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i. INTRODUC TION 

A f u n d a m e n t a l  d i f f i cu l ty  in  the  d e v e l o p m e n t  of the  t h e o r y  of n o i s e  p r o d u c e d  by  
t u r b u l e n c e  ha s  b e e n  the  a b s e n c e  of a s a t i s f a c t o r y  q u a n t i t a t i v e  t h e o r y  of t u r b u l e n c e  
i t s e l f .  T h i s  l ack  i s  the  m o r e  s e r i o u s  b e c a u s e  the  p r e d i c t i o n  of a c o u s t i c  p h e n o m e n a  
a s s o c i a t e d  wi th  t u r b u l e n t  f lows r e q u i r e s  a c o n s i d e r a b l y  m o r e  i n t i m a t e  knowledge  of 
the  s t r u c t u r e  of the  v e l o c i t y  f l u c t u a t i o n s  t han  i s  c o n t a i n e d  in the  e n e r g y  s p e c t r u m  
func t ion ,  o r  t w o - p o i n t  v e l o c i t y  c o r r e l a t i o n ,  v~hose d e t e r m i n a t i o n  ha s  b e e n  the  p r i n c i p a l  
c o n c e r n  of p u r e  t u r b u l e n c e  t h e o r y .  

The  p u r p o s e  of the  p r e s e n t  p a p e r  i s  to  s u r v e y  the  founda t i ons  of an  a p p r o a c h  to 
t u r b u l e n c e  d y n a m i c s  which  ho lds  s o m e  p r o m i s e  of y i e ld ing  u s e f u l  a p p r o x i m a t i o n s  to 
the  p r e s s u r e  f ie ld  a s s o c i a t e d  wi th  c e r t a i n  c l a s s e s  of f lows - t h o s e  w h i c h  d i s p l a y  s u b -  
s t a n t i a l  h o m o g e n e i t y  in a t  l e a s t  one d i r e c t i o n  in space .  P a r t s  of t h i s  t h e o r y  h a v e  
b e e n  p u b l i s h e d  r e c e n t l y  (1-3) ,  and o t h e r  a s p e c t s ,  i nc lud ing  t he  e x t e n s i o n  to a c o u s t i c  
p h e n o m e n a ,  wi l l  be  t r e a t e d  in f u t u r e  p a p e r s .  The  d i s c u s s i o n  h e r e  n e c e s s a r i l y  wil l  be  
l a r g e l y  qua l i t a t i ve .  The  i n t e n t i o n  is  on ly  to d e s c r i b e  t he  b a s i c  d y n a m i c a l  c o n c e p t s  
wh ich  c h a r a c t e r i z e  the  t h e o r y ,  p a r t i c u l a r l y  t h o s e  which  have  e l e m e n t s  of nove l ty .  
C o n s e q u e n t l y ,  the  t r e a t m e n t  wi l l  be  con f ined  e n t i r e l y  to  the  s i m p l e s t  c a s e ,  i s o t r o p i c  
t u r b u l e n c e  of a c o m p l e t e l y  i n c o m p r e s s i b l e  f lu id ,  and  a c o u s t i c  p h e n o m e n a  wi l l  no t  be  
c o n s i d e r e d .  

2. THE STATISTICAL EQUATIONS OF MOTION 

Le t  u s  c o n s i d e r  an  i n c o m p r e s s i b l e  f lu id  in  a s t a t e  of i s o t r o p i c  t u r b u l e n c e  wi th in  
a l a r g e  d o m a i n  of s i d e  L. If we a n a l y z e  the  v e l o c i t y  f i e ld  ~ l (  x, t )w i th in  the  d o m a i n  
by  a F o u r i e r  s e r i e s  e x p a n s i o n  

~i (X ' t )  = ~k ui ' (k ' t )  e i k ' x '  ' (2.1) 

w h e r e  the  s u m m a t i o n  i s  o v e r  a l l  wave  v e c t o r s  a l l owed  by  t he  b o u n d a r y  c o n d i t i o n s ,  
equa t ions  of m o t i o n  fo r  the  F o u r i e r  c o e f f i c i e n t s  c a n  be  deduced  f r o m  the  N a v i e r -  
S tokes  equa t ion .  In t h i s  way we f ind (4) 

(~t ) E uj(k' ,t) urn(k", t), (2.2) + vk2 u i (k ' t )  = -ikmPij(k) k'+k"=k 

NOTE: This  work  has  r e c e i v e d  s u p p o r t  f r o m  the  Office of Naval  R e s e a r c h  u n d e r  
C o n t r a c t  N(onr ) -285(33) .  
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w h e r e  u i s  the  k i n e m a t i c  v i s c o s i t y  and  

Pi j (k )  = 81j - k-2kikj  . (2.3) 

The  f i r s t  t e r m  of P l l ( k )  s e r v e s  to i nc l ude  t he  R e y n o l d s  s t r e s s e s ,  and  the  s e c o n d  
t e r m ,  the  p r e s s u r e .  We s h a l l  r e g a r d  the  u l(k,  t ) a s  the  f u n d a m e n t a l  d y n a m i c  v a r i a b l e s  
of the  f low s y s t e m . *  

In d i s c u s s i n g  t u r b u l e n c e  we do not  s e e k  a n  e x a c t  d e s c r i p t i o n  of the  e x c e e d i n g l y  
c o m p l i c a t e d  v e l o c i t y  f i e ld  but  r a t h e r  the  a v e r a g e  v a l u e s  of p h y s i c a l l y  i n t e r e s t i n g  
f u n c t i o n s  of t he  f ie ld .  The  a v e r a g e s  can  be  de f ined  in s e v e r a l  ways .  We s h a l l  adopt  
h e r e  t he  m o s t  c u s t o m a r y  p r o c e d u r e ,  in  wh ich  the  a v e r a g e s ,  to  be  deno t ed  by < >, a r e  
t a k e n  o v e r  a s u i t a b l e  r e p r e s e n t a t i v e  e n s e m b l e  of i nd iv idua l  f lows (4). The  s t a t i s t i c a l  
quan t i t y  of g r e a t e s t  i n t e r e s t  i s  the  s e c o n d - o r d e r  c o v a r i a n c e  t e n s o r  <u i(k,  t ) u j ' (k ,  t '  )>. 
It  c a n  be  shown a s  a c o n s e q u e n c e  of i s o t r o p y  t h a t  t h i s  t e n s o r  m u s t  have  the  f o r m  

(L/2~) 3 < u i ( k , t ) u j * ( k , t ' ) >  = 2 I- P i j ( k )  U ( k ; t , t ' ) ,  (2.4) 

w h e r e  the  s c a l a r  U i s  r e a l ,  does  not  depend  on the  d i r e c t i o n  of k, and  i s  a s y m m e t r i c  
func t ion  of t and  t '  (Refs .  4,5). The  n o r m a l i z a t i o n  by  (L/2~)3 i s  done  so  t ha t ,  in  the  
l i m i t  L----~co, when  t he  s p a c i n g  of t he  a l l ow ed  k v e c t o r s  b e c o m e s  i n f i n i t e l y  c l o s e ,  the  
m e a n  e n e r g y  p e r  un i t  m a s s  i s  g iven  by  

f(o 
1 ~-~. <u 1( k, t ) u t. (k, t )> .... ~ E ( k , t )  dk , (2.5) 
2 k ~0 

w h e r e  

E ( k , t )  = 27rk2U(k ; t , t )  (2.6) 

i s  the  e n e r g y  s p e c t r u m  func t ion ,  a s  u s u a l l y  d e f i n e d . t  

We s h a l l  a l s o  de f ine  the  func t ion  

r ( k ; t , t ' )  = 2wkaU(k; t '  t '  ) (2.7) 
[E(k , t )  E ( k , t ' ) ]  1/2 ' 

wh ich  s a t i s f i e s  r ( k ; t , t )  = 1 and  m e a s u r e s  the  p h a s e  c o r r e l a t i o n  b e t w e e n  t h e a m p l i -  
t udes  of a F o u r i e ~  m o d e  a t  t i m e s  t and  t ' .  

F r o m  Eq. (2.2) we m a y  o b t a i n  the  s t a t i s t i c a l  equa t ion  of m o t i o n  

(~- t  + vk 2) U ( k ; t , t ' )  = S ( k ; t , t ' ) ,  (2.8) 

*In the  fol lowing,  we f r e q u e n t l y  sha l l  w r i t e  u i (k )  i n s t e a d  of u i ( k , t ) w h e n  it  is not  
d e s i r e d  to s p e c i f y a  p a r t i c u l a r  va lue  of the t i m e  a r g u m e n t .  The s a m e  p r o c e d u r e  wil l  
be fo l lowed with o t h e r  t i m e - d e p e n d e n t  q u a n t i t i e s  a l so .  

tThe particular normalization chosen is appropriate to cyclic boundary conditions on 
the domain. Other usual boundary conditions require minor changes in the definitions. 
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S ( k ; t , t ' )  (L/2~) 3kr, ~ <ui(k' t)  " * : , um(k , t ) u i  ( k , t ' ) >  • 
k '+k"=k 

(2.9) 

Because of the symmet ry  of U ( k ; t , t ' )  in t and t ' ,  the s imi la r  equation of motion 
involving ~U(k; t, t ' ) / ~ t '  is redundant with Eq. (2.8). For  t = t ' ,  we find that Eq. (2.8) 
reduces to 

( ~ t  + 2vk 2) E ( k , t )  = T ( k , t )  , (2.10) 

where 

T(k,t)  : 4~2S(k;t , t )  (2.11) 

is the energy t ransfer  function as usually defined (4). Equation (2.10) expresses  the 
conservat ion of energy. It exhibits the opposing contributions of viscous dissipation 
2uk2E(k, t )  and net energy-input f rom interact ion with other modes. 

Equation (2.10), or Eq. (2.8), cannot be solved di rec t ly  for E(k, t ) ,  or U(k; t , t ' ) ,  
because of the presence  of the t h i rd -o rde r  moments  on the right sides.  Equations of 
motion for the th i rd -o rde r  moments  can be obtained by multiplying Eq. (2.2)with 
suitable bi l inear  expressions and averaging,  but as a consequence of the nonlineari ty 
these equations contain four th-order  moments.  One does not obtain a closed set  of 
equations for moments  of any given orders  s imply by multiplying Eq. (2.2) with 
var ious functions and averaging. 

