (8), (9), and (10), 

2 _- B ?4 2 (17)  
mn - M" mn - amn 

and r e q u i r e s  s imul t aneous  solut ion wi th  Eq .  (13). However ,  for  m o s t  c a se s  of p r a c -  
t i c a l  i n t e r e s t  ~ n  may  be c lo se ly  app rox ima ted  by 

and is  independent  of damping.  
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We now turn to the representa t ion  for the impulse response.  We introduce the 
Green ' s  function G, which is the Four ie r  t r ans fo rm of g, 

co 

if  g(r,tlro,t 0) : ~ G(r,ro,co) exp[-ico(t-to)] dco, 
.m (19) 

substitute into Eq. (6), and obtain 

where 

V4G - F4G = -~(x-x0) ~(Y-Y0) (20) 

[~4 = co2M + ico~0 
B( 1 - iV) (21) 

The Green ' s  function G can be expanded in t e r m s  of the eigenfunctions ~mn: 

G ( r , r 0 , c o )  = E Amn( r0 , co )~mn ( r ) "  (22)  
m,n 

We evaluate the coefficients Amn by placing Eq. (22) in Eq. (20), using Eq. (10), 
multiplying by ,pq, and integrating over  S. The resu l t  is 

q)mn(r) qbmn(r O) 
G( r  r 0 co) : ~, l~ 4 - r4  

. . . . .  (23) 

We then use Eq. (19), which is evaluated by the calculus of residues at the poles 
co = comn - i amn '  t o  obtain (14) 

~mn(r) ~mn(r0 ) 
g ( r ' t [ r ° ' t ° )  = E comn M e x p [ - a m n ( t  - t o ) ] "  s i n  comn(t - t o )  U ( t  - t o )  (24) 

m,n 

where U(t-t o) is the unit step function. 

Equations (7) and (24) complete the formal representation for the plate dis- 
placement w. 

THE BOUNDARY LAYER PRESSURE FIELD 

Although it is not our purpose to investigate the basic structure of a turbulent 
boundary layer, we must obtain an appropriate description of the field to understand 
satisfactorily the mechanics of excitation and the possibilities for noise control. We 
assume that the boundary layer pressure field has the following characteristics: 

1. The p r e s s u r e  field is  a s ta t ionary random process .  

2. The p r e s s u r e  cor re la t ion  decays with t ime.  

3. The p r e s s u r e  cor re la t ion  has a spatial  extent smal l  compared with the plate 
size of in teres t .  

4. The p r e s s u r e  cor re la t ion  is convected along the surface  of the plate, in the 
direct ion of the f r e e - s t r e a m  velocity.  
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5. The spa t ia l  c o r r e l a t i o n  is  homogeneous ,  depending upon the d i f f e rence  in the 
spa t ia l  coo rd ina t e s  in a f r a m e  of r e f e r e n c e  moving  with  the m e a n  convec t ion  
speed.  

Accord ing ly ,  we adopt the f o r m  g iven  in Eq.  (25) as  a pos s ib l e  phenomeno log ica l  
d e s c r i p t i o n  of the boundary  l aye r  p r e s s u r e  f ield:  

< f ( x , y , t ) f * ( x ' , y ' , t ' ) >  = f 2 exp I-K / ' (~-v~-)2  + ~:,2" [--~-1 

= f2R(~,~,~-) 
(25) 

w h e r e  

< . . .>  s y m b o l i z e s  the t i m e  a v e r a g e  ope ra t ion  

* deno tes  the complex  conjugate  

R is  the n o r m a l i z e d  p r e s s u r e  c o r r e l a t i o n  

f2 i s  the m e a n - s q u a r e  boundary l a y e r  p r e s s u r e  

= X - - X  I 

~ = y - y '  

T = t - t '  

v i s  the mean  convec t ion  speed,  taken to be in the pos i t i ve  x d i r e c t i o n  

K is  a m e a s u r e  of the i n v e r s e  r ad ius  of the tu rbu lence  "eddy"  

is  the m e a n  s t a t i s t i c a l  l i f e t ime  of the tu rbu len t  s ta te .  

The c o r r e l a t i o n  a r e a  A is  obtained by in t eg ra t ion  of Eq.  (25) ove r  ~ and d: 

2~ 
A = -~-, (26) 

Recen t  m e a s u r e m e n t s  by W i l l m a r t h  (8)show that  the r o o t - m e a n - s q u a r e  boundary 
l aye r  p r e s s u r e  i s  g iven  by 

1 2 f - 6 × 10 -3 ~ - p U  (27) 

whe re  u~ is  the f r e e - s t r e a m  ve loc i ty .  H a r r i s o n  (7) obtained a n u m e r i c a l  coe f f i c i en t  
somewha t  g r e a t e r  than that  g iven  in Eq.  (27), n a m e l y  9.5 × 10 3 .  ( E a r l i e r  r e s u l t s  by 
Dyer  (13) f r o m  a i r c r a f t  cabin noise  m e a s u r e m e n t s  y ie lded  a va lue  v e r y  c lose  to that  
of Eq.  (27).) We shal l  use the va lue  g iven  in Eq.  (27) in e x a m p l e s  l a t e r  in the r e p o r t .  

The n o r m a l i z e d  p r e s s u r e  c o r r e l a t i o n  of Eq.  (25) i s  shown in Fig .  2 for  an a r b i -  
t r a r y  va lue  of the p roduc t  K v~. We s e e  that  the c o r r e l a t i o n  d e c r e a s e s  as  the t i m e  
de lay  i n c r e a s e s ,  and that  the c o r r e l a t i o n  peaks  for  p a r t i c u l a r  v a l u e s  of ~. M e a s u r e -  
men t s  on p r e s s u r e  c o r r e l a t i o n  g e n e r a l l y  exhibi t  t hese  c h a r a c t e r i s t i c s  (as do m e a s u r e -  
ments  on ve loc i ty  c o r r e l a t i o n  (15)). However ,  the m e a s u r e m e n t s  a l so  show that  the 
c o r r e l a t i o n  is  somewhat  l e s s  peaky than that  shown, and tends  to b e c o m e  s l igh t ly  
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negative and osci l latory beyond the major  peak. Thus, Eq. (25) is an idealization of 
the p re s su re  field, although it contains all the elements  assumed to be of importance.  
The added complexity required to obtain a more exact fit with measurements  does not 
appear to be warranted for the p resen t  investigation. 

The spectral  density S(~) may be determined from the p re s su re  correlat ion by 
the Four ie r  inversion 

m 

S(~) = 2 f < f ( r , t ) f * ( r , t ' ) >  exp[i~z] dT. (28) 
.co 

With the use of Eq. (25), the spectra l  density is found to be 

S(w) : ( 4 f 2 /  1 
\ %  / (29) 

where 

1 
~o : Kv + ~  (30) 

~0 is a character is t ic  frequency determined by the sum of the "eddy" convection 
frequency and the inverse  t ime constant of the decay. S(~) is plotted in Fig. 3 as a 
function of ~/%. Measurements  by Harr ison (7) and Wil lmarth  (8) are in genera l  
accord with Fig. 3, except that the data fall off more rapidly with frequency above 
~/% equal to about 3. 

