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I N T R O D U C ~ O N  

The p rob l em of uns teady f lows with  wake fo rma t ion  of with s e p a r a t e d  f r e e  
s t r e a m l i n e s  has  r e c e n t l y  s t imu la t ed  s o m e  r e s e a r c h  i n t e r e s t .  To fix ideas ,  c o n s i d e r  
the flow pas t  a plate with i t s  b road  s ide  fac ing  the s t r e a m  and o s c i l l a t i n g  about 
f ixed point as  shown in Fig.  1. The  flow s e p a r a t e s  f r o m  the pla te  at points  A and A' ,  
andwe  can adopt the hypothes i s  that  the f r e e  s t r e a m l i n e s  AB and A ' B '  bound a region,  
ca l l ed  the wake o r  the cavi ty ,  of cons tant  p r e s s u r e  Pc which m a y  be  d i f f e r en t  f r o m  
the p r e s s u r e  at infinity,  p~. In the absence  of the uns teady  mot ion,  the s t r e a m l i n e s  
of cons tan t  p r e s s u r e  in th is  i n c o m p r e s s i b l e  i r r o t a t i o n a l  flow imply  s t r e a m l i n e s  of 
cons tan t  ve loc i ty .  However ,  the ve loc i t y  on the f r e e  s t r e a m l i n e s  in an uns teady  flow 
i s  no l onge r  cons tant  s ince  the p r e s s u r e  depends  a lso  on the t i m e - r a t e  of change of 
the loca l  ve loc i ty  field,  and f u r t h e r m o r e ,  the uns teady  mot ion  of the body c a u s e s  
v o r t i c i t y  of va ry ing  s t r eng th  to be  shed f r o m  the body and c a r r i e d  d o w n s t r e a m  along 
the f r e e  boundar i e s .  When the plate  inc l ina t ion  d e c r e a s e s  to a s m a l l  angle  with the 
und i s tu rbed  flow, the wake m a y  d i sappea r ,  the two v o r t e x  s h e e t s  then c o a l e s c e  into a 
s ing le  sheet ,  and the flow b e c o m e s  that  c o n s i d e r e d  in the uns teady  a i r fo i l  theory .  
Thus the uns teady  flow with wake f o r m a t i o n  d i f f e r s  f r o m  the a i r fo i l  t heo ry  e s s e n t i a l l y  
by the p r e s e n c e  of two v o r t e x  s h e e t s  ins t ead  of one, and the p r o b l e m  is  t he r eby  con-  
s ide rab ly  compl i ca t ed .  