Several  theor ies  of turbulence have been based on making Eq. (2.10) de terminate  
by assuming an expression for the t r ip le  moment  T(k, t)  in t e rms  of F(k, t ) ,  obtained 
usually f rom some simple analogy for the energy- t rans fe r  process  together with 
dimensional  considerat ions.  The bes t -s tudied example is the eddy-viscosi ty  theory 
of Heisenberg (6). Other theor ies  have been based on the assumption that fourth- 
order  moments  have the same express ion in t e r m s  of second-order  momen'ts as they 
woul.d have if the veloci ty  field were  normally  distributed. In this way a closed set  of 
equations can be obtained which involve only the second- and th i rd -o rde r  moments .  
Examples of this type include the second theory of Heisenberg (6) and the theory of 
Proudman and Reid (7). 

The approach to be outlined in the present  paper is not based on di rec t  su rmi se s  
about the relat ions of var ious moments .  Instead, it involves a well-defined approxi-  
mation on the dynamical p rocess  es by which s ta t is t ical  interdependence of the Four i e r  
modes is produced. The closed equations thus obtained turn out to r ep resen t  the 
exact behavior of a model sys tem whose dynamical s t ruc ture  is re la ted to that of the 
actual system. Thereby it can be infer red  that the theory obeys important consis tency 
conditions. In formulat ing this approach it is neces sa ry  to consider  not only the 
moments descr ibing the actual s ta t i s t ica l  state of the sys tem,  such as u(~; t, t ' )  and 
S(k; t, t ' ) ,  but also functions which give the average  response  of the sys tem to smal l  
perturbations.  The la t ter  functions embody essent ia l  additional aspects  of the 
dynamical behavior.  

Let us suppose that at t ime t '  the amplitude of mode k, but of no other mode, is 
suddenly increased  an a rb i t r a ry  inf ini tes imal  amount ~u i (k , t ' )  by some impulsive 
force.  T h e  subsequent his tory of this per turbat ion in a m p l i t u d e -  the inf ini tes imal  
impulse response - will be very  complicated,  in general ,  because of the interact ion 
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of mode  k with a l l  the  o the r  modes .  Howeve r ,  i f  the  r e s p o n s e  is  a v e r a g e d  o v e r  the 
i so t rop i c  s t a t i s t i c a l  d i s t r ibu t ion  of the  unpe r tu rbed  ampl i tudes ,  we m a y  expec t  i t  to 
b e c o m e  a much  s i m p l e r  function. T h e r e f o r e  we in t roduce  the a v e r a g e  i m p u l s e -  
r e s p o n s e  funct ion ~(l~; t ,  t ' ~ def ined for  t > t '  by 

< ~ u i ( k , t ) >  = S u i ( k , t ' )  g ( k ; t , t ' ) .  (2.12) 

Note that  the a v e r a g i n g  imp l i ed  is  only o v e r  the u n p e r t u r b e d  s ta te ,  not o v e r  the 
p r e s c r i b e d  in i t ia l  p e r t u r b a t i o n  ~uifk, t ' ) .  The  r e s p o n s e  indica ted  by Eq. (2.12) is  
p ropo r t i ona l  to the  in i t i a l  ampl i tude  jump,  desp i t e  the non l inea r i ty  of the s y s t e m ,  
b e c a u s e  we a r e  c o n s i d e r i n g  only i n f i n i t e s i m a l  pe r tu rba t i ons .  In the fol lowing,  we 
sha l l  u sua l ly  ca l l  z(k; t ,  t ' )  s i m p l y  the  r e s p o n s e  function.  

B y u s i n g  Eq. (2.2), an equat ion of mot ion  for  g(k; t ,  t '  ) ana logous  to Eq. (2.8) may  
be obtained.  As in Eq. (2.8), the r igh t  s ide  of th is  equat ion conta ins  h i g h e r - o r d e r  
a v e r a g e s  than the lef t ,  t h e r e b y  g iv ing  r i s e  to s i m i l a r  d i f f icu l t i es .  In the p r e s e n t  c a s e ,  
the h igher  a v e r a g e s  invo lve  the c r o s s - r e s p o n s e  of o the r  m o d e s  k '  to the in i t ia l  appl ied  
jump in the ampl i tude  of mode  k; they  a r e  connec ted  with the con t r ibu t ion  to the decay  
of this  jump due to s p r e a d i n g  of i t s  ene rgy  to the o the r  modes .  An addi t ional  con-  
t r ibu t ion  a r i s e s ,  of c o u r s e ,  f r o m  the v i s c o u s  d i s s ipa t ion  in mode  k. 

3. THE S T R U C T U R E  OF THE INTERACTION 

The non l inea r  i n t e r a c t i o n  d e s c r i b e d  by Eq. (2.2) is  quite  complex ;  each  mode  
i n t e r a c t s  with e v e r y  o the r  mode .  Howeve r ,  the  to ta l  i n t e r a c t i o n  m a y  be  c o n s i d e r e d  
the r e s u l t a n t  of v e r y  many  e l e m e n t a r y  i n t e r a c t i o n s  of s i m p l e  s t r u c t u r e ,  each of which 
invo lves  jus t  t h r e e  F o u r i e r  modes .  When k = p + q ,  we sha l l  def ine  the  e l e m e n t a r y  
i n t e r ac t i on  of t h r e e  m o d e s  k, p, and q by the t e r m s  

- ikmPii (k)[uj (P)  urn(q) + u i (q)  Um(P)], 

- iPmPi j (p) [u j ( -q )  um(k) + uj (k)  Um(-q)], 

- iqmPi j (q) [u j (k)  Um(-p) + u j ( -p )  um(k)] 

(3.1) 

in the equat ions  of mot ion  of the f o r m  (Eq. (2.2)) fo r  u i ( k ) ,  u i ( P )  , and u i ( q )  r e s p e c -  
t ive ly .  We m a y  r e p r e s e n t  th is  e l e m e n t a r y  i n t e r a c t i o n  by the d i a g r a m  of Fig.  1. It 

fo l lows  f r o m  the r e a l i t y  of the v e l o c i t y  f ie ld  
that  u i ( -k )  = u i* (k ) .  T h e r e f o r e  we sha l l  con -  
s i d e r  the  mode  k to be r e p r e s e n t e d  by the  
ampl i tude  u i ( -k )  as  we l l  as  ui(-k) , and we F i g .  1 - D i a g r a m  

of the e l e m e n t a r y  sha l l  inc lude  in the  def in i t ion  of e l e m e n t a r y  
in t e r ac t i6n  among in t e r ac t i on  the c o n j u g a t e t e r m s  to (3.1) 
modes  k, p, and q which appea r  in the  equat ions  of mot ion  fo r  

p ~ u i ( - k )  , u i ( - p ) , a n d  u i ( - q ) .  It i s  c l e a r  in gen-  
e r a l  that  e l e m e n t a r y  i n t e r a c t i o n s  ex i s t  only 
fo r  mode  t r i a d s  whose  wave  v e c t o r s  can  f o r m  
a t r i ang l e .  

The  Reyno lds  s t r e s s e s  and p r e s s u r e  a r e  c o n s e r v a t i v e ,  so  that  the non l inea r  
i n t e r a c t i o n  s e r v e s  on ly to  d i s t r i bu t e  the e n e r g y  a m o n g t h e  m o d e s  without  o v e r a l l  gain  
o r  loss .  The  ap tnes s  of the  concep t  of e l e m e n t a r y  i n t e r a c t i o n s  is  enhanced by the 
fac t ,  v e r i f i a b l e  f r o m  Eq. (2.2), that  each  e l e m e n t a r y  i n t e r a c t i o n  is  ind iv idual ly  con-  
s e r v a t i v e :  the sum of the  e n e r g y  t r a n s f e r s  to m o d e s  It, p, and q a r i s i n g  f r o m  the 
t e r m s  (3.1) is  z e r o .  Thus the whole p r o c e s s  of ene rgy  t r a n s p o r t  may  be con-  
s i d e r e d  the  sum of e l e m e n t a l  t r a n s f e r s  a s s o c i a t e d  with the individual  i n t e r ac t i ons .  
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The total p rocess  is very  complicated.  Trans fe r  f rom modes k and p to mode q may 
take place not only through the e lementary  interact ion which direct ly  links these 
modes (Fig. l )but  also through networks of e lementary  interact ions ,  involving in te r -  
mediate  modes,  which can branch out to ex t reme complexity (Fig. 2). The branching 
is a graphical  expression of the nonlineari ty of the equations of motion. 

Fortunately,  t h e complexity 
associated with the mult ipl ici ty of 
t r ans fe r  paths is compensated by a 
re la ted feature:  each e lementary  
interact ion actually represen t s  a 
ve ry  weak d y n a m i c a l  coupling 
among the modes involved - pro-  
vided the domain containing the 
turbulence is very  large.  Let us 
consider  what happens as the l imi t  
L - - ~  is approached. The number-  
density in wave vector  space of the 
modes allowed by the boundary 
conditions inc reases  a s  L 3. Conse- 
quently, the number of t e rms  con- 
tr ibuting to the right side of Eq. 
(2.2) in any wave vector  range 
inc reases  a s  L 3. In the l imit ,  each 
individual t e r m ,  represent ing  a 

k 

p - - ~  q P 

I I 

F i g .  Z - E x a m p l e s  of  c o m p l e x  i n t e r a c t i o n  
n e t w o r k s  l i n k i n g  m o d e s  k, p, a n d  q. T h e  
u n l a b e l l e d  l i n e s  d e n o t e  m o d e s  o t h e r  t h a n  k, 
p, and q. 

single e lementary  interact ion,  makes only an infini tesimal contribution to the motion 
of the mode k. This implies  that in the l imi t  the effective dynamical coupling among 
any three  individual modes k, p, and q due to the e lementary  interact ion which d i rec t ly  
links them (Fig. l) becomes infini tesimal  in strength. The same conclusion is 
suggested if one takes the t e rms  in the f i r s t  line of (3.1), which contribute to the 
motion of ui(k~ , and r ega rd them as giving a coupling between the pair  of modes k and 
p with the amplitude u(q) acting as a modulating factor.  As I.--~co, the ene rgy -pe r -  
un i t -mass  is spread over  an infinitely increas ing number of individual modes.  Thus 
the rms  value of the amplitude u(q) becomes infini tesimal,  and so does the strength 
of the pair  coupling. 