Comparison of Eqs. (25) and (28) with measurements  (7,8) lead to the following 
se l f -cons is tent  es t imates  for the pa rame te r s  descr ibing the boundary layer  p re s su re  
field: 
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Fig. 3 - Spectrum of the boundary layer 
p res s ur e field corresponding to the 

. assumed pressure correlation 

Kd--" 2 

e - 3o d__ 
U~ 

v ~ 0 . 8 U ®  
( 3 1 )  

6~o _-" K v 

where d is the displacement boundary layer  thickness.  We see that the character is t ic  
frequency % appears to be determined mainly by the eddy passage frequency, a resul t  
obtained theoretically by Kralchnan (1). Thus, the spectrum S(~) for boundary layer 
turbulence is near ly  independent of the l ifetime 8, although the correlat ion R (~,#, r)  
is strongly 8 dependent. 

The correlat ion a rea  A is of the order  of d 2, as may be seen from Eqs. (26) and 
(31). If we make the relat ively unres t r ic t ive  assumption that A is much smal le r  than 
the plate area  LxLy , we may simplify Eq. (25) to the form 

[1~1] 
< f ( r ,  t ) f * ( r  ' ,  t '  )> --" Af28(~ -.v~-) 8(#)  exp - - - ~ - -  • (32) 

In essence,  Eq. (32) is  a valid s implif icat ion of Eq. (25) for EL >> 1, where L iS 
the smal lerplate  dimension.  Equation (32) giv6s  analytical s impl ic i ty  to the boundary 
layer pressure  field, while at the same t ime retaining the essent ia l  properties  of a 
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decaying and convecting field of smal l  scale .  Lyon (4) used a cor re la t ion  of the 
form of Eq. (32) to compute the response  of s t r ings  in a convecting turbulent field. 

It is of in te res t  to note that, in the l imi t  of ve ry  short  l i fet ime,  Eq. (32) 
approaches 

< f ( r , t ) f * ( r ' , t ' ) >  ---*2A0f 2 ~ ( ~ - v r )  $(~)  ~ ( r ) .  (33) 

Also, for v~ small  compared with ~, the cor re la t ion  approaches that of a purely  
random field, somet imes  descr ibed as "rain on the roof ,"  for which Er ingen (5) has 
computed the excitation of finite plates .  On the other hand, in the l imi t  of ve ry  long 
l ifet ime, the exponential factor in Eq. (32) is unity for near ly  all 7, corresponding to 
the case of convection of a frozen pat tern  in the turbulent field. 

In what follows we shall  use the form of Eq. (32) and the es t imates  of the field 
p a r a m e t e r s  given by Eq. (31) as a descr ipt ion of the boundary layer  p r e s s u r e  field. 
It is important  to emphasize that this descr ipt ion is not p rec ise ,  but is intended to 
display in a s imple way the essent ia l  features  of boundary layer  excitation. 

RESPONSE OF A FINITE UNLOADED DAMPED PLATE 

We consider  here the case of a plate i m m e r s e d  in a low-densi ty fluid* such that 
the radiat ion react ion on the plate may be neglected (i.e., Pl - P2 << f)" Then the 
sound field external  to the plate and the vibrat ion field on the plate can be considered 
independently. Actually we shall  find that the effect  of fluid coupling does not change 
the form of the resul ts ,  so that much of what is done here can be ca r r i ed  over  with 
appropriate  modification to the more  general  case.  Thus, we proceed to the l imi t  of 
zero  fluid load, and the plate d isplacement  becomes 

t 

w ( r , t )  = f .= d t  o f~ dSog(r,to[ro,to)f(ro,to). (34) 

Also, Lyon (16) has shown that the cor re la t ion  may be obtained f rom an ensemble 
average,  and may be wri t ten as 

<w(r, t ) w * ( r '  , t ' ) >  : d t  o d t  o dS o d S o g ( r , t  [ r o , t o )  
.co (35) 

• C ( r ' , t ' l r o , t o )  < f ( r o , t o ) C ( r o , t ' o ) > .  

The source correlat ion required in Eq. (35) is given by Eq. (32); we now proceed 
to the expl ic i t  form for the eigenfunctions required in the impulse response g. 

For s impl ic i ty,  let us assume simply supported boundaries at the plate edges: 

~2 w ~2 w 
w. = ~ - :  0 x = O, L x.; w : - -~y2  : 0 y : O, Ly (36) 

These boundary conditions are  not apt to be met  p r ec i s e ly  in prac t ice ,  but they 
lead to re la t ive ly  s imple eigenfunetions. Fur the rmore ,  the use of Eq. (36) is l ikely 

$ T h e  q u a n t i t a t i v e  r e q u i r e m e n t  on t he  d e n s i t y  w i l l  be  e v i d e n t  f r o m  the  r e s u l t s  of  the  
n e x t  s e c t i o n .  
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to lead  to e r r o r  only for  the v e r y  lowes t  modes ;  the e igenfunc t ions  and e igenva lues  
a r e  not  too s ens i t i ve  to the boundary condi t ions  for  h igher  modes .  N o r m a l i z e d  so lu -  
t ions  of Eq.  (10) that  obey Eq.  (36) a r e  

2 . nwx n~y 
- s l n - ~ x  s i n - -  @mn(r) (LxLy) 1/2 Ly (37) 

with 

:~ : /m~  ~ +( n~'f m~ \~) \~)"  (38) 

Equat ion  (35) invo lves  the p roduc t  of two doubly inf ini te  sums,  a typ ica l  t e r m  of which 
is  the c r o s s - p r o d u c t  of two modes  (re.n) and (p. q): 

<Pmn ( r ) qbpq( r '  ) t t '  
<w( * ' ' = Af 2 ( dt o f dt  o r , t )w  (r  , t  )>mn,pq a)mna)pqM2 . . . .  _ 

fs dUo fs dSo ¢mn(ro) ~Dpq(ro) exp I_ amn(t _ to)  _ apq(t ,  to)  ~_ ] ]  (39) 

• s in  ~mn(t -  to)  s in  O q ( t ' - t ~ )  $({0-  vT0) ~(#0)" 

The Yo in tegra t ion  is  s imp le  because  of the de l ta  funct ion ~(v0 -Y0)- Thus the Y0 
in tegra t ion  fol lows read i ly  and y ie lds  ~nqLy/2. The x o i n t eg ra t ion  is  equal ly  s imp le  if  
we a s s u m e  

v~ << L x . (40) 

The quant i ty  vO is  e s s e n t i a l l y  the g r e a t e s t  d i s t ance  o v e r  which the s o u r c e  is  c o r -  
r e l a t ed .  F r o m  Eq.  (31) we e s t i m a t e  v~ to be about 24 d.  Consequent ly  we r e q u i r e  the 
p la te  length to be much g r e a t e r  than about  24 d i s p l a c e m e n t  t h i cknes se s ,  o r  about 3 
boundary l a y e r  t h i c k n e s s e s , *  a condit ion that  inc ludes  al l  but the v e r y  th ick  boundary 
l a y e r s  o r  v e r y  s m a l l  p l a t e s .  

With the use  of Eq.  (40) the x o and x 0 i n t eg ra t ions  y ie ld  

L x , -2-- ~mD COS O. T O 

where  

m~v 
~ :  L---:- (41) 

a may be t e r m e d  the convec t ion  f requency ,  and is  i n t e r p r e t e d  as the f r equency  at 
which the tu rbu len t  f ie ld  i s  convec ted  p a s t  a length of p la te  equal  to the m-modal  
wave length .  We see  that  by v i r t u e  of the K r o n e c k e r  de l tas ,  ~nq and ~m,, the p la te  
modes  a r e  s t a t i s t i c a l l y  independent .  P h y s i c a l l y  th is  r e s u l t  is  due in e s s e n c e  to the 
l a r g e n e s s  of the p la te  c o m p a r e d  with  the c o r r e l a t i o n  s ize  of the sou rce .  