Fig .  1 - F low past  a plate  

Aside  f r o m  the se  consp icuous  points ,  o the r  new f e a t u r e s  m a y  a r i s e  in the p r o b -  
l e m  of the uns teady  mot ion  with wake fo rma t ion ;  they m a y  be  b a s i c a l l y  d i f fe ren t  f r o m  
the c o r r e s p o n d i n g  f e a t u r e s  c h a r a c t e r i z i n g  the s teady  cavi ty  f lows and hence  a r e  p e r -  
t inent  to the g e n e r a l  f o r m u l a t i o n  of the p rob l em.  One of these  f e a t u r e s  i s  the p o s -  
s ib i l i ty  fo r  the vo lume  of a f in i te  o r  inf ini te  wake to v a r y  with t ime .  F o r  cav i ty  f lows 
of an i n c o m p r e s s i b l e  l iquid  su r round ing  a vapo r  cav i ty ,  i t  i s  obvious  that ,  when the 
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volume of the vapor cavity changes, the conservat ion of mass  and conservat ion of 
volume of the ent i re  flow become incompatible because  of the difference in the liquid 
density and the vapor density. Consequently, any var ia t ion of the cavity volume must 
come from a source distr ibution whose net s trength depends on the t ime rate  of 
change of the cavity volume. A di rec t  consequence of this source  distr ibution in a 
two-dimensional  flow of infinite extent is that it genera tes  a p re s su re  field which is 
logar i thmica l ly  singular  at infinite distances.  Thus it is  c l ea r  that the change in the 
cavity volume depends on the flow conditions imposed at infinity. More precise ly ,  
the cavity volume will  change if the flow at infinity is of a source  type, and it will not 
change if otherwise.  Physical ly  this can be seen as follows. Consider an obstacle 
moving through an incompress ib le  liquid contained in a r igid container,  large enough 
to make thewal l  effects  negligible.  After  the cavity t ra i l ing  behind the body is es tab-  
lished, e.g., by removing the liquid through openings of the container  and by allowing 
the obstacle  to move fast  enough, the container is  then assumed to be perfect ly  r igid 
and f ree  from leakage. Then, as the veloci ty  of the obstacle  changes in time, the 
cavity, whether s t i l l  attached to or  detached f rom the obstacle depending on the la ter  
state of the motion, cer ta in ly  cannot change i ts  volume. On the other  hand, if the 
liquid has a f ree  surface above the obstacle,  then the cavity volume may change with 
the veloci ty  of the motion. Therefore ,  in o rde r  to make the problem completely 
specif ied and the solution uniquely determinate ,  the condition of the veloci ty  and 
p re s su re  at infinity must also be given as functions of the t ime.  For  simplici ty,  we 
shall  confine ourse lves  in this work to the case in which the flow at infinity is source-  
free,  and hence the cavity volume will  remain  constant. However, it should be 
r emarked  here  that the genera l iza t ion of this argument to the case of separated flow 
in a i r  would be open to question; for  in this case of one-phase flow, the fluid inside 
the wake may actually consist  of fluid par t i c les  or iginal ly  outside due to the turbulent 
mixing in the unsteady motion. In any case, if the fluid par t ic les  outside a cavity 
essent ia l ly  remain  outside, then one may assume that the wake or  cavity does not 
change in volume. This is perhaps a reasonable  assumption when the unsteady part 
of the motion is only a smal l  perturbat ion of a bas ic  steady flow. 

Another question about the unsteady wake flow is whether the wake p r e s su re  may 
vary  with t ime.  For  a liquid flow with a vapor -gas  cavity, the the rmal  p rocess  of 
changing phase on the f ree  boundary and the p rocess  of any gas diffusion ac ross  the 
boundary may be regarded  to be a lmost  instantaneous with respec t  to the unsteady 
motion. Fur the rmore ,  the iner t ia  of the vapor or  gas inside the cavity has negligible 
effect on the outer  flow because  of the large  difference in density of the two phases. 
Hence, for  this case at least,  the assumption of constant p r e s su re  in the cavity is as 
r ea l i s t i c  as for the steady motion. On the other hand, the same assumption, when 
applied to a separated flow of a s ingle-phase  medium, such as air, s eems  somewhat 
questionable,  because  the unsteady motion of the body impar t s  acce lera t ion  to the 
fluid both outside and inside the cavity, and they respond in turn with the same inert ia.  
However, the assumption of constant p r e s su re  in the wake may sti l l  be retained as 
the f i r s t  approximation. The effect of gravity, which a r i s e s  in the two-phase flows, 
is  neglected here  as usual. 

In the following we shall f i r s t  descr ibe  the par t icu lar  case when the t ime and 
space var iab les  can be separated.  Next, the hydrodynamic motion short ly  after  an 
unsteady motion is introduced will  be considered.  The discussion will  then be con- 
centra ted on the case in which the unsteady part  of the motion is  only a smal l  pe r -  
turbation of the basic  steady flow. Two methods of approach will  be descr ibed.  For  
a blunt body with a wide wake, the smal l  perturbat ion is made on the veloci ty poten- 
tial; whereas,  when the body-wake sys tem is ve ry  thin, the accelera t ion  potential is 
emp loyed .  In the fo rmer  case, the acce lera t ion  potential of course  also exis ts ,  but it 
is not d ivergence free.  Consequently the value of using it is  great ly  reduced. 
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FINITE CAVITIES WITH CONSTANT SHAPE 