It is not difficult to ver i fy ,  by keeping account of the o rders -of -magni tude  of 
re levant  quantities as L--~co, that the weakness of dynamical coupling among any 
t r iad of modes is s t i l l  valid when all  the possible  paths of coupling involving many 
e lementary  interact ions and in termedia te  modes (Fig. 2) a re  taken into account. In 
fact, the weakness of the total coupling of any three modes is actually a dynamical 
requ i rement  for the consis tency of our underlying assumption of s ta t i s t ica l  homoge- 
neity. As L - - ~ ,  homogeneity impl ies  that the phase relat ions among individual 
Four ie r  amplitudes become increasingly random,* and this would not be possible if 
s t rong dynamic couplings pers i s ted  among individual modes.  It is ex t remely  important  
to keep in mind here  that these weak couplings do not become negligible as the l imit  
is approached. As they become weaker,  there  become m o r e  of them because there  
a r e  more  allowed modes.  Similar ly ,  as the s ta t is t ical  dependencies which they induce 
among individual modes become weaker,  there  a re  m o r e  individual c r o s s - m o m e n t s  
to be added up in the Four ie r  sums which represen t  measurable  averages .  Indeed, 
the essent ia l  problem of turbulence theory may be considered the evaluation of these 
c ro s s -momen t s .  

*See Batchelor (Ref. 4, Section Z.5). 
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4. THE D I R E C T - I N T E R A C T I O N  A P P R O X I M A T I O N  

L e t  us  c o n s i d e r  t h e  c a s e  w h e r e  a t  a n  i n i t i a l  t i m e  t o t h e  F o u r i e r  a m p l i t u d e s  a r e  
a l l  s t a t i s t i c a l l y  i n d e p e n d e n t  and  t he  s t a t e  of t he  s y s t e m  i s  s p e c i f i e d  b y  t h e  i n i t i a l  
spectrum ~(k,t0). T h i s  r e p r e s e n t s  a v e r y  c o n s i d e r a b l e  i d e a l i z a t i o n  of a n y  a c t u a l  
f low, a s  d o e s  o u r  p r e v i o u s  a s s u m p t i o n  of i s o t r o p y .  H o w e v e r ,  t h i s  i n i t i a l  c o n d i t i o n  
i s  a n  e s p e c i a l l y  s i m p l e  and  u s e f u l  one  f o r  s t u d y i n g  how t h e  n o n l i n e a r  i n t e r a c t i o n  
i n d u c e s  s t a t i s t i c a l  i n t e r d e p e n d e n c e  of t he  m o d e s  a t  l a t e r  t i m e s .  

We a r e  p a r t i c u l a r l y  i n t e r e s t e d  in f i nd ing  t h e  t r i p l e  m o m e n t  

<ui(p,t) um(q,t)u~(k,t')> (k= p+q), (4.1) 

w h i c h  c o n t r i b u t e s  to  S(k; t ,  t '  ).  T h e  m o s t  o b v i o u s  way  i n  w h i c h  t he  n o n l i n e a r  i n t e r -  
a c t i o n  c a n  i n d u c e  a n o n v a n l s h i n g  v a l u e  f o r  t h i s  m o m e n t  i s  t h r o u g h  t he  e l e m e n t a r y  
i n t e r a c t i o n  w h i c h  d i r e c t l y  l i n k s  t he  t h r e e  m o d e s  i n v o l v e d  (F ig .  1). We  would  a l s o  e x p e c t  
t he  v a l u e  of t he  m o m e n t  to  b e  a f f e c t e d  by  t h e  m o r e  c o m p l i c a t e d  p a t h s  of d y n a m i c a l  
coup l ing  i n v o l v i n g  n e t w o r k s  of o t h e r  e l e m e n t a r y  i n t e r a c t i o n s ,  a n d  i n t e r m e d i a t e  m o d e s .  
The  d i s t i n c t i o n  j u s t  m a d e  s u g g e s t s  b r e a k i n g  up  t h e  m o m e n t  i n to  t h e  s u m  of d i r e c t  and  
i n d i r e c t  c o n t r i b u t i o n s  de f ined  be low.  

L e t  us  r e m o v e  f r o m  the  e q u a t i o n s  of m o t i o n  of t he  s y s t e m  the  t e r m s  (3.1) 
r e p r e s e n t i n g  t h e  s i n g l e  e l e m e n t a r y  i n t e r a c t i o n d i r e c t l y  l i n k i n g  m o d e s  k, p, and  q; bu t  
l e t  u s  l e a v e  u n a l t e r e d  a l l  t h e  o t h e r  n o n l i n e a r  t e r m s ,  w h i c h  e x p r e s s  t he  e l e m e n t a r y  
i n t e r a c t i o n s  a m o n g  t he  r e s t  of t he  m o d e s  and  t h o s e  b e t w e e n  k, p, q a n d  t h e  r e s t  of t he  
m o d e s .  We s h a l l  c a l l  the  v a l u e  of the  m o m e n t  (4.1) i nduced  by t h e s e  a l t e r e d  e q u a -  
t i o n s  of m o t i o n  t he  i n d i r e c t  c o n t r i b u t i o n .  The  d i r e c t  c o n t r i b u t i o n  wi l l  be  de f ined  
a s  t he  d i f f e r e n c e  b e t w e e n  t h e  t r u e  v a l u e  of t he  m o m e n t  (wi th  a l l  e l e m e n t a r y  i n t e r -  
a c t i o n s  r e t a i n e d )  and  t he  i n d i r e c t  c o n t r i b u t i o n .  T h u s  the  d i r e c t  c o n t r i b u t i o n  r e p r e s e n t s  
the  p a r t  of the  m o m e n t  wh ich  i s  i nduced  by  t h e  d i r e c t  e l e m e n t a r y  i n t e r a c t i o n  a c t i n g  
a g a i n s t  t he  b a c k g r o u n d  of a l l  t h e  o t h e r  e l e m e n t a r y  i n t e r a c t i o n s .  

The  a p p r o x i m a t i o n  f u n d a m e n t a l  to  t h e  p r e s e n t  t h e o r y  i s  to  n e g l e c t  t he  i n d i r e c t  
c o n t r i b u t i o n  to the  t r i p l e  m o m e n t .  We s h a l l  c a l l  t h i s  t he  d i r e c t - i n t e r a c t i o n  a p p r o x i -  
m a t i o n .  The  d y n a m i c a l  p i c t u r e  u n d e r l y i n g  i t  i s  t he  fo l lowing.  T h e  e l e m e n t a r y  i n t e r -  
a c t i o n  d i r e c t l y  l i n k i n g  m o d e s  k,  p, and  q i n d u c e s  a n  i n c r e m e n t  in  t he  a m p l i t u d e  of 
e a c h  of t h e s e  t h r e e  m o d e s  w h i c h  b e a r s  a p h a s e  r e l a t i o n  to  t h e  p r o d u c t  of t he  a m p l i -  
t u d e s  of t he  o t h e r  two m o d e s .  T h u s  i t  y i e l d s  a c o n t r i b u t i o n  to t h e  t r i p l e  m o m e n t .  
H o w e v e r ,  t h i s  i n t e r a c t i o n  d o e s  not  t ake  p l a c e  in  i s o l a t i o n .  E a c h  of  t he  t h r e e  m o d e s  
i s  coup led  to  t he  r e s t  of t he  s y s t e m .  As  a r e s u l t  of t h i s  coup l ing ,  t h e  i nduced  i n c r e -  
m e n t s  do not  s i m p l y  c o n t i n u e  to  bu i ld  up. A r e l a x a t i o n  p r o c e s s  t a k e s  p l a c e  w h e r e b y  
t he  e n e r g y  of t h e  i n c r e m e n t s  i s  d i s t r i b u t e d  , o r  m i x e d ,  by  t he  o v e r a l l  i n t e r a c t i o n  in to  
m a n y  o t h e r  m o d e s .  At  t he  s a m e  t i m e ,  an  a d d i t i o n a l  r e l a x a t i o n  i s  c a u s e d  b y t h e  a c t i o n  
of v i s c o s i t y .  T h u s  we h a v e  t h e  p i c t u r e  of p h a s e  r e l a t i o n s  a m o n g  u (k ) ,  u (p) ,  u(q) b e i n g  
c o n t i n u a l l y  i n d u c e d  by  t he  d i r e c t  coup l ing  of t he  t h r e e  m o d e s  and  c o n t i n u a l l y  b r o k e n  
down by r e l a x a t i o n  e f f ec t s  a s s o c i a t e d  wi th  t he  d y n a m i c a l  i n t e r a c t i o n  a s  a whole .  