*Inasmuch as the boundary layer thickness is about i0 times the displacement 
th ickness  d. 
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W e  n o w  t u r n  to  t h e  t i m e  i n t e g r a l s  of  E q .  (39) .  T o  f a c i l i t a t e  i n t e g r a t i o n  w e  i n t r o -  
d u c e  t h e  v a r i a b l e s  

3, = ( t ' - t ~ )  - ( t - t 0 )  = r o - r 

;z = ( t ' - t 6 )  + ( t - t o ) .  (42) 

T h e  n e w  c o o r d i n a t e  s y s t e m  % ~, i s  s h o w n  i n  F i g .  4 i n  r e l a t i o n  t o  t h e  c o o r d i n a t e s  to ,  
t~.  B y  u s e  of t h e  J a c o b i a n ,  t h e  d i f f e r e n t i a l s  b e c o m e  

d tod t~  = 1 ~- dTd~  (43) 

an d  t h e  l i m i t s  a r e ,  a s  c a n  be  s e e n  f r o m  F i g .  4,  

-/~ to  /z, for  T 

0 to  co, for  /z. 

T h e n  E q .  (39) b e c o m e s  

Af 2 
< w ( r , t ) w * ( r ' , t ' ) > m n  - 4~02nM2 q~mn ( r )  $inn ( r ' )  I ron(r)  

w h e r e  t h e  t i m e  c o r r e l a t i o n  i n t e g r a l  I = n ( . )  i s  g i v e n  by  

Iron(7 '  = f0 d;z . dT exp I-amnlZ [ Y ~ r [ -  1 

• cos ~ ( 7 + r ) [ c o s  ~m.~ - cos ~ m # ] ,  r _> 0 . 

(44) 

(45) 

t~ 

2"~ to=t' \ 
ii'::iii  

/ 

to 

to= t 

F i g .  4 - R e g i o n  of i n t e g r a t i o n  and  c o o r d i n a t e  s y s t e m s  
the  t i m e  d o m a i n  
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Equat ion  (45) i s  s i m i l a r  to an i n t e g r a l  u s e d  by Lyon (4) in the s t r i n g  r e s p o n s e  p r o b -  
lem,  excep t  tha t  he  s p e c i a l i z e d  to the c a s e  ~ = 0. B e c a u s e  o f  the abso lu te  va lue  s ign  
in the i n t eg rand  we m u s t  i n t e g r a t e  Eq.  (45) in  s e p a r a t e  r e g i o n s ,  depending  in p a r t  
upon w h e t h e r  ~ is  g r e a t e r  than or  l e s s  than - T ( i . e . ,  r 0 > 0 o r  z o < 0 ) .  F i g u re  4 
shows  the r e g i o n s w i t h i n  w h i c h t h e  i n t eg ra l  m u s t  be eva lua ted .  Thus,  Eq.  (45) b e c o m e s  

Imn(•) = d/~ dT exp + d/~ dT exp 

(46) 

• cos ~(y + 7)[cos ~%,y - cos ~ , ~ ] .  r _> 0 .  

T h e  i n t e g r a l  fo r  r < 0 is  i den t i ca l  to  Eq.  (46) ex cep t  tha t  r i s  r e p l a c e d  by -T 
throughout. Although the integrals of Eq. (46) involve elementary functions, they are 
exceedingly laborious to evaluate in generality. Rather it is more convenient to give 
the results for special cases, in order to avoid horrendously long expressions and to 
maintain physical clarity. 

It is of interest to note that the results expressed by Eqs. (44) and (46) can be 
obtained in a somewhat different but equivalent way, using the formalism of Powell (17). 

M e a n - S q u a r e  R e s p o n s e  at  Co inc idence  

We c o n s i d e r  f i r s t  the c a s e  of g r e a t  i m p o r t a n c e  in a i r c r a f t  and m i s s i l e  a p p l i c a -  
t ions ,  w h e r e  the m e a n  convec t ion  s p e e d  v of the  boundary  l a y e r  p r e s s u r e  f ie ld  can be 
the s a m e  o r d e r  as  the f r e e  f l exu ra l  p h a s e  ve loc i t y  c B in the p l a t e . *  

In t eg ra t ion  of Eq.  (46) shows  tha t  fo r  ~8 > 1 m a x i m u m  r e s p o n s e  o c c u r s  when  t h e  
convec t ion  f r e q u e n c y  equa l s  the r e s o n a n c e  f r e q u e n c y  (i .e. ,  a = ~mn)" The fo rego ing  
condi t ion a0 > 1 (or ~Omn8 > 1) c o r r e s p o n d s  t o t h e  r e q u i r e m e n t  tha t  the b o u n d a r y l a y e r  
p r e s s u r e  f ie ld  be c o r r e l a t e d  ove r  a d i s t a n c e  g r e a t e r  than  the m -mo d a l  wave leng th .  
I na smuch  as  the c o r r e l a t i o n  d i s t a n c e  is  a l so  t aken  to  be s m a l l e r  than  the p la te  length  
see  Eq.  (40), we find tha t  fo r  m a x i m u m  r e s p o n s e  a t  a = ~omn the mode n u m b e r  m is  
r e s t r i c t e d  by 

L 
x 

m r  > V ~  >> 1 .  (47)  

With the use  of E q s .  (18), (38), and (4!) , we  can s e e  tha t  a is  equal  to OAmn for  a p a r -  
t i cu l a r  s p e e d  v 0 g iven  by 

Vo nL x 2 
- -  : + ( 4 8 )  
e B 

The speed v o is termed the'hydrodynamic coincidence speed. We see that for modes 
n << m, v o is apprc~imately equal to eB, corresponding to the situation expected in 
one dimension (2,13). For n the same order or greater than m, the coincidence speed 

*The f r e e  f l exu ra l  phase  ve loc i ty  for  thin p l a t e s  is  given by c 4 = co 2 (B/M). 
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i s  i n c r e a s e d  by the  r e q u i r e m e n t  that  match ing  occur  wi th  the component  of v p r o j e c t e d  
on the d i r e c t i o n  of the s tanding wave .  This  r e s u l t  is  s i m i l a r  to the r e s u l t  of Ribner  
(2) for  inf ini te  p la te  exc i ta t ion .  

The t i m e  c o r r e l a t i o n  i n t eg ra l  Imn(r ) i s  now s p e c i a l i z e d  to r = 0 as we l l  as  
a = ~mn (i.e.,  v = %) .  We find 

Zm.(O) _- 0 02 E 2 - % o . 7  
amrl(amnO + 1) + (amn~ + 1 ) 2 +  4¢d~rle2 L4~m--7~n~2 ] '  62mn0 > 1. (49) 

Equati.on (49) p lus  Eq.  (44) g ives  u s t h e  m e a n - s q u a r e d i s p l a c e m e n t  w 2 at  hyd rodynamic  
co inc idence  (v = Vo). 

We may  s p e c i a l i z e  Eq .  (49) fu r the r .  Cons ide r  the case  of low damping.  Then 

Imn(0 ) -" amnG << 1 (50) amn ' 

As expected ,  the m e a n - s q u a r e  r e s p o n s e  in th is  ca se  i n c r e a s e s  wi th  i n c r e a s i n g  l i f e -  
t i m e  and d e c r e a s i n g  damping.  

Next  cons ide r  the ca:~J of v e r y  high f r e q u e n c i e s .  Then we ge t  

Zm.(O) __" 0 % e  >> 1.  (51) 
amn(amnO + 1) ' 

Note that  the m e a n - s q u a r e  r e s p o n s e  may  be p r o p o r t i o n a l  to a~,-2 if amn 8 is  much  
g r e a t e r  than unity, c o r r e s p o n d i n g  to the s i tua t ion  in which damping  d e c r e a s e s  the 
d i s p l a c e m e n t  at r e s o n a n c e  wi thout  app rec i ab ly  b roaden ing  the bandwidth of the 
r e s o n a n c e .  