In 1949 Von K~rm~kn (1) t r e a t e d  an a c c e l e r a t e d  flow n o r m a l  to a f la t  p la te  which  
i s  held  f ixed in an i n e r t i a l  f r a m e  such  that  wi th  given a c c e l e r a t i o n  of the flow, the 
flow wil l  s e p a r a t e  f r o m  the p la te  to f o r m  a c l o s e d  wake of cons t an t  shape  beh ind  the 
p la te  (Fig.  2).. This  i n c o m p r e s s i b l e ,  i r r o t a t i o n a l  f low has  a ve loc i ty  po ten t i a l  of the 
f o r m  

¢ ( x , y , t )  : U(t)  ~ ( x , y )  (1) 

w h e r e  x and y a r e  the C a r t e s i a n  c o o r d i n a t e s  in the flow plane ,  f ixed wi th  r e s p e c t  to 
the p la te  and with the x - a x i s  p a r a l l e l  to the u n d i s t u r b e d  u n i fo rm  s t r e a m ,  and t i s  the 
t ime.  The p r e s s u r e  i s  given by 

p + / d U \  1 ~" ~ _ ] ¢ p  + 2 U2(gra  d q))2 = C ( t ) .  (2) 

Here ,  ~ is  a h a r m o n i c  funct ion  of x and y, and s a t i s f i e s  the fol lowing boundary  
condi t ions :  

(i) at  inf ini ty cx = i ,  ~y = 0 

(ii) on the p la te  ~x = o (3) 

(iii) on the f r e e  bounda ry  of the wake, P = Pc = const .  
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Fig .  2 - A c c e l e r a t e d  flow pas t  a f ixed plate fo rming  a 
c l o sed  wake of cons tan t  shape 

The only boundary  condi t ion  that  invo lves  t i s  (iii). Hence ~ will  not depend  on t ,  as  
a s s u m e d ,  when and only w h e n t h e  two t ime  f a c t o r s  in Eq. (2) a r e  p r o p o r t i o n a l  to each  
o ther ;  that  is,  

k : a/U 2 : Ao/Uo 2 (4) 

w h e r e  k is  a r e a l  cons tan t ,  a ( t )  = d U / d t ,  a 0 = a ( 0 ) ,  and the ini t ia l  ve loc i ty  of the 
flow at infinity u 0 = u(0) is  a s s u m e d  to be pos i t i ve  but o t h e r w i s e  a r b i t r a r y .  Then 
condi t ion (iii) b e c o m e s  
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( g r a d  q~)2 . 2k cp = 0 o n  t h e  f r e e  b o u n d a r y .  (5) 

The a r b i t r a r y  c o n s t a n t  k i s  d e t e r m i n e d  s u c h  t h a t  the  p r o b l e m  of ~ wi th  c o n d i t i o n s  
(3i), (3ii),  and  (5) p o s s e s s e s  a so lu t ion .  Now Eq. (4) h a s  the  g e n e r a l  i n t e g r a l  

ao t  _1 
U ( t )  -- U 0 1 - Uo / (6) 

which  c h a r a c t e r i z e s  the  flow v e l o c i t y  a t  inf in i ty .  Von K~irm~n o b t a i n e d  the  so lu t ion  
of ~ fo r  a p a r t i c u l a r  c a s e  in wh ich  the  two b r a n c h e s  of the  f r e e  b o u n d a r y  of the wake 
m e e t  and  c l o s e  the  cav i ty  a t  a s t a g n a t i o n  poin t ,  and  showed  t h a t  a c l o s e d  wake  of con -  
s t a n t  s h a p e  i s  p o s s i b l e  only when  the  " F r o u d e  n u m b e r "  

U2~/a4 2 / ) -  1 1/2 1 (d2--- 1 0.599 (7) = U0/a0~ = - -  + ~ arc cos = 

w h e r e  ~ i s  the  h a l f - w i d t h  of the  p la t e .  I t  c an  be  s e e n  t h a t  when  the  flow a t  inf in i ty  
o b e y s  (6) and  (7), the  v e l o c i t y  on the  f r e e  b o u n d a r y  d e c r e a s e s  f r o m  3 . 1 1 u  at  the 
s e p a r a t i o n  po in t  to z e r o  a t  the  r e a r .  T h i s  i s  the  on ly  c a s e  fo r  w h i c h  a s t a g n a t i o n  
po in t  c an  o c c u r  on a f r e e  b o u n d a r y  of c o n s t a n t  p r e s s u r e .  