Now n e g l e c t i n g  the  i n d i r e c t  c o n t r i b u t i o n  to (4.1) a m o u n t s  to  a s s u m i n g  t h a t  the  
e f fec t  of the  o v e r a l l  i n t e r a c t i o n  - w i thou t  t he  d i r e c t  i n t e r a c t i o n  - c o n s i s t s  
of t he  r e l a x a t i o n  p r o c e s s  j u s t  d e s c r i b e d .  T h u s  we a r e  i g n o r i n g  any  i n d u c t i o n  of p h a s e  
c o r r e l a t i o n  by  n e t w o r k s  of e l e m e n t a r y  i n t e r a c t i o n s  wh ich  c a n  c o u p l e  m o d e s  k, p, and  
q on ly  t h r o u g h  t h e  a g e n c y  of i n t e r m e d i a t e  m o d e s .  E x a m p l e s  of s u c h  n e t w o r k s  a r e  
s h o w n  in  Fig .  3. I t  wi l l  b e  n o t i c e d  t h a t  in  t he  d i a g r a m s  s h o w n  e a c h  i n t e r m e d i a t e  
m o d e  ( r e p r e s e n t e d  by  a l i n e  w i thou t  a f r e e  end) i s  i n v o l v e d  in  two e l e m e n t a r y  
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i n t e r a c t i o n s .  T h i s  h a s  t he  e f fec t  of 
e l i m i n a t i n g  f r o m  th e  a s s o c i a t e d  
c o n t r i b u t i o n  to (4.1) any  d e p e n d -  
e n c e  on  t he  ( r a n d o m )  p h a s e s  of t he  
a m p l i t u d e s  o f t h e i n t e r m e d i a t e  
m o d e s . *  

T h e  on ly  j u s t i f i c a t i o n  f o r  
the  d i r e c t - i n t e r a c t i o n  a p p r o x i m a -  
t ion  wh ich  we c a n  c i t e  a t  t h e  p r e s e n t  
po in t  i s  t he  whol ly  i n t u i t i v e  a r g u -  
m e n t  t h a t  in  v i ew  of  t he  c o m p l e x i t y  
of t he  d y n a m i c a l  s y s t e m  t h e  r o u n d -  
abou t  p a t h s  of i n t e r a c t i o n  a m o n g  
t h r e e  m o d e s  s h o u l d  b e  m u c h  l e s s  
e f f e c t i v e  in  i n d u c i n g  d e f i n i t e  m u t u a l  
p h a s e  r e l a t i o n s  t h a n  t h e  d i r e c t  

k 

P q 

F i g .  3 - E x ~ n p l e s  of c o n t r i b u t i n g  c l a s s e s  of 
i n t e r a c t i o n  n e t w o r k s  w h i c h  a r e  n e g l e c t e d  in 
the  d i r e c t - i n t e r a c t i o n  a p p r o x i m a t i o n  f o r  the  
t r i p l e  m o m e n t  Eq.  (4.1) 

coupl ing .  L a t e r ,  we s h a l l  s e e  t h a t  t he  a p p r o x i m a t i o n  e x h i b i t s  i m p o r t a n t  s e l f -  
c o n s i s t e n c y  p r o p e r t i e s  w h i c h  s t r o n g l y  i n d i c a t e  i t s  d y n a m i c  n a t u r a l n e s s  and  t h a t  i t  
a c t u a l l y  r e p r e s e n t s  t he  e x a c t  d y n a m i c s  of a c e r t a i n  m o d e l  s y s t e m .  

A p p r o x i m a t i o n s  s i m i l a r  to  t h a t  d e s c r i b e d  f o r  (4.1) c an  b e  de f i ned  fo r  m o m e n t s  
of f o u r t h  and  h i g h e r  o r d e r s .  We s h a l l  no t  dea l  wi th  t h e m  in  t h e  p r e s e n t  p a p e r .  

I t  i s  no t  v e r y  d i f f i cu l t  to  o b t a i n  a n  exac t  a n a l y t i c a l  e x p r e s s i o n  fo r  t he  d i r e c t  c o n -  
t r i b u t i o n  to (4.1).  A c c o r d i n g  to de f in i t i on ,  t h i s  c o n t r i b u t i o n  m a y  be  c o n s t r u c t e d  by  
i n t r o d u c i n g  the  e l e m e n t a r y  i n t e r a c t i o n  of Fig .  1 a s  a p e r t u r b a t i o n  on t he  e q u a t i o n s  of 
m o t i o n .  Al though  t h i s  s i n g l e  i n t e r a c t i o n  i s  e x p e c t e d  to i n d u c e  the  p r i n c i p a l  c o n t r i b u -  
t ion  to t he  t r i p l e  m o m e n t ,  i t  i s  c l e a r  f r o m  t he  d i s c u s s i o n  in  t h e  p r e v i o u s  Sec t ion  t ha t  
a c t u a l l y  i t  c a n  r e p r e s e n t  o u l y a n  i n f i n i t e s i m a l  p e r t u r b a t i o n  of t he  m o t i o n  of e a c h  of the  
t h r e e  m o d e s  i nvo lved ,  in  t he  l i m i t  L - - ~ m . t  T h u s  we c a n  e x p r e s s  i t s  e f f ec t s  in  t e r m s  
of the  r e s p o n s e  of t he  m o d e s  k, p, and  q to  a r b i t r a r y  i n f i n i t e s i m a l  d i s t u r b a n c e s .  T h e n  
we m a y  a v e r a g e  the  r e s u l t  o v e r  the  s t a t i s t i c a l  d i s t r i b u t i o n ,  t a k i n g  a c c o u n t  of t he  
w e a k n e s s  of t h e  t o t a l  d y n a m i c  coup l ing  and  c o n s e q u e n t  s t a t i s t i c a l  i n t e r d e p e n d e n c e  
a m o n g  t he  t h r e e  m o d e s  in  t h e  l i m i t .  A f t e r  s u m m i n g  t he  r e s u l t s  o v e r  p and  q, we 
a r r i v e  a t  t he  fo l lowing  e x a c t  e x p r e s s i o n  (3) f o r  t he  d i r e c t  c o n t r i b u t i o n  to ~(~; t ,  t '  ) : 

$ ( k ; t , t ' )  = 7rk f~A S t' pr~pd a a ( k , p , q )  g ( k ; t ' , s )  U ( p ; t , s )  U ( q ; t , s )  ds 
t o 

-- [ -- b ( k , p , q )  g ( p ; t , s )  U ( k ; t ' , s )  U ( q ; t , s )  ds  . 
t O 

(4.2) 

In t h i s  e q u a t i o n  t he  s u m m a t i o n  o v e r  p a n d  q h a s  b e e n  r e p l a c e d  in  the  l i m i t  by  a n  
e q u i v a l e n t  i n t e g r a t i o n .  The  s y m b o l s  k, n, and  q d e n o t e  wave  n u m b e r s ,  and  t he  

*The d i a g r a m s  in Fig .  Z dep ic t  e x a m p l e s  of m o r e  g e n e r a l  n e t w o r k s  in which  s o m e  
i n t e r m e d i a t e  m o d e s  e n t e r  only  once .  B e c a u s e  of the  r a n d o m  p h a s e s  of the  i n t e r -  
m e d i a t e  m o d e s ,  i t  can  be shown,  wi thou t  a p p r o x i m a t i o n ,  t h a t  s u c h  n e t w o r k s  give a 
v a n i s h i n g  c o n t r i b u t i o n  to (4.1) w h e n  t h e y  a r e  s u m m e d  o v e r  a l l  p o s s i b l e  cho i ce s  
of i n t e r m e d i a t e  m o d e s  in  the  l i m i t  L - - - ~ .  

t T h e s e  two p r o p e r t i e s  a r e  c o n s i s t e n t  s i n c e  the  m o m e n t  (4.1) r e p r e s e n t s  in  toto  
only an  i n f i n i t e s i m a l  p h a s e  c o r r e l a t i o n  a m o n g  the  t h r e e  m o d e s  ~vhen L----~ co. 
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in t eg ra t ion  is  o v e r  the en t i r e  domain  (denoted by ~) such that  k, p,  and q can f o r m  
the l egs  of a t r i ang le .  The quant i t i es  a (k ,p ,q)  and b ( k , r , o )  a r e  g e o m e t r i c a l  f a c to r s  
which depend on the shape ,  but not the s i ze ,  of th is  t r i ang l e .  They a r e  g iven by 

1 a(k ,p ,q)  = ~ (1 - xyz - 2y2z 2) 
(4.3) 

b ( k , p , q )  = ( p / k ) ( x y  + z 3) 

'where  x, y, z a r e  the cos ine s  of the i n t e r i o r  ang les  oppos i te  the l egs  k, p, q r e s p e c -  
t ive ly .  They obey the iden t i t i e s  

a ( k , p , q )  > 0 

a ( k , p , q )  = a ( k , q , p )  

k 2 b ( k , p , q )  = p 2 b ( p , k , q )  
(4.4) 

b ( k , p , q )  + b ( k , q , p )  = 2 a ( k , p , q )  

which,  as  we sha l l  ind ica te  a l i t t l e  l a t e r ,  e x p r e s s  i m p o r t a n t  dynamica l  p r o p e r t i e s .  

In o r d e r  to f ac i l i t a t e  the phys i ca l  i n t e r p r e t a t i o n  of Eq. (4.2), le t  us s p e c i a l i z e  to 
t ' = t .  Then we find for  the t r a n s f e r  funct ion def ined by Eq. (2.11), 

t 

T(k , t )  : 4rr2k 3 ffa pqdpdo f [a(k,p.q)  g ( k ; t , s )  U(p ; t , s )  U ( q ; t , s )  
t O (4.5) 

- b ( k , p , q )  g ( p ; t , s )  U ( k ; t , s )  U ( q ; t , s ) ]  d s .  

The s t r u c t u r e  exhibi ted  by Eq. (4.5) m a y  be i n t e r p r e t e d  r a t h e r  d i r ec t ly .  The g func-  
t ions  on the r igh t  e x p r e s s  the decay  of i n f i n i t e s i m a l  p e r t u r b a t i o n s  (here  a s s o c i a t e d  
with the d i r e c t  in te rac t ion)  under  the inf luence  of v i s c o s i t y  and the  o v e r a l l  non l inea r  
coupling.  Let  us w r i t e  each  v f ac to r  in Eq. (4.5) in the f o r m  

U ( k ; t , s )  = (2~r2) "1 r ( k ; t , s )  [ E ( k , t )  F-(k,s)] 1/2. (4.6) 

Now the  r funct ions  e x p r e s s  the lo s s  of phase  a u t o c o r r e l a t i o n  in the mode  ampl i tudes  
under  the o v e r a l l  i n t e rac t ion .  Thus the a p p e a r a n c e  of t h e s e  g and r funct ions  
embod ie s  the  dynamica l  r e l axa t i on  e f fec ts  d i s c u s s e d  above.  