M e a n - S q u a r e  Response  Below Coinc idence  

In u n d e r w a t e r  app l ica t ions  the m e a n  convec t ion  speed  is  much  s m a l l e r  than the 
co inc idence  speed  (i.e.,  v << v0). Consequent ly ,  we i nves t i ga t e  Eq.  (46) fo r  a << ~mn" 
Al so  we s p e c i a l i z e  to the case  r = 0 in o r d e r  to obtain the m e a n - s q u a r e  r e s p o n s e .  
The r e s u l t  i s  

F 2 02_ + I )  a_~n~l imn(0) = 202 mL~ (amn 0 + 1 
1 + W2mn. 02 ~ (amn ~ + 1 ) 2 '  

282 ~_ amn~+ 1 am _- ] 
(52) 

F o r  e a s e  in in t e rp re t a t ion ,  we c o n s i d e r  two spec i a l  c a s e s  of Eq.  (52), fo r  low damping  
and for  high f r e q u e n c i e s ,  r e s p e c t i v e l y :  

• 2~ 1 
Iron(O) = amn 0 << 1 "m. l + ~ e  2' (53) 
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Im,(°)  - %T- + ~ + . % 0  >> 1. 
z + %2s (54) 

m n  

Note t h a t  fo r  u n d e r w a t e r  p r o b l e m s  we c a n n o t  app ly  t h e s e  r e s u l t s  d i r e c t l y  b e c a u s e  we 
have  a s s u m e d  the  p l a t e  to be  i m m e r s e d  in a l o w - d e n s i t y  f luid.  Howeve r ,  we m a y  
a n t i c i p a t e  a r e s u l t  of the  next  s e c t i o n  t ha t  shows  the  c o r r e c t  r e s u l t  to b e  of the  s a m e  
f o r m .  Consequen t ly ,  we m a y  p r o c e e d  wi th  a d i s c u s s i o n  in the  f r a m e  of u n d e r w a t e r  
app l i ca t i on .  

F o r  d e f i n i t e n e s s ,  l e t  u s  m a k e  flo s m a l l ,  so  t ha t  amn = T~O~mn/2. The  r e s u l t i n g  v a l u e  
of Iron(0) is  p lo t t ed  in Fig.  5 fo r  v a r i o u s  v a l u e s  of v. S e v e r a l  i m p o r t a n t  c o n c l u s i o n s  
and  c o m m e n t s  m a y  be  m a d e  f r o m  Fig.  5 and  the  fo rego ing :  

1. F o r  u s u a l  u n d e r w a t e r  cond i t i ons  the  p lo t  is  e s t i m a t e d  to c o v e r  the  f r e q u e n c y  
r a n g e  f r o m  about  10 to 10,000 cps ,  wi th  s o m e  e x t e n s i o n  be low 10 and  10,000 cps  p o s -  
s ib l e ,  depend ing  on 8. 

2. Iron(0 ) i s  p r o p o r t i o n a l  to the  m e a n - s q u a r e  moda l  ve loc i ty .  T h i s  q u a n t i t y  h a s  
a v a r y i n g  s lope  as  a func t ion  of ~m," At low f r e q u e n c i e s  the  s lope  i s  about  -3 d b / o c t a v e ,  
a t  i n t e r m e d i a t e  f r e q u e n c i e s  abou t  - I 0  d b / o c t a v e ,  and  at  h igh  f r e q u e n c i e s  abou t  -6 
d b / o c t a v e .  

iO 6 

10 5 
. 

10 4 ~ 

i 0  ~ ~ -  '~ ~ 

io  z ~ !  "io-p 

% ,o ~',o-?~ 

5 ' "~x! 
I0-1 

10-2 

v << v O 

10-4 

I0-5 

10-6 
2 2 2 4 6 8 ] 4 6 8 10 4 6 810 2 2 4 6 8 

I0 - t  10 3 
D IMENSIONLESS RESONANCE FREQUENCY, O;mn8 

Fig. 5 - Time correlation integral below coincidence for zero time delay 
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3. With the use of information presen ted  prev ious ly  in the Section on Boundary 
Layer  P r e s s u r e  Field it is found that I n ( 0 )  va r i e s  with about the 3rd power of u= at 
low frequencies  and about the 5th power of u= at high f requencies .  Also the dependence 
on boundary layer  thickness is the 3rd power at low frequencies  and the 1st power at 
high frequencies .  

4. Hystere t ic  damping is an important  means of noise reduction. Above a cer ta in  
frequency, however,  damping is seen  to have a decreas ing  influence on the response.  

We wish to expand upon the last  comment.  Damping appears  to be an important  
mechanism for boundary layer  noise reduction. Recent  r e s e a r c h e s  on the mechanisms 
of damping by applied t rea tments  (18- 21) a re  the re fore  of maj or in teres t  in the p resen t  
problem.  As implied above, however,  there  is a t ransi t ion frequency v t above which 
increased  hystere t ic  damping br ings  diminishing re turns .  This frequency is given by 
the condition amnO = 1 f rom Eq. (54), and is 

1 
~ t  = ~ e  " ( 5 5 )  

Equation (55) is charted in Fig. 6. A t~/pical smal l  value of 0 for underwater  
applications is es t imated to be about 3 x 10- z sec  (corresponding to u= - 20 fps - 12 

IC A 

o 

w 

II: 

g 
I.-- 

I( 
i0-~ io-Z i0-1 

LOSS FACTOR 

F i g .  6 - T r a n s i t i o n  f r e q u e n c y  f o r  
h y s t e r e t i c  d a m p i n g  b e l o w  c o i n c i d e n c e  
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knots and d =" 0.02 ft). We see,  for example,  that if V is 10  -2 (aqual i tyfac tor  q of 102) 
there  would be diminishing re turns  in ' increas ing  v above 1000 cps, although great  
benefit  would be der ived below 1000 cps. Qual i ta t lvely,we may conclude that damping 
of a plate and decay of turbulence play analogous ro les  in the plate response below 
coincidence, and that usually, but not always, damping is the dominant factor.  

We may understand the foregoing resu l t  on damping effect iveness  by appeal to the 
following physical  arguments .  In general ,  the response of a plate to an a rb i t r a ry  
spatial ly extended driving force is a combination of the "forced motion" (which would 
resul t  if the plate were  unbounded) and the ; ' f ree motion" (which takes into account 
boundary conditions and is manifested by ' resonances) .  Foi" short  l i fe t imes (8 Small) 
the plate response is la rge ly  that of the " f ree  motion" of the plate,  and is there fore  
damping controlled. For  longer l i fe t imes  (8 l a rge r ) the  plate response contains more  
of the "forced motion," and is therefol~e controlled less  by damping. Thus, for f r e -  
quencies less  than the t ransi t ion frequency, the plate response  is largely  that of " f ree  
motion," and the plate vibrat ion is control led by hystere t ic  damping. Above the 
t ransi t ion frequency, the r e v e r s e  situation is obtained. 