W r i t i n g  w = d F / d z ,  with  z = x + i y  and F the  c o m p l e x  p o t e n t i a l ,  we s ee  tha t  F/w, 
and  h e n c e  z a s  d e t e r m i n e d  f r o m  J dF/w, i s  e v i d e n t l y  i n d e p e n d e n t  of t by v i r t u e  of (1). 
I t  t hen  fo l lows  t h a t  the  wake  s h a p e  i s  c o n s t a n t  in  t ime .  In f ac t  the  r e a r  end  of the  
wake  i s  a t  a d i s t a n c e  1.135 6 f r o m  the  p l a t e  ( s ee  Fig.  2). F u r t h e r m o r e ,  the  p r e s s u r e  
c o e f f i c i e n t  de f ined  by 

1 2 
cp = (p - Pc) ~-pu 

i s  a l s o  i n d e p e n d e n t  of t by  (2) and  (4), and  so  i s  the  a c c e l e r a t i o n  coe f f i c i en t  

D I p U 2 .  C a = ~  ( g r a d  ~)  :z 

T h i s  f low i s  t hus  a l s o  c h a r a c t e r i z e d  by  h a v i n g  Cp and  C a c o n s t a n t  in  t ime .  It  t h e r e -  
f o r e  fo l lows  t h a t  the  d r a g  c o e f f i c i e n t  h a s  a f ixed  v a l u e  which  can  be  v e r i f i e d  to be  

C D = Orag/pV2"~ = 1 0 . 4 8 .  (8) 

The magnitude m; = drag/acceleration may be called the cavity-induced mass; then 
by (7) and  (8), 

m' = pU2~ CD/a = 6 . 2 6  p ~ 2 .  (9a) 

If the  f i a t  p l a t e  had  u n d e r g o n e  an  a c c e l e r a t i o n  a n o r m a l  to  the  flow wi thou t  wake  f o r -  
m a t i o n  (a p o s t u l a t e d  D i r i c h l e t  flow), t h e n  the  i nduced  m a s s  would be  

mo = ~p~2. (gb) 

Thus ,  

rn ' /m '  ° : 1 . 9 9 5 .  (9C) 

As p o i n t e d  out  by  T an  (2), t he  law of m o t i o n  (Eq. 6) fo r  p r e s e r v i n g  the  wake  p a t -  
t e r n  (wi th  Eq. 7 a s  a s p e c i a l  c a s e ) " i s  g e n e r a l  and  unique.  The law i s  g e n e r a l  in the  
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s e n s e  t h a t  i t  a p p l i e s  to  any body s h a p e  wi th  w e l l - d e f i n e d  s e p a r a t i o n  po in t s ,  p r o v i d e d  
t h e r e  e x i s t s  a so lu t ion  f o r  ~. The  law i s  unique  b e c a u s e  no o t h e r  f lu id  m o t i o n  wil l  
p r o d u c e  such  a p r e s e r v e d  p a t t e r n  of the  wake flow. F o r  the  c a s e  of the  f l a t  p l a t e ,  the  
c l a s s  of f lows  c h a r a c t e r i z e d  by  (Eq. 6) h a s  b e e n  i n v e s t i g a t e d  by G i l b a r g  (3). I t  was  
shown tha t  only u n d e r  (Eq. 7) the  flow (which  i s  t ha t  g iven  by Von K~rm~.n) h a s  a 
s t a g n a t i o n  po in t  in  the  r e a r ,  w h e r e a s  fo r  o t h e r  v a l u e s  of a c c e l e r a t i o n  o b t a i n e d  f r o m  
the  so lu t ion  of ~, the  cav i ty  s h a p e s  a l l  have  c u s p s  a t  the  r e a r .  A n o t h e r  type  of the  
f lows  in t h i s  c a s e  was  d i s c o v e r e d  to con ta in  a doubly c o v e r e d  cav i ty  s u b r e g i o n  (3); 
t h e s e  f lows  w e r e  c o n s i d e r e d  a s  p h y s i c a l l y  u n r e a l i s t i c .  The c a s e  of po lygona l  o b s t a -  
c l e s  w a s  a l s o  t r e a t e d  by  G i l b a r g  (3). 