It wi l l  be noted that  the r igh t  s ide  of Eq. (4.5) is  the  i n t e g r a l  of the  d i f f e r e n c e  
be tween  two t e r m s .  ~The t e r m  conta in ing  a(k ,p ,q)  invo lves  the r e s p o n s e  funct ion fo r  
the mode  k. As this  would sugges t ,  i t  a r i s e s  f r o m  the induct ion by the d i r e c t  i n t e r -  
ac t ion  of an i n c r e m e n t  in u(k) having a phase  r e l a t i o n  with the  p roduc t  of the a m p l i -  
tudes  of m o d e s  p and q. S i m i l a r l y ,  the t e r m  conta in ing  b(k,p, q) invo lves  g(p; t ,  s) and 
a r i s e s  f r o m  the induct ion of an i n c r e m e n t  in u ( p ) p h a s e d  with the p roduc t  of the 
ampl i tudes  of modes  k and q. (Note that  we m a y  exchange  the r o l e s  of p and q s i m p l y  
by a change of i n t eg ra t ion  v a r i a b l e s . )  

Since both the g and r funct ions  e x p r e s s  the r e l axa t i on  e f fec ts  a s s o c i a t e d  with 
the o v e r a l l  i n t e r ac t i on ,  we m a y  an t i c ipa te  that  they  a r e  e i t h e r  non -nega t ive  o r  have  
only un impor t an t  nega t ive  r eg ions .  Now f r o m  the f i r s t  of iden t i t i e s  (4.4) we s e e  
that  a(k,p, q) is  non -nega t ive ,  and the  l a s t  of t he se  r e l a t i o n s  sugges t s  ( c o r r e c t l y ,  i t  
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t u r n s  out) t ha t  b (k ,p ,~ )  i s  t y p i c a l l y  p o s i t i v e .  Thus ,  the  t e r m  in Eq. (4.5) c o n t a i n i n g  
a(k, p, q) p l ays  the  r o l e  of an  a b s o r p t i o n  t e r m ,  wh ich  a l w a y s  r e p r e s e n t s  a p o s i t i v e  f low 
of e n e r g y  to mode  k, whi le  the  t e r m  c o n t a i n i n g  b ( k , p , a ) a c t s  a s  an  e m i s s i o n  t e r m .  
Us ing  Eq. (4.6) we f ind tha t  the  a b s o r p t i o n  t e r m  c o n t a i n s  the  f a c t o r s  

[E (p , t )  F ( p , s ) ] l / 2 [ F ( q , t )  ~ ( o , s ) ]  1/2 

but  d o e s  not  con t a in  _~(k).* In c o n t r a s t ,  the  e m i s s i o n  t e r m  c o n t a i n s  the  f a c t o r s  

[E(k, t )  E(k, s'}] 1/2[E(p,  t ) E(p, s ) ]  1/2 

and  thus  i s  l i n e a r l y  p r o p o r t i o n a l  to F(k) .  Consequen t ly ,  the  s t r o n g e r  the  e x c i t a t i o n  
i n m o d e  k, the  m o r e  the  r e l a t i v e  f l ow ou t  of t h i s  m o d e  into m o d e s  p and  q. C o n v e r s e l y ,  
the  s t r o n g e r  the  e x c i t a t i o n  in m o d e s  p and  q, the  m o r e  the  r e l a t i v e  flow f r o m  t h e m  to 
m o d e  k. It a p p e a r s  t ha t  the t r a n s f e r  func t ion  (4.5) d e s c r i b e s  a p l a u s i b l e  t e n d e n c y  
fo r  the  k ine t i c  e n e r g y  in the  v a r i o u s  w a v e n u m b e r s  to s e e k  s o m e  e q u i l i b r i u m  t h r o u g h  
the  a g e n c y  of the  n o n l i n e a r  i n t e r a c t i o n .  

By i n s e r t i n g  Eq. (4.2) in Eq. (2.8) we ob ta in  an  equa t ion  of m o t i o n  fo r  U(k; t ,  t ' )  
wh ich  i n v o l v e s  only  the  f u n c t i o n s  g and  u. In o r d e r  to have  a c o m p l e t e  s y s t e m  we 
should  ob ta in  a s i m i l a r  equa t i on  of m o t i o n  fo r  g(k; t ,  t ' )  by  a c o n s i s t e n t  e x t e n s i o n  of 
the  d i r e c t - i n t e r a c t i o n  a p p r o x i m a t i o n .  T h i s  c an  be  done (3) wi thou t  g r e a t  d i f f icu l ty ,  
and  the  r e s u l t  is  

+ v k  2 g ( k ; t , t ' )  = -Trk pqdpdqb(k ,p ,q )  g ( p ; t , s )  g ( k ; s , t ' ) U ( q ; t , s ) d s .  (4.7) 
i 

It  wi l l  be  no t i c ed  t h a t  in  c o n t r a s t  to Eq. (4.2) the  r i g h t  s ide  h e r e  i s  b i l i n e a r  in the  
r e s p o n s e  f u n c t i o n s  and  l i n e a r  in the  c o v a r i a n c e  s c a l a r s .  I t  i s  p o s s i b l e  to give a 
s i m p l e  d y n a m i c a l  i n t e r p r e t a t i o n  of Eq. (4.7) wh ich  p a r a l l e l s  c l o s e l y  the  a c t u a l  
d e r i v a t i o n .  

We can  b r e a k  up the  r e l a x a t i o n  p r o c e s s  d e s c r i b e d  by  g(k; t ,  t ' )  in to  two p a r t s ,  
concep tua l ly .  F i r s t ,  a n  i n i t i a l  p e r t u r b a t i o n  in  m o d e  k wi l l  induce  i n c r e m e n t s  in  the  
a m p l i t u d e s  of o t h e r  m o d e s  p. F o r  e a c h  m o d e  p the  m a g n i t u d e  of t h i s  i n c r e m e n t  wi l l  
be  p r o p o r t i o n a l  to the  a m p l i t u d e  of a t h i r d  m o d e  q wh ich  a c t s  a s  a m o d u l a t i n g  f a c t o r .  
Second,  t h e r e  wi l l  be  a r e a c t i o n  on m o d e  I¢. T he  i n c r e m e n t  i nduced  in the  a m p l i t u d e  
of mode  p wi l l  in  t u r n  induce  a c o u n t e r - i n c r e m e n t  in m o d e  k, a g a i n  p r o p o r t i o n a l  to 
the  a m p l i t u d e  of the  t h i r d  m o d e  q. The  c o u n t e r - i n c r e m e n t  wil l  on the  a v e r a g e  be  out  of 
p h a s e  wi th  the  o r i g i n a l  p e r t u r b a t i o n  in mode  k and thus  r e p r e s e n t  a d r a i n  of the  p e r -  
t u r b a t i o n  e n e r g y  out  of m o d e  I¢. T h i s  p r o c e s s  is  r e p r e s e n t e d  d i a g r a m a t i c a l l y  in Fig.  4. 
The  a r r o w s  ind ica t e  the  " s i g n a l  path"  f r o m  m o d e  k to m o d e  p and  back  to mode  k.  

T u r n i n g  to Eq. (4.7) and  w r i t i n g  out  U(q; t ,  s) a s  
an  exp l i c i t  c o v a r i a n c e  a c c o r d i n g t o  Eq. (2.4), we m a y  
i n t e r p r e t  the  f a c t o r s  in the t i m e - i n t e g r a l a s  fo l lows.  
If the  a m p l i t u d e  of m o d e  k i s  p e r t u r b e d  an  in f in i -  
t e s i m a l  a m o u n t a t  t i m e  t '  t hen  g(k; s , t ' )  r e p r e s e n t s  
the  a v e r a g e  f r a c t i o n  of t h i s  p e r t u r b a t i o n  which  
r e m a i n s  a t  t i m e  s .  T o g e t h e r  w i th  the  a m p l i t u d e  f a c -  
t o r  in  u(q; t ,  s)  wh ich  h a s  a r g u m e n t  s, i t  r e p r e s e n t s  
the  p e r t u r b i n g  f o r c e  app l i ed  to m o d e  p a t  t i m e  s 

p 

q 

Fig .  4 - D i a g r a m  f o r  the  
d i r e c t - i n t e r a c t i o n  c o n t r i -  
bu t ion  to the  r e s p o n s e  func-  
t ion  g(k; t ,  t ' )  

*We u s e  E(k) to deno t e  the s p e c t r u m  func t i on  w h e n  it i s  no t  d e s i r e d  to s p e c i f y  the  
va lue  of the  t i m e  a r g u m e n t .  
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t h r o u g h  the  e l e m e n t a r y  i n t e r a c t i o n  d i r e c t l y  l ink ing  m o d e s  k, p, and  q. T h i s  f o r c e  
i n t e g r a t e d  wi th  the  r e s p o n s e  func t ion  g ( p ; t , s )  g i v e s  the  i n c r e m e n t  induced  in mode  
p a t  t i m e  t .  T h i s  i n c r e m e n t ,  t o g e t h e r  wi th  the  r e m a i n i n g  a m p l i t u d e  f a c t o r  in 
V(q; t ,  s)  ( a r g u m e n t  t ) ,  r e p r e s e n t s  the  p e r t u r b i n g  f o r c e  r e a c t i n g  a t  t i m e  t to p r o d u c e  
a c o u n t e r - i n c r e m e n t  in mode  k. 

The  a p p r o x i m a t i o n  m a d e  in o b t a i n i n g  Eq.  (4.7) i s  the  n e g l e c t  of c l a s s e s  of l o n g e r  
p a t h s  of a c t i o n  and  r e a c t i o n  on m o d e  k which  invo lve  s u c c e s s i v e  t r a n s f e r s  of e x c i -  
t a t i on  a long  c h a i n s  of m o d e s  i n s t e a d  of to s i n g l e  m o d e s  p.  T y p i c a l  n e g l e c t e d  c o n -  

Fig .  5 - E x a m p l e s  of c o n t r i b u t i n g  
p r o c e s s e s  n e g l e c t e d  in the  d i r e c t -  
i n t e r a c t i o n  a p p r o x i m a t i o n £ o r  
g(k; t ,  t '  ) 

t r i b u t i o n s  a r e  shown in Fig.  5. H e r e  aga in ,  
the  a r r o w s  t r a c e  the  " s i g n a l  p a t h "  f r o m  m o d e  
k b a c k  to m o d e  k. It shou ld  be  no ted  t ha t  
even  in Eq. (4.7) the  i n t e r a c t i o n  of m o d e s  
R, p, and  q w i th  a l l  the  r e s t  of the  m o d e s  i s  
i m p l i c i t l y  t a k e n  in to  a c c o u n t  to the  ex t en t  of 

t h e  r e l a x a t i o n  e f f e c t s  i nc luded  in the  g and  
g f u n c t i o n s  on the  r igh t .  A s  in Eq. (4.2), we 
t r e a t  the  e f f ec t s  of the  d i r e c t  i n t e r a c t i o n  not  
in  i s o l a t i o n  but  a g a i n s t  the  b a c k g r o u n d  of 
the  r e s t  of the  i n t e r a c t i o n .  