Displacement Corre la t ion Below Coincidence 

With re fe rence  again to underwater  applications, we consider  a << % .  fo r  ~- dif- 
ferent  f rom zero .  For  the case of,low damping, integrat ion of Eq. (46) yields 

imn(~. ) _. 28 expE-amnl~l] cos  Wmn' r '  

am---n 1 + off 82 amn~ << 1 (56)  
mn 

f rom which, of course,  we could have obtained Eq. (53). Then f rom Eq. (44) we get 

A S f  ,2 
<w(r ,  * ' - q~mn(r) ~Pmn(r ' ) t )w  ( r  , t ' ) > m n  2co2nM2amn 

exp!-amnl~l ] cos- corn ~-" 
. 1 + ~ 2  8 2  

• " ' m n  

amn 8 << 1. 

(57) 

In general ,  the plate cor re la t ion  is requi red  for the computation of the radiated 
sound field. Eq. (57) reduces  to the resu l t  obtained by Eringen (5) for the case of ze ro  
l i fet ime.  

SOUND RADIATION INTO A CLOSED SPACE 

~We shall  invest igate the radiation of boundary layer  noise into a closed space 
with re fe rence  to the geometry  of Fig. 1, and in par t icu la r  to the undex:water case.  
Our major  concern is the sound Within the closed space. But we shall  see that the 
radiation into f ree  space influences the resul t ing sound field in the closed space as 
well,  and hence must be considered.  

Influence of the Closed Space on Plate Vibrations 

Cons ide r f i r s t  the closed space (j = 2). The Four ie r  t r ans form ~2 of the veloci ty  
potential  ~2 sat isf ies  the Helmholtz equation 

v2~2 + k2~2 : 0 (58) 
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w h e r e  k = oJ/c. A s s u m e  a l l  the  i n t e r i o r  s u r f a c e s  wi th  the  e x c e p t i o n  of the  e x p o s e d  
p l a t e  a r e  p r e s s u r e  r e l e a s e  s u r f a c e s ,  i . e . ,  

li 0' Lx 
~I/2 = 0. 0, Ly (59) 

0 

T h e s e  b o u n d a r y  c o n d i t i o n s  c o r r e s p o n d  a p p r o x i m a t e l y  to  a n  i n t e r i o r  l i n ing  of, s ay ,  
a i r - f i l l e d  r u b b e r ,  o r  a d j a c e n t  a i r - f i l l e d  c o m p a r t m e n t s ,  w h e n  the  c l o s e d  s p a c e  i s  
l iqu id  f i l l ed .  

A g e n e r a l  s o l u t i o n  of Eq. (58) t h a t  obeys  Eq. (59) i s  

~2(x,y,z,w) = E Dpq ~Dpq(r) sin k qZ (60) 
p,q 

w h e r e  2 
= k2 _ [_2 (61) kpq pq 

and  w h e r e  Cppq and  F a r e  the  e i g e n f u n c t i o n s  and  e i g e n v a l u e s  g iven  by  Eqs .  (37) and  
(38). B e c a u s e  Pq of the  coupl ing  cond i t i on  g i v e n  in  Eq.  (5), 

p~q kpqDpq~pq(r) cos kpqL z = = E Hmnqbmn ( r )  
, m,n (62) 

w h e r e  H~n~mn is  the  m o d a l  p l a t e  v e l o c i t y .  C o n s e q u e n t l y ,  the  m o d a l  c o e f f i c i e n t s  a r e  
r e l a t e d  by  

Hmn 
Dmn = kmn cos kmnL z (63) 

T h e p r e s s u r e  t r a n s f o r m  is  equa l  to  -iwpvg 2.  We f o r m  the  r a t i o  of the  c o e f f i c i e n t s  
of the  m o d a l  p r e s s u r e  t o t h e  n e g a t i v e  of the  m o d a l  ve loc i t y ;  a t  z = L t h i s  r a t i o  i s t h e  
i m p e d a n c e  Zmn f e l t  by  the  p l a t e  a s  a r e s u l t  of r a d i a t i o n  in to  the  clo~sed s p a c e .  Thus  

-ico_.._~p =- 
Zmn = km n tan kmnL z -icoM 2 (64) 

w h e r e  M 2 i s  the  e f f e c t i v e  m a s s  p e r  un i t  a r e a  a s s o c i a t e d  wi th  coup l ing  to sound  w a v e s  
in  the  c l o s e d  s p a c e .  We s e e  t ha t  M 2 m a y  be  p o s i t i v e  o r  n e g a t i v e ,  c o r r e s p o n d i n g  to  
the  s i t u a t i o n  w h e r e  the  r a d i a t i o n  load  i s  t r u l y  a m a s s ,  o r  a s t i f f n e s s ,  r e s p e c t i v e l y .  

Equa t i on  (64) t e l l s  u s  t ha t  we c a n  inc lude  the  i n f l u e n c e  of the  c l o s e d  s p a c e  o n t h e  
p l a t e  r e s p o n s e  by  add ing  M 2 to the  m a s s  M a p p e a r i n g  in Eq. (44). It i s  i m p o r t a n t  to  
no te  t h a t  fo r  l iqu ids ,  M s m a y  b e  the  o r d e r  of o r  a p p r e c i a b l y  g r e a t e r  t h a n  M. 

Le t  u s  def ine  a sound  c o i n c i d e n c e  f r e q u e n c y ,  ~o, s u c h  t ha t  c = c B. T h e n  f r o m  
Eq. (61), kmn i s  i m a g i n a r y  f o r  O~mn < ~¢, and  r e a l  f o r  ~mn > ~ "  T h u s  

f - ~ £ - -  tanh[km Lzl ~Omn < co [kmn [ ' c 

M 2 = (65) 

k~n tan kmnLz ' °gmn c ' 
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A 1 - i n c h  s t e e l  p l a t e  in  w a t e r ,  fo r  e x a m p l e ,  wi l l  have  a c o i n c i d e n c e  f r e q u e n c y  
"c = wc/2v - 10,000 cps .  F o r  t h i n n e r  p l a t e s  the  c o i n c i d e n c e  f r e q u e n c y  wi l l  b e  c o r -  
r e s p o n d i n g l y  h i g h e r  i n a s m u c h  as  o~ i s  p r o p o r t i o n a l  to  h l .  F o r  the  f r e q u e n c y  r a n g e  
of i n t e r e s t  in  m o s t  p r a c t i c a l  a p p l i c a t i o n s ,  wren wi l l  be  l e s s  t h a n  ~c, c o r r e s p o n d i n g  to 
M 2 p o s i t i v e  ( i .e . ,  m a s s i v e ) . *  

It i s  of i n t e r e s t  to  add  t ha t  B e r r y  and  R e i s s n e r  (22) have  c o m p u t e d  the  a n a l o g o u s  
c a s e  of r a d i a t i o n  into a c y l i n d r i c a l  e n c l o s u r e  by  v i b r a t i o n  of the  c y l i n d e r  s u r f a c e .  
Dye r  (23) ha s  app l i ed  t h i s  work  to the  c a s e  of m i s s i l e  v i b r a t i o n .  

In f luence  of the  F r e e  Space  on  P l a t e  V i b r a t i o n  

The  s i t u a t i o n  for  r a d i a t i o n  in to  f r e e  s p a c e  i s  not  a s  c l e a r  cut .  A r i g o r o u s  t r e a t -  
m e n t  of r a d i a t i o n  f r o m t w o - d i m e n s i o n a l  s t a n d i n g  w a v e s  on a p l a t e  i s  not  yet  a v a i l a b l e .  
Howeve r ,  M o r s e  (24), G o e s e l e  (25), and  W e s t p h a l  (26) have  s t ud i ed  the  c a s e  of o n e -  
d i m e n s i o n a l  s t a n d i n g  w a v e s .  T h e i r  r e s u l t s  show tha t  fo r  f r e q u e n c i e s  h i g h e r  t h a n  ~¢, 
the  r a d i a t i o n  r e a c t i o n  on  the  p l a t e  i s  p u r e l y  r e s i s t i v e ,  c o r r e s p o n d i n g  to the  p r o p a g a -  
t i on  of e n e r g y  away f r o m  the  p l a t e .  On p h y s i c a l  g r o u n d s  we m a y  take  t h i s  to  be  the  
c a s e  f o r  t w o - d i m e n s i o n a l  s t a n d i n g  w a v e s  a l so .  

F o r  f r e q u e n c i e s  l e s s  t h a n  ~ i t  w as  found t ha t  the  r e s i s t i v e  r e a c t i o n  b e c a m e  
s m a l l ,  c o r r e s p o n d i n g  to v e r y  l i t t l e  r a d i a t i o n  of e n e r g y  away  f r o m  the  p l a t e .  Also ,  
M o r s e  found t ha t  the  r e a c t i o n  was  p r i m a r i l y  m a s s i v e  s u c h  t ha t  a f r a c t i o n  of the  p l a t e  
l eng th  

1 - - m  
m T r  

b e h a v e d  as  if i t  w e r e  a n  in f in i t e  p l a t e  hav ing  a m a s s  i m p e d a n c e  d e t e r m i n e d  (in 
p r e s e n t  no ta t ion)  by  

- P < w c M1- ~k-~- . I  ' ~ o  (66) 

I n a s m u c h  as  we a r e  p r i m a r i l y  c o n c e r n e d  wi th  f r e q u e n c i e s  be low the  sound  co in -  
c i dence  f r e q u e n c y ,  Eq. (66) m a y  be  u s e d  as  an  a p p r o x i m a t i o n  to the  p r e s e n t  c a s e ,  
p r o v i d e d  t ha t  the  mode  n u m b e r  i s  not  too  low. 

C o r r e s p o n d i n g l y ,  w h e n  the  mode  n u m b e r  i s  low, we m u s t  e x p e c t  t ha t  r a d i a t i o n  of 
e n e r g y  away f r o m  the  p l a t e  i s  the  i m p o r t a n t  p h e n o m e n o n ,  g iv ing  r i s e  to a r e s i s t i v e  
i m p e d a n c e  (v i scous  damping) :  

~1 = pcs (67) 

w h e r e  s i s  the  r a d i a t i o n  e f f i c i ency .  F o r  ~ << ~ and fo r  in f in i t e  p l a t e s ,  t s i s  z e r o  
m n  c 

b e c a u s e  of c o m p l e t e  d e s t r u c t i v e  wave i n t e r f e r e n c e  in the  f lu id .  F o r  f in i t e  p l a t e s ,  s 
m a y  be  g r e a t e r  t han  z e r o  b e c a u s e  of i n c o m p l e t e  d e s t r u c t i v e  wave  i n t e r f e r e n c e .  The  
h i g h e r  the  mode  n u m b e r  f o r  a g iven  p l a t e  s i z e ,  the  l o w e r  s b e c o m e s  b e c a u s e  of 
i n c r e a s e d  d e s t r u c t i v e  i n t e r f e r e n c e .  

*For curved plates this simplification may not always be possible. 
tFor >> oJ c s approaches the radiation efficiency of a piston radiator. OJmn 
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As a rough a p p r o x i m a t i o n  f o r m u l a  fo r  the r ad ia t ion  e f f i c i ency  we may  take 

w h e r e  

1 1 / 2  
L = ~ - .  x - ( L L y ~  . 

The f i r s t  t e r m  in Eq. (68) is  sugges t ed  by the a f o r e m e n t i o n e d  work  on one -  
d imens iona l  s tanding waves ;  the s econd  t e r m ,  by the c l a s s i c a l  r ad ia t ion  e f f i c i ency  
of a p i s ton  in a f la t  p lane .  

F o r  f r e q u e n c i e s  l e s s  than ~c the inf luence  of r ad ia t ion  to f r e e  space  is  thus that  
of v i s c o u s  damping  (ill) at  low mode  n u m b e r s  and m a s s  r e a c t i o n  (M1) at  high mode 
n u m b e r s .  Unfor tunate ly ,  t he se  quan t i t i e s  have  not as  yet  b e e n d e t e r m i n e d  r i g o r o u s l y ,  
but the rough a p p r o x i m a t i o n s  p r e s e n t e d  above  wi l l  be of u se  in e s t i m a t i n g  boundary  
l a y e r  exc i ta t ion .  

P la te  Exc i ta t ion  

Equat ion  (44) g ive s  the moda l  d i s p l a c e m e n t  c o r r e l a t i o n  fo r  a p la te  in a l ow-dens i t y  
med ium.  We have s e e n  that  the e f fec t  of r a d i a t i o n  into a m e d i u m  of a r b i t r a r y  dens i ty  
i s  to add to the m a s s  p e r  unit  a r e a  and to the v i s c o u s  damping.  Thus,  Eq. (44) may  
be appl ied  d i r e c t l y  to the  c a s e  of l iquid  coupl ing with the u se  of a new m a s s  M' and 
damping  a'mn such that  

M' = M + M 1 + M 2 (69) 

and 

4 
flo Fm.B~ fll 

~ . : ~  + - - + - -  (70)  2M'~mn 2M' " 

Liquid coupl ing below sound co inc idence  thus  in f luences  the moda l  p la te  r e s p o n s e  
in t h r e e  ways:  R tends  to i n c r e a s e  the e f f ec t i ve  m a s s  of the p la t e ,  thus  r educ ing  the 
mot ion .  B e c a u s e  of the i n c r e a s e d  m a s s ,  coupl ing t ends  to r e d u c e  the r e s o n a n c e  f r e -  
quenc i e s ,  a s  may  be  s e e n  f r o m  Eq. (17). And it  changes  the damping;  coupl ing adds 
the t e r m  in /31, but r e d u c e s  the o r ig ina l  t e r m s  b e c a u s e  of the i n c r e a s e d  m a s s .  On the 
o the r  hand, the f o r m s  of the p la te  r e s p o n s d  so lu t ions  d i s c u s s e d  p r e v i o u s l y  a r e  
unchanged.  

F o r  m o s t  c a s e s  we can  se t  t h e p l a t e  v i s c o u s  damping  coe f f i c i en t  /30 equa l  to ze ro .  
Then we s e e  f r o m  Eqs.  (16) and (70) that  h y s t e r e t i c  damping  is  an  i m p o r t a n t  no i se -  
r educ t ion  m e c h a n i s m  if 

/31 
V > ~m,M, • (71) 

The equa l i ty  s ign  in Eq. (71) de f ines  a se t  of condi t ions  on e i t h e r  ~m, o r  m.n fo r  
which no i se  r educ t ion  by h y s t e r e t i c  damping  is  not e f f ic ien t .  T h e s e  condi t ions  can 
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be  e s t i m a t e d  fo r  a p a r t i c u l a r  c a s e  wi th  the  u s e  of Eq. (68). Howeve r ,  no i se  r e d u c t i o n  
by  h y s t e r e t i c  d a m p i n g  can  be  a c h i e v e d  e f f i c i en t ly  fo r  h igh  enough  mode  n u m b e r s ,  
i n a s m u c h  as  ~1 t e n d s  to ze~-,; ~n t h i s  r a n g e .  Hence  we s e e  t ha t  t h e r e  a r e  two f a c t o r s  
l i m i t i n g  the  u se  of h y s t e r e t i c  d a m p i n g  fo r  no i se  r e d u c t i o n ;  one the  l i m i t  of e n e r g y  
r a d i a t i o n g i v e n b y  Eq. (71), and  the  o t h e r  the  l i m i t  of t u r b u l e n c e  d e c a y  g i v e n  b y  Eq. (55). 