If we append  to Eqs .  (2.8), (4.2), and  
(4.7) the  b o u n d a r y  cond i t ion  

g ( k ; t , t )  = 1, (4.8) 

wh ich  a c c o r d i n g  to the  de f in i t i on  of g(k; t ,  t '  ) 
m u s t  ho ld  fo r  a l l  t ,  we have  a c o m p l e t e  se t  

of e q u a t i o n s  which  should  d e t e r m i n e  the  r e s p o n s e  and  c o r r e l a t i o n  func t i ons  once  
the  i n i t i a l  v a l u e s  F(k, to )  = 2~k2U(k; to,  to )  a r e  p r e s c r i b e d .  

5. R E P R E S E N T A T I O N  BY A M O D E L  SYSTEM 

B e f o r e  a s k i n g  how a c c u r a t e  a p i c t u r e  of t u r b u l e n c e  the d i r e c t - i n t e r a c t i o n  a p p r o x -  
i m a t i o n  r e p r e s e n t s ,  we have  to i n q u i r e  w h e t h e r  o u r  a p p r o x i m a t e  i n t e g r o - d i f f e r e n t i a l  
e q u a t i o n s  l ead  to any  p h y s i c a l l y  m e a n i n g f u l  so lu t ion  a t  a l l .  T h i s  i s  by  no m e a n s  an  
a c a d e m i c  ques t ion .  If an  a r b i t r a r y  a p p r o x i m a t e  e x p r e s s i o n  i s  a s s u m e d  fo r  s(k;  t ,  t '  ) ,  
i t  i s  not  to be  e x p e c t e d  tha t  the  so lu t ion  of Eq. (2.8) wi l l  be  the  c o v a r i a n c e  s c a l a r  of 
a p o s s i b l e  r a n d o m  p r o c e s s *  o r  t ha t  i t  wi l l  go to z e r o  in a p h y s i c a l l y  s e n s i b l e  f a sh ion  
a s  It - t ' i - - - -~m.  F u r t h e r m o r e ,  an  a r b i t r a r y  a p p r o x i m a t i o n  wi l l  no t  p r e s e r v e  the  
c o n s e r v a t i o n  p r o p e r t i e s  of the  i n t e r a c t i o n  d i s c u s s e d  in Sec t ion  3. T h e s e  o b s e r v a t i o n s  
r e f l e c t  the  g e n e r a l  f a c t  t ha t  u s u a l l y  we c a n n o t  m a k e  a p p r o x i m a t i o n s  wi th in  a d i f f e r -  
e n t i a l  o r  i n t e g r o - d i f f e r e n t i a l  equa t ion  and  o b t a i n  a so lu t i on  wh ich  d i s p l a y s  the  s a m e  
a s y m p t o t i c  and  i n t e g r a l  p r o p e r t i e s  a s  the  so lu t ion  of the  exac t  equa t ion .  

It c an  be  s e e n  in a r a t h e r  s i m p l e  f a s h i o n  t h a t  the  d i r e c t - i n t e r a c t i o n  a p p r o x i m a -  
t ion  does  a c t u a l l y  s a t i s f y  the  c o n s i s t e n c y  r e q u i r e m e n t s  we have  m e n t i o n e d .  T h i s c a n  
be  shown by d e m o n s t r a t i n g  t h a t  Eqs .  (4.2) and  (4.7) a r e  obeyed  e x a c t l y  by a m o d e l  
s y s t e m  in wh ich  the  c o u p l i n g  of the  F o u r i e r  m o d e s  i s  a l t e r e d  f r o m  tha t  in the  r e a l  
s y s t e m  but  the  c o n s e r v a t i o n  p r o p e r t i e s  of the  i n t e r a c t i o n  a r e  p r e s e r v e d .  The  c o m -  
p a r i s o n  of t h i s  m o d e l  s y s t e m  wi th  the  a c t u a l  s y s t e m  g i v e s  an  i n s i g h t  in to  the  r e a l  
m e a n i n g  and  the  d o m a i n  of v a l i d i t y  of o u r  a p p r o x i m a t i o n .  

* F o r  e x a m p l e ,  U ( k ; t , t ' )  m i g h t  t u rn  out  to have  a f r e q u e n c y  s p e c t r u m  which  is n e g a -  
t ive  for  s o m e  f r e q u e n c i e s ,  t h e r e b y  i m p l y i n g  a n e g a t i v e  power  s p e c t r u m  for  u i ( k , t ) .  
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Let  us  c o n s i d e r  ins tead  of Eq. (2.2i the m o r e  g e n e r a l  equat ion of mot ion  
for  u i (k ,  t )  

= k' , t )  um(k", t ) ,  (5.1) 
. ' . ,  k ' + k " = k  

where  the coef f ic ien t  c(k, k ' ,  k") i s  r e a l ,  s y m m e t r i c  in k, k ' ,  and k", and invar tan t  
under  r e p l a c e m e n t  of any of t he se  t h r ee  v e c t o r  a r g u m e n t s  by i t s  negat ive .  With this  
change,  Eq. (2.8) r e q u i r e s  that  Eq. (2.9) be r e p l a c e d  by the new defini t ion 

S(k;t,t') = (L/2+)3k., ` ~ cik, k ' ,k ' )  <u j (k ' . t )  u=(k",t)uz*Ck,t ')>. (5.2) 
k'  + k"+= k 

It is c l e a r  f r o m  the s y m m e t r y  p r o p e r t i e s  of the C 's  that  a l l  the t e r m s  (3.1), r e p r e -  
sent ing  the e l e m e n t a r y  in t e rac t ion  l inking modes  k, p, and q, a r e  mul t ip l i ed  by the 
s a m e  f ac to r  c(k, p, q).  F r o m  this  it  fo l lows  that  the individual  c o n s e r v a t i o n  p rope r t~  
of the e l e m e n t a r y  in t e rac t ion  is  una l t e r ed  by the gene ra l i z a t i on .  

Our  ac tua l  f luid s y s t e m  is  r e p r e s e n t e d ,  of cou r se ,  by c (k ,p ,q )  = 1 for  a l l  k, p, 
and q. Le t  us c o n s i d e r  ins tead  the new s y s t e m  obta ined by le t t ing  c(k, p, q ) t a k e  the 
va lue  +1 o r  -1 e n t i r e l y  at  r andom (subject  to the s y m m e t r y  condi t ions  above) when 
k, p, and q range  o v e r  the v a r i o u s  va lues  a l lowed b y  the boundary  condi t ions  on our  
l a rge  vo lume  of s ide L. F o r  th is  s y s t e m  a l l  the e l e m e n t a r y  i n t e r ac t i ons  have the 
s a m e  s t reng th  a s  in the  o r ig ina l  s y s t e m ,  but  the r e l a t i v e  s i g n  of the coe f f i c i en t s  of 
any two .~r more )  e l e m e n t a r y  i n t e r a c t i o n s  i s  e n t i r e l y  r andom.  

If o n e  now goes  through the d i r e c t - i n t e r a c t i o n  approx ima t ion  fo r  the new s y s -  
tem,  it is  not  ha rd  to ve r i fy  that as  a r e s u l t  of the mul t ip l i ca t ion  of (3.1) by c(k, p, q), 
the e x p r e s s i o n  (in the l i m i t  L---~-~o) fo r  the t r i p l e  m o m e n t  (4.1) in t e r m s  of ~ and 
u funct ions  is  mul t ip l i ed  by th is  Same fac to r .  Since [c(k, p, q)] 2 = 1, it fo l lows that  
S(k; t , t ' ) ,  a s  defined by Eq. (5.2), is  s t i l l  g iven  by the e x p r e s s i o n  (4.2). Conse -  
quently,  the equat ion of mot ion  for  u(k; t, t '  ) i s  iden t i ca l  for  the o r ig ina l  and  the new 
s y s t e m s  in the d i r e c t - i n t e r a c t i o n  approx imat ion .  S imi l a r l y ,  it can be v e r i f i e d  that  
the equat ion of m o t i o n f o r  ~(k; t ,  t '  ) is  given by Eq. (4.7) f o r b o t h  newand  old s y s t e m s .  
(This can be i n f e r r e d  f r o m  the double a p p e a r a n c e  of the d i r e c t  e l e m e n t a r y  in t e r ac t ion  
in Fig.  4.) Thus ,  the d i r e c t - f n t e r a c t i o n  app rox ima t ion  y ie lds  iden t ica l  ~(k; t ,  t ' )  and 
U(k; t , t ' )  fo r  the new s y s t e m  and the old. 

Now le t  us  c o n s i d e r  the i nd i r ec t  con t r ibu t ions ,  neg lec ted  by our  approx imat ion .  
R e f e r r i n g  to F igs .  3 and 5 we note that  the i nd i r ec t  con t r ibu t ions  n e c e s s a r i l y  involve 
s e v e r a l  d i s t inc t  e l e m e n t a r y  i n t e r ac t i ons .  F o r  the new s y s t e m  the coe f f i c i en t s  a s s o -  
c ia ted  with t he se  i n t e r ac t i ons  a r e  quite  r andomly  r e l a t ed  in sign. It  i s  not v e r y  hard  
to see  that  when one s u m s  ove r  a l l  poss ib l e  se t s  of pa r t i c i pa t i ng  i n t e r ac t i ons  the con-  
sequence  is  a random cance l l a t ion  of the con t r ibu t ions  f r o m  d i f f e ren t  s e t s .  In the 
l im i t  L---~o0, it  can he shown that  th is  r e s u l t s  in c o m p l e t e  suppres s ion  of the i nd i r ec t  
cont r ibu t ions  to s(k; t ,  t '  ) and the  equat ion  of mot ion  for  g(k; t ,  t '  ). Th i s  m e a n s  that  
for  the new sys t em,  Eqs.  (2.8), (4.2), and (4.7) ac tua l ly  cons t i tu te  e x a c t  equat ions  of 
mot ion  for  g(k; t , t ' )  and U ( k ; t , t '  ). We m a y  in fe r  f r o m  this  the c o n s i s t e n c y  of the 
d i r e c t - i n t e r a c t i o n  app rox ima t ion  in the r e s p e c t s  men t ioned  previously.*-  

*The conservation properties of the direct-interaction approximation may be ve'rified 
independently from Eq. (4.5) by using the identities (4.4). 
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The d i rec t - in te rac t ion  approximation appears  to be the s imples t  dynamical 
approximation which embodies  the consis tency proper t i es  in question - that is, r ea l -  
izabili ty of U(k; t. t '  ) as  a covar iance scalar ,  p roper  asymptotic behavior,  and detai led 
energy conservat ion.  Higher approximations with these p rope r t i e s  can be constructed 
also (3). The next such approximation involves obtaining an approximate express ion 
for four th -o rde r  moments  in t e r m s  of t h i rd -o rde r  moments ,  second-order  moments,  
and higher response  functions and using it to c lose off the set  of moment  equations. 
Like the d i rec t - in te rac t ion  approximation,  this leads to in tegro-di f ferent ia l  equations 
which a re  exact for a modified system. Now, however,  the modified sys tem bears  a 
c lose r  resemblance  to the actual  system in that the proper  sign re la t ions  between 
different  e lementary  in teract ions  a re  taken approximately  into account. There appear 
to be a wel l-defined sequence of success ive ly  higher approximations which exactly 
descr ibe  model  sys tems  embodying more  and more  accura te ly  the dynamical s t ruc-  
ture of the actual system. The higher approximations provide,  in pr inciple ,  a means 
of es t imat ing the e r r o r s  associa ted  with the d i rec t - in te rac t ion  approximation,  but 
they p romise  seve re  mathemat ica l  diff icult ies.  

The fact that the d i rec t - in te rac t ion  approximation gives an exact descr ipt ion of 
our model  system suggests  the nature of the inaccurac ies  it generates .  As we have 
noted before,  the model  system p r e s e r v e s  the s t rengths  of al l  the  e lementary  in te r -  
actions of mode t r iads  but loses  completely the cor re la t ion  in sign between the 
coeff icients  of different  e lementa ry  interact ions.  It seems  plausible that the mean 
energy t r ans fe r  among the modes should depend pr incipal ly  on the re la t ive  excitation 
of the var ious  modes and on the s t rengths  of the interact ions  which link them. Thus 
we might expect that it should be fa i r ly  well  descr ibed  by the d i rec t - in te rac t ion  
approximation.  This su rmise  is supported by the reasonableness  of the dynamical  
interpretat ion we have been able to give for  the t r ans fe r  function Eq. (4.5). Some 
fur ther  support is given by the application of the theory d iscussed  in the next Section. 

Now, however,  let us turn to the question of the detailed s t ruc ture  of the turbulence 
in coordinate space. The evolution of the flow can be par t ia l ly  descr ibed  as due to the 
convection, stretching,  and twisting of the veloci ty  field by i tself .  These phenomena 
seem fa i r ly  s imple intuitively, but they involve, in essent ia l  fashion, the algebraic  
summation of contributions f rom al l  the e lementa ry  in teract ions  linking the Four ie r  
components of any given "eddy s t ruc ture . "  In the model  system, consequently, they 
become scrambledbeyond recognit ion with regard  to appearance in coordinate space. 
This suggests  that the d i rec t - in te rac t ion  approximation should give increasingly poor 
resu l t s  when extended to the evaluation of success ive ly  h ighe r -o rde r  moments ,  
sensi t ive to the p r e c i s e  spatial  form of the veloci ty  s t ruc tures .  

6. THE INERTIAL*AND DISSIPATION RANGES AT HIGH REYNOLDS NUMBERS 

Some cha rac t e r i s t i c s  and l imitat ions of the d i r ec t - in t e rac t ion  approximation may 
be i l lus t ra ted  by considerat ion of the iner t ia l  and dissipat ion ranges at ve ry  high 
Reynolds numbers .  Let the r m s  turbulent veloci ty  in any direct ion be v0, and let the 
rate  of dissipat ion by v i scos i ty  per  unit mass  be e. Then, a wavenumber cha rac te r -  
izing the energy-containing range of the turbulence is given (3,4) by 

k 0 : e/vo 3 (6.1a) 

and a Reynolds number for  this range by 

Ro _ vokol/~. (6.1b) 
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When Ro 1/3 >> 1, the  i n t e g r o - d i f f e r e n t i a l  e q u a t i o n s  of the  d i r e c t - i n t e r a c t i o n  
a p p r o x i m a t i o n  s i m p l i f y  g r e a t l y  fo r  h igh  w a v e n u m b e r s .  U s i n g  t h e m ,  i t  i s  found (3) 
t h a t  the  i n e r t i a l  r a n g e  and  the  r a n g e  of p r i n c i p a l  e n e r g y  d i s s i p a t i o n  invo lve  w a v e -  
n u m b e r s  ~ s a t i s f y i n g  the  i n e q u a l i t i e s  

k o << k << Rok o . (6.2) 

Also ,  i t  i s  found t ha t  the  t r a n s f e r o f  e n e r g y  i s  loca l  in w a v e n u m b e r  space ,  t h e r e  b e i n g  
no a p p r e c i a b l e  d i r e c t  t r a n s f e r  f r o m  the  e n e r g y - c o n t a i n i n g  r a n g e  to the  w a v e n u m b e r s  
s a t i s f y i n g  Eq.  (6.2). 

The  c h a r a c t e r i s t i c  t i m e s  fo r  m o d e s  s a t i s f y i n g  Eq. (6.2) a r e  v e r y  s h o r t  c o m p a r e d  
to the  d e c a y  t i m e  of the  t u r b u l e n c e .  T h i s  h a s  the  c o n s e q u e n c e  t h a t  g ( k ; t , t ' )  and  
r(k;  t .  t '  ) m a y b e  c o n s i d e r e d  exp l i c i t  f u n c t i o n s  of on ly  the  d i f f e r e n c e  t i m e  t - t ' .  The  
so lu t ion  of the  s y s t e m  Eqs .  (2.8), (4.2), and  (4.7) in  t h i s  r a n g e  t h e n  g ives  the  
r e s u l t  (3) 

g ( k ; t , t ' )  = r ( k ; t , t ' )  = 
Jl[2V0k(t  - t '  )] 

vok(t  - t ' )  (6.3) 

(It m u s t  be  r e m e m b e r e d  h e r e  t ha t  g(k; t ,  t ' )  i s  de f ined  on ly  fo r  t > t ' . )  T h u s  the  
c h a r a c t e r i s t i c  t i m e  fo r  m o d e  k i s  the  o r d e r  of 1/vok ,  the  t i m e  a s s o c i a t e d  wi th  the  
c o n v e c t i o n  of a s t r u c t u r e  of t h i s  w a v e n u m b e r  by a n  r m s  v e l o c i t y  c o m p o n e n t .  The  
t r a n s f e r  func t ion  in the  r a n g e  (6.2) r e d u c e s  to the  f o r m  (3) 

T(k)  = k ffa [ k 2 a ( k , p , q )  E(p)  - 
dpdo 

p 2 b ( k , p , q )  E(k)]  E(q) 8 ( k , p , q )  p---~ (6.4) 

w h e r e  

f ~ J l (2V0ks  ) J l(2VoPS) J l ( 2 v o q s )  (Tr/2) 1/2 
8 ( k , p , q )  = v0ks v0Ps v0° s  ds "~ • (6.5) 0 Vo (k2 + p2 + q2 )1 /2  

We h a v e  s u p p r e s s e d  the  t i m e - d e p e n d e n c e  of T and E in Eq. (6.4), s i n c e  t h i s  v a r i a t i o n  
i s  s low c o m p a r e d  to the  c h a r a c t e r i s t i c  t i m e s  of the  m o d e s  invo lved .  

The  quan t i t y  ~(k,p,  q) h a s  the  d i m e n s i o n s  of a t i m e .  In v iew of ou r  p r e v i o u s  d i s -  
c u s s i o n  of the  d i r e c t - i n t e r a c t i o n  a p p r o x i m a t i o n ,  we m a y  i n t e r p r e t  8 ( k , p , q )  a s  the  
e f f ec t i ve  t i m e  d u r i n g  which  the  d i r e c t  e l e m e n t a r y  i n t e r a c t i o n  of m o d e s  k, p, and  q 
can  bu i ld  up p h a s e  r e l a t i o n s  b e f o r e  t hey  a r e  wiped out  by  the  r e l a x a t i o n  due to the  
o v e r a l l  n o n l i n e a r  i n t e r a c t i o n ,  to pu t  i t  v e r y  c rude ly .  In the  p r e s e n t  c a s e  the  r e l a x a -  
t ion  e v i d e n t l y  i s  d o m i n a t e d  by  the  a c t i o n  of the  e n e r g y - c o n t a i n i n g  r a n g e ,  a s  d e m o n -  
s t r a t e d  by  the  f a c t o r  v o in  Eq. (6.5). Thus ,  in the  d i r e c t - i n t e r a c t i o n  a p p r o x i m a t i o n  
the  e n e r g y - c o n t a i n i n g  r e g i o n  e x e r t s  an  in f luence  on  the  r a t e  a t  wh ich  e n e r g y  i s  
t r a n s f e r r e d  wi th in  the  h i g h - w a v e n u m b e r  r eg i on ,  even  though  t h e r e  i s  n e g l i g i b l e  d i r e c t  
t r a n s f e r  f r o m  the  e n e r g y - c o n t a i n i n g  r e g i o n  to the  h igh  w a v e n u m b e r s .  