Sound in the  C losed  Space  

In g e n e r a l ,  we d e s i r e  the  sound  p r e s s u r e  c o r r e l a t i o n  to d e s c r i b e  the  sound  f ie ld  
w i t h i n t h e  c l o s e d  s p a c e .  The  p r e s s u r e  c o r r e l a t i o n  i s  d e t e r m i n e d  by  the  p l a t e  d i s p l a c e -  
m e n t  c o r r e l a t i o n ,  a s  in  Eq. (57), p lu s  the  v e l o c i t y  p o t e n t i a l  f ie ld ,  a s  in  Eq. (60). D y e r  
(27) h a s  r e c e n t l y  w o r k e d  out  an  a n a l o g o u s  p r o b l e m ,  t ha t  of no i se  p r o p a g a t i o n  in  a 
c i r c u l a r  space ,  the  m e t h o d s  of which  app ly  to the  p r e s e n t  c a s e .  We s h a l l  t h e r e f o r e  
p a s s  o n t o  a s i m p l e r  p r o b l e m ,  t ha t  of d e t e r m i n i n g t h e  m e a n - s q u a r e  p r e s s u r e  a d j a c e n t  
to  the  e x c i t e d  p l a t e .  

The  moda l  m e a n - s q u a r e  p r e s s u r e  2 Pro, a t  t he  p l a t e  i s  s i m p l y  d e t e r m i n e d  by  Eqs .  
(44) and  (64): - 

2 w 2 0)4 Pmn = ran mn M2 2 

A (M, / ' sin2-~ sirl2 W 0)2 iron(O) mn x 

(72) 

and  the  s p a t i a l  a v e r a g e  of 2 Pro. is  s i m p l y  

: p2 __ f2 A :M2~2 0)2 
mn 4"~xLy \M '  ) mn Imn(0 )  ' 

AS a n  e x a m p l e ,  c o n s i d e r  the  fo l lowing  c a s e  of a s t e e l  s t r u c t u r e  in  w a t e r :  

(7~) 

5 = 1 /2  in.  

L× = Ly = 5 f t  

L z = 1 ft  

U = 20 fps  - 12 k n o t s  

d = O.02 ft  

-" 3 x 10  "2 s e c  

V = 1 0 2 ( Q  = I 0 0 ) "  

In t h i s  c a s e  the  sound  c o i n c i d e n c e  f r eque i i cy  i s  abou t  20,000 cps .  Le t  u s  r e s t r i c t  
a t t e n t i o n  to the  c a s e  0)ran < 0)c" T h e n  fo r  f r e q u e n c i e s  l e s s  t h a n  10,000 cps  we m a y  
a p p r o x i m a t e  ]kra,[ by  Vmn. F u r t h e r m o r e ;  fo r  s i m p l i c i t y ,  l e t  u s  r e s t r i c t  a t t e n t i o n  a l s o  
to f r e q u e n c i e s  g r e a t e r  t h a n  abou t  200 cps ,  in  wh ich  c a s e  M' "-M+2P/Fmn- M. and 
/31 - 0, a s  c an  be  c a l c u l a t e d  f r o m  Eqs .  (69)-and (67). Under  t h e s e  cond i t i ons ,  

M_~2) 2 t 1 p2CLh 
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and ~m, is  the uncoupled resonance frequency given approximately by Eq. (18).* c L is 
the longitudinal bar  veloci ty  in s tee l  (" 17,000 fps). 

Equation (73) canbe evaluated with the use of Eq. (52) (or Fig. 5)and the informa-  
tion given above. It is customary,  however,  to measure  noise in frequency bands of 
width Av. The average  number of modes AN in a band A~ may be de termined  f rom Eq. 
(18), and is approximately 

/ 3 L L  Av 
AN- x y %h (75) 

Thus, the mean-square  p r e s s u r e  as measured  by frequency analysis  in bands of width 
Av will  be on the average  

p2 : f2 8-~ ~ °Jm" Imn(0)Av (76) 

where we now consider  o~mn tobe  a continuous frequency var iable ,  andwhere  Ps is the 
density of the plate.  Note that the plate a r ea  does not appear in the express ion  for  
p2. Equation (76) is plotted in Fig. 7 for the conditions given above, in t e r m s  of the 
Spectrum Level  (SL) defined by 

(p2) 
SL : 10 logl0 (p---~,db, for A~ : 1 cps,  (77) 

where the r e fe rence  p r e s s u r e  P0 is 1 mic robar  (1 dyne /cm 2). 

Of course ,  measured  spec t ra  would tend to appear less  regu la r  than that shown 
in Fig. 7, pa r t i cu la r ly  at the lower f requencies  where the measurement  bandwidth may 
be smal l  compared  with the frequency spacing of the resonances .  Also a hydrophone 
spaced out somewhat f rom the exci tedpla te  would be expected to r eco rd  considerably 
l ess  than that predic ted  in Eq. (76). F r o m  Eq. (60)we see that the mean-square  
p r e s s u r e  for a location away f rom the excited plate would be reduced by the factor  

sinh FmnZ ] 2 
C; d " (78) 

As an example,  if z = 0.9 t z ,  the above factor  is about -2 db at 100 cps and -17 db at 
1000 cps. Even l a rge r  reductions are  predic ted  at f requencies  l a rge r  than 1000 cps, 
but these are  not l ike ly to  be rea l i zed  in p rac t i cebecause  of the p resence  of non-ideal  
boundaries,  dissipat ion in the water ,  and other  noise sources .  

On thebas i s  of Eqs. (76) and (78)we may reach  the following tentative conclusions 
on poss ib i l i t i es  for the reduction of boundary layer  noise associated with underwater  
devices:  

1. The s lower  the speed and the thinner the boundary layer,  the l ess  the noise.  

2. The g rea t e r  the mass  per  unit a rea  of the excited plate,  the l ess  the noise. 

* T h e  f u n d a m e n t a l  r e s o n a n c e  o f  t h e  p l a t e  c o n s i d e r e d  t o  b e  v i b r a t i n g  in  v a c u o  i s  a t  
about 25 cps. 
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F i g .  7 - C a l c u l a t e d  a v e r a g e  m e a n - s q u a r e  p r e s s u r e  at  t h e  e x c i t e d  p l a t e .  L e v e l s  a r e  
r e d u c e d  c o n s i d e r a b l y  at  l o c a t i o n s  r e m o v e d  f r o m  t h e  p l a t e  { s e e  t e x t  f o r  c o n d i t i o n s } .  

3. The greater  the plate damping, the l e s s  the noise (within the l imits  noted in 
the foregoing). 

4. The greater  the distance from the excited plate ,  the l e s s  the noise .  
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DISCUSSION 

H. S. Ribner (Universi ty of Toronto) 

Dyer ' s  formulat ion in his  Eq. 25 is,  I think, a plausible  space- t ime corre la t ion 
function for the turbulence p r e s su re s .  With his numbers ,  it is  a lmost  a frozen, con- 
vected pat tern:  convection contr ibutes  about 50 t imes  as much as fluctuation to the 
observed microphone frequencies.  A different view is  that an eddy is  convectedabout 
50 t imes  i ts  length before it has been destroyed by fluctuation. The rat io of 50, for 
convection-to-fluctuation,  can be approximated as infinity in two ways: the time 
scale can be made infinite (frozen pat tern,  t rea ted by Ribner and by Kraichnan), or 
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the length scale can be set equal to zero.  Dyer does the la t te r - -he  effect ively reduces  
the eddy size to zero- -by  inser t ing del ta-functions in his correla t ion.  The ent ire  
la ter  analysis  u t i l i zes  this modified corre la t ion ,  Eq. 32. 

The assumption of ze ro  eddy size appears  to be re la ted  to Dye r ' s  finding that the 
plate modes are  s ta t is t ical ly  independent. It seems  unlikely tha t  such an independence 
can hold in r ea l i t y fo r  modes of wavelength l e s s  than the eddy size (the highfrequency 
modes). 

Fur ther ,  zero  eddy size impl ies  that the cutoff frequency (~o) goes to infinity: 
the analysis  impl ies  excitat ion of the plate by "white" noise. For  a given mean-  
square p ressure ,  the "white" noise spec t rum robs  f rom the low f requencies  to add to 
the high frequencies.  The analysis,  therefore ,  p resumably  leads to underexcitat ion 
of the low modes, and overexci ta t ion (failure to show a cutoff) of the high modes. In 
this mat ter  of the cor re la t ion  function I cannot r e s i s t  the conclusion that the f rozen 
convected pat tern would give more  rea l i s t i c  resu l t s ,  since it p r e s e r v e s  the eddy size 
and exhibits a rea l i s t i c  frequency spectrum. 

Dyer d iscusses  the role  of "coincidence"  of moving p r e s s u r e w a v e s  with possible 
f ree-running,  sinusoidal, f lexural  waves in the plate. The speed of these f ree  waves 
is  a function of the wavelength. Thus only cer ta in  Four ie r  components of a moving, 
fluctuating p r e s su re  pat tern  will  have the c o r r e c t  wave length and speed for coinci-  
dence. The assumption of what amounts to ze ro  "eddy" size in the pa t te rn  will  
gross ly  change the Four ie r  components ind  therefore  the degree of coincidence. 

L Dyer 

In comment  to Dr. R ibner ' s  s ta tement  I wish to note that the eddy size,  in my 
est imation,  has not been taken out of the problem. While the delta function appears,  
the eddy size is s t i l l  re ta ined in the quantity a. Of course  the delta function was used 
as a mat ter  of analytical  simplici ty.  Th :onsequence of this is that the modes one 
obtains are  s ta t is t ical ly  independent. I ~ ,nk  that in p rac t i ce  this is  probably a very  
good approximation. While there  are  probably some modes that would be poorly 
approximated, they would have to be fa i r ly  c lose together in frequency space in order  
for any kind of correla t ion.  

G. M. Corcos  (Universi ty of California,  Berkeley) 

I wish to compliment  Dr. Dyer for the c lar i ty  of his presentat ion.  I would like 
him to comment  on three points. 

F i r s t ,  I fail  to see the origin of the "v iscous  dumping" t e r m  in the differential  
equation. It was assumed that the boundary layer  was undisturbed by the plate, and I 
don't  see how a plate osci l la t ing normal ly  to i tself  will  dissipate  energy if it doesn ' t  
modify the boundary layer .  

Second, there  have been at leas t  two detailed at tempts at solution of essent ia l ly  
the same problem by normal  mode methods, one by Dr. Kraichnan and the other by 
Dr. Powell,  and there have been other at tempts using slightly different  methods. 
Since the analysis  is on the heavy side, it would be informative to indicate what new 
information, beyond that a l ready available,  has a r i sen  out of the work presen ted  
here.  
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My third point is in r ega rd  to the use of normal  modes. Is it possible  to offer a 
s impler  solution of the differential  equation by using a fundamental solution which, in 
effect, ignores  the effect of the boundaries  ? An answer is provided, in my opinion, 
by some work, to be published soon, by Dr. Paul Weyers  of the Cal ifornia  Institute of 
Technology, who has studied the generat ion of sound on the outside of a ve ry  thin 
plast ic  tube, inside of which is a fully developed turbulent flow. The point is that in 
the problem you consider ,  the scale of the turbulent phenomenon is  smal l  compared  
to the size of the plate. In Weyers '  case,  even though they are  of the same order ,  the 
t ransmit ted  sound spec t rum exhibits no peaks for f requencies  higher than the very  
lowest range. Most of the energy is  contained in the continuous portion, and I wonder 
why the use of a fundamental solution, ignoring all  the detai ls  of effective boundaries,  
has not been considered. 

I. Dyer 

Dr. Kurtze will answer the question about how one can get v iscous  damping with- 
out modifying the external  field. 

As far  as what new resu l t s  a re  obtained, I think the p r im a ry  resu l t  of this work 
is that it shows in a c lear  way the influence of the decay of the turbulence on the 
design of damping t rea tments  for the reduction of boundary layer  noise. I would say 
that this is the p r ime  resu l t  and that the solutions at high f requencies  ought to merge  
together and be independent of the par t i cu la r  detai ls  of the modes. In effect  the 
formula  is  a manifestat ion of  this. 

Skudrzyk has also made some calculat ions along these l ines and you might be 
in teres ted  in seeing what he has done on that basis .  The use of that theory is not 
unique; i t ' s  just  a mat te r  of taste and convenience on my part.  

K. U. Ingard (Massachusetts  Institute of Technology) 

It might be of interest to mention work by Dr. Lyon on the problem of excitation 
of a membrane caused by a flowing turbulence. It is interesting in the sense that in 
Dr. Dyer's treatment it was assumed that the convective velocity of the turbulence 
was small compared to the flexural wave speed and hence the resonance effects 
obtained in that manner were completely ignored. On the other hand, if one uses the 
membrane, the tension of which can be varied as you please, he can very easily adjust 
the flexural wave speed of the membrane to be coincident with the convective speed 
of the turbulent flow and, in that way, both theoretically and experimentally, show the 
resonance caused by this coincidence, Such experiments have been performed and 
have been shown to be in agreement with the calculations. 

E. Mollo-Christensen (California Institute of Technology) 

Figure  D1 shows the r e su l t s  obtained by Weyers  for the sound radiat ion f rom his 
pipe at the high f requencies  only. This is  the high-frequency par t  of his  resul t .  One 
finds this spect rum is p rac t ica l ly  continuous, in agreement  with Corcos '  comment.  
At the low frequency Weyers  finds that he gets a spec t rum with peaks in it, which 
then descends into a continuous spec t rum for  higher frequencies .  
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One m a y  a s k w h y  the  a u t h o r  did no t  f ind  the  s t r e a m  d i r e c t i o n a l i t y  of the  r a d i a t e d  
f low f i e ld  to f r e e  s p a c e .  L i s t e n i n g  to the  b e n d  of a g a r d e n  h o s e  ly ing  on the  lawn,  one 
i s  i m p r e s s e d  by the  s t r o n g  d i r e c t i o n a l i t y  of the  e m i t t e d  sound  f ield.  
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Fig .  D 1  - S i m i l a r i t y  of power  s p e c t r a  of p ( t ) .  
t = 0.0015 in . ,  d = 1 in. ,  r /d = 3 /4  in. 

177 



I. Dyer 

L Dyer 

The spectrum,  of course,  that would be predic ted  on" the bas is  of the theory would 
also exhibit these peaks corresponding to the modes, I think, and what I plotted in 
the last  slide was essent ia l ly  this port ion of it. There should be no direct ional i ty  to 
the emit ted  sound field as long as essent ia l ly  the f lexural  wave speed on the plate is 
l e ss  than the wave speed in the water.  It is  only above that so -ca l l ed  coincidence 
frequency that such direct ional i ty  should occur.  
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