The  i n e r t i a l - r a n g e  s p e c t r u m  law in the  d i r e c t - i n t e r a c t i o n  a p p r o x i m a t i o n  i s  
e a s i l y  found f r o m  the  f o r m  of Eq. (6.4) and  the  f ac t  t h a t  the  e n e r g y - t r a n s f e r  t u r n s  
out  to b e  l oca l  in w a v e n u m b e r  space .  It i s  a p p a r e n t  f r o m  Eq. (6.4) t h a t  the  r a t e  a t  
wh ich  e n e r g y  i s  t r a n s f e r r e d  by  e a c h  e l e m e n t a r y  i n t e r a c t i o n  i n v o l v e s  the  s p e c t r u m  
func t ion  b i l i n e a r l y a n d  the  v e l o c i t y  v o i n v e r s e l y .  S ince  the  t r a n s f e r  i s  loca l ,  the  r a t e  

41 



R. H. K r a i c h n a n  

e a t  wh ich  e n e r g y  p a s s e s  f r o m  be low to a b o v e  t he  w a v e n u m b e r  k c a n  d e p e n d  only  on 
the  s p e c t r u m  func t i on  in t he  n e i g h b o r h o o d  of k. T h u s ,  

k 3 
E ~ - -  [ E ( k ) ]  2 , ( 6 . 6 )  

v 0 

w h e r e  the  f a c t o r  k 3 m a k e s  the  d i m e n s i o n s  of b o t h  s i d e s  the  s a m e ,  and  m a y  b e d e d u c e d  
f r o m  Eq.  (6.4). I n v e r t i n g  Eq.  (6.6) we have  the  s p e c t r u m  law 

E ( k )  = c o n s t  ( ~ v 0 ) l / 2 k  ° 3 / 2  (6 .7)  

T h i s  law i s  c o r r o b o r a t e d  and  a v a l u e  o b t a i n e d  f o r  the  c o n s t a n t  of p r o p o r t i o n a l i t y  by  
a d e t a i l e d  t r e a t m e n t  of Eq.  (6.4) in  Ref .  (3). 

I t  i s  w e l l - k n o w n  (4) t h a t  a c c o r d i n g  to  t h e  K o l m o g o r o v  t h e o r y  t h e  s p e c t r u m  in the  
i n e r t i a l  r a n g e  i s  g iven  not  by  Eq.  (6.7) bu t  by  

~(k) ~ ~2/3k-S/S (6.8) 

The  o r i g i n  of the  d i s c r e p a n c y  l i e s  in  t he  d i f f e r e n t  r o l e s  p l a y e d  by  the  e n e r g y -  
c o n t a i n i n g  m o d e s  in  the  two c a s e s .  U n d e r  t he  d i r e c t - i n t e r a c t i o n  a p p r o x i m a t i o n ,  the  
a c t i o n  of t h e s e  m o d e s  on  the  h igh  w a v e n u m b e r s  m a y  b e  d e s c r i b e d  a s  fo l lows .  T h e y  
induce  a r a p i d  ( c h a r a c t e r i s t i c  t i m e  1 /vok ) e x c h a n g e  of e n e r g y  a m o n g  v e r y  m a n y  m o d e s  
in the  n e i g h b o r h o o d  of a g iven  h i g h  k w h o s e  wave  v e c t o r s  d i f f e r  b y  t h e  o r d e r  of k 0. 
A l though  t h e s e  h i g h - l y i n g  m o d e s  have  n e a r l y  the  s a m e  wave  v e c t o r s ,  t h e i r  p h a s e s  
a r e  e f f e c t i v e l y a l m o s t  r a n d o m l y  r e l a t e d  ( see  Sec t ion  3). T h e r e f o r e  t he  e n e r g y - m i x i n g  
r e s u l t s  in  a r e l a x i n g  of the  p h a s e  r e l a t i o n s ,  e s s e n t i a l  f o r  m e a n  e n e r g y - t r a n s f e r ,  
a m o n g  i n d i v i d u a l  t r i a d s  c o n s i s t i n g  of one  of the  m o d e s  in  the  n e i g h b o r h o o d  and  m o d e s  
p ,  q in o t h e r  n e i g h b o r h o o d s .  

In the  K o l m o g u r o v  t h e o r y ,  on t he  o t h e r  hand ,  the  e n e r g y - c o n t a i n i n g  m o d e s  have  
on ly  a t r i v i a l  c o n v e c t i v e  e f fec t  on  h igh  k m o d e s  and  do no t  d i r e c t l y  i n f l u e n c e  the  
d y n a m i c s  in  t he  h i g h  k r a n g e .  On t h i s  b a s i s ,  t he  e n e r g y - c o n i a i n i n g  r a n g e  shou ld  not  
c o n t r i b u t e  to the  r e l a x a t i o n  of e n e r g y - t r a n s f e r r i n g  p h a s e  r e l a t i o n s  a m o n g  m o d e s  k, 
p ,  and  q. In fac t ,  if in  the  e x p r e s s i o n  (6.5) f o r  8 (k .p ,q}  we r e p l a c e  v o by, say ,  
[kF ( ~ ) ]  1/2, wh ich  m a y  be  c o n s i d e r e d  t he  r m s  v e l o c i t y  a s s o c i a t e d  w i th  w a v e n u m b e r s  

the  o r d e r  of k only ,  i t  m a y  be  s e e n  t h a t  t he  m o d i f i e d  Eq.  (6.4) t h e r e b y  o b t a i n e d  l e a d s  
to the  K o l m o g o r o v  law Eq.  (6.8). 

I t  d o e s  not  s e e m  v e r y  e a s y  to  d e c i d e  w h i c h  of t he  two i n e r t i a l  r a n g e  l aws  i s  
a s y m p t o t i c a l l y  c o r r e c t  f o r  i n f in i t e  R0, o r ,  f o r  t h a t  m a t t e r ,  w h e t h e r  e i t h e r  of t h e m  is .  
The  a r g u m e n t  b a s i c  to the  K o l m o g o r o v  t h e o r y  - t h a t  the  e n e r g y - r a n g e  h a s  on ly  a 
t r i v i a l  c o n v e c t i v e  e f fec t  on h igh  w a v e n u m b e r s  - i s  open  to s o m e  doubt .  T h i s  i s  
b e c a u s e  h igh  Reyno lds  n u m b e r  t u r b u l e n c e  t e n d s  to d i s p l a y  s h a r p  s h e a r  f r o n t s  (4) 
wh ich  c o n t r i b u t e  s i g n i f i c a n t l y  to  the  h igh  k s p e c t r u m ,  and  a c r o s s  which  the  j u m p  in 
v e l o c i t y  c a n  be  a n  a p p r e c i a b l e  f r a c t i o n  of v 0. I t  d o e s  no t  c l e a r  how to s e p a r a t e  the  
low and  h igh  w a v e n u m b e r s  in s u c h  r e g i o n s  in a p h y s i c a l l y  s a t i s f y i n g  f a sh ion .  On the  
o t h e r  hand ,  if the  K o l m o g o r o v  t h e o r y  i s  c o r r e c t ,  i t  i s  not  a s u r p r i s e  t h a t  the  d i r e c t -  
i n t e r a c t i o n  a p p r o x i m a t i o n  f a i l s  to r e p r o d u c e  it.  The  c o n v e c t i o n ,  wi th  on ly  s m a l l  
d i s t o r t i o n ,  of a s m a l l - s c a l e  v e l o c i t y  s t r u c t u r e  by  a l a r g e - s c a l e  s t r u c t u r e  i s  not  a 
v e r y  e l e m e n t a r y  p r o c e s s  in  k space .  It  i n v o l v e s  in e s s e n t i a l  f a s h i o n  the  fac t  t h a t  the  
c o e f f i c i e n t s  of m a n y  e l e m e n t a r y  i n t e r a c t i o n s  l i nk ing  low w a v e n u m b e r s  wi th  p a i r s  of 
h igh  w a v e n u m b e r s  a r e  n e a r l y  t he  s a m e .  C o n s e q u e n t l y ,  a s  i n d i c a t e d  by  the  d i s c u s s i o n  
in Sec t ion  5, the  c o n v e c t i o n  p r o c e s s  i s  bad ly  r e p r o d u c e d  in t he  m o d e l  s y s t e m  which  
the  d i r e c t - i n t e r a c t i o n  a p p r o x i m a t i o n  d e s c r i b e s .  
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The rea l ly  surpr is ing fact, perhaps,  is that the very  different dynamica lp ic tu res  
cal led for by the Kolmogorov theory and the d i rec t - in te rac t ion  approximation lead to 
asymptotic laws which are  nearly the same. This appears  to support the surmise  
made in the last  Section that so far  as  energy equil ibrium is  concerned it does not 
make much difference how the e lementary  interact ions are  phased. One might  expect, 
moreover ,  that the accuracy of the d i rec t - in te rac t ion  approximation very  likely 
improves  at wavenumbers below the iner t ia l  range, where convection-without-  
apprec iable-d is tor t ion  c lea r ly  does not occur  in any event. 

The exper imental  evidence is not much help in choosing between the two iner t ia l  
range laws. An analysis  (3) of one of the most  careful  h igh-Reynolds-number  labora-  
tory exper iments  (8) seems slightly to favor the k 3/2 law, but not much can be made 
of this. The Reynolds number (R 0 ~ 4o00) is not real ly  high enough to be sure that 
asymptotic behavior was observed,  and there  a re  large deviations f rom isotropy and 
homogeneity. What seems a bet ter  way to check the d i rec t - in te rac t ion  approximation 
is  to compare measured  and calculated values of the absolute spectrum level  in the 
iner t ia l  range. This may provide a meaningful test  of the usefulness of the approxi-  
mation even at Reynolds numbers st i l l  too low to d iscr imina te  the difference in the 
power law. 
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DISCUSSION 

L. S. G. Kovasznay (Johns Hopkins Universi ty)  

I make my comment here  as an exper imental is t  in turbulence r e sea rch .  I want 
to r eassu re  those who are  s tar t led by the difference between an exponent of -5/3  and 
-3 /2  that, percentage-wise ,  this is not very great  (most of you are  fami l ia r  with 
turbulence spectra--drawing on Vu-Graph). In a logar i thmic plot of power spectrum 
versus  wave number one always obtains a gently "drooping" curve.  Any power law 
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is given by a straight line, whose slope is the exponent, while a measured  spectrum 
always looks slightly curved.  One may, therefore ,  always draw a tangent r ep resen t -  
ing a pa r t i cu la r  power law. So, I believe,  for a long t ime to come the dispute will not 
be decided by exper imental  evidence alone. 
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