I t  shou ld  be  r e m a r k e d  t h a t  the  wake flow g e n e r a t e d  by a f l a t  p l a t e  a c c e l e r a t i n g  
b r o a d w i s e  t h r o u g h  the  f lu id  wh ich  i s  o t h e r w i s e  at  r e s t  in an  i n e r t i a l  f r a m e  i s  a p r o b -  
l e m  d i f f e r e n t  f r o m  the  p r e s e n t  one s ince  the  p r e s s u r e  e q u a t i o n  in t h i s  c a s e  a s s u m e s  
a d i f f e r e n t  f o r m .  

SUDDEN A C C E L E R A T I O N  O F  CAVITY FLOWS 

It  i s  of i m p o r t a n c e  to note  a n  e s s e n t i a l  d i f f e r e n c e  b e t w e e n  the  u n s t e a d y  f lows  w i th  
and  wi thou t  f r e e  b o u n d a r i e s .  In the  d e t e r m i n a t i o n  of the ve loc i t y  f i e ld  of the  u n s t e a d y  
p o t e n t i a l  f lows  wi thou t  a f r e e  b o u n d a r y ,  the  t i m e  a p p e a r s  only a s  a p a r a m e t e r  s i nce  
no knowledge  about  the  t i m e  r a t e  of change  of the  p h y s i c a l  q u a n t i t i e s  i s  r e q u i r e d  in 
the  p r o b l e m .  Only when  the  p r e s s u r e  f i e ld  i s  c a l c u l a t e d  does  the  e f fec t  of u n s t e a d y  
m o t i o n  e x p l i c i t l y  a p p e a r  ( t h rough  the  t e r m  ~¢/~t  in  the  B e r n o u l l i  equat ion) .  On the 
o t h e r  hand,  w h e n  the  wake  i s  p r e s e , l t ,  the  flow wi l l  depend  on  i t s  p r e v i o u s  t i m e  h i s -  
t o ry ,  b e c a u s e  the  e x p l i c i t  r o l e  of the  t i m e  e n t e r s  the  p r o b l e m  t h r o u g h  the  b o u n d a r y  
c o n d i t i o n s  on the  f r e e  s u r f a c e .  However ,  when  a b a s i c  s t e a d y  wake flow is  g iven  a 
s u d d e n  a c c e l e r a t i o n ,  t h e r e  wi l l  be  no p a s t  h i s t o r y  of any  t i m e - v a r y i n g  d i s t u r b a n c e s  
a t  the  m o m e n t  of the  a p p l i c a t i o n  of t h i s  sudden  change .  T h e r e f o r e ,  the  p r o b l e m  of 
f ind ing  the  flow c h a r a c t e r i s t i c s  a t  the  i n i t i a l  i n s t a n t  of the  u n s t e a d y  cav i ty  flow is  
e x p e c t e d  to b e  not  any m o r e  c o m p l i c a t e d  t han  the  g e n e r a l  u n s t e a d y  flow wi thou t  a 
cav i ty .  F o r  t h i s  r e a s o n  we s h a l l  f i r s t  c o n s i d e r  the  in i t i a l  s t age  of the r e a c t i o n  of a 
cav i ty  f low to the  sudden  a c c e l e r a t i o n  of a r i g i d  b o u n d a r y  in c o n t a c t  wi th  it. 

L e t  ~(~¢) be  the  v e l o c i t y  p o t e n t i a l  of an  e s t a b l i s h e d  s t eady  cav i ty  flow p a s t  a s t a -  
t i o n a r y  r i g i d  body.  Suppose  now the  body i s  g iven  a sudden  a c c e l e r a t i o n  a a t  t i m e  
t = 0 in  the  d i r e c t i o n  oppos i t e  to  the  u n d i s t u r b e d  flow, say.  Then  the  ve loc i t y  p o t e n -  
t i a l  fo r  s m a l l  t > 0 wi l l  a s s u m e  the  f o r m  (4) 

¢b(~,t)  = cp(~¢) + at A(~) + 0 ( t  2) . (10) 

The  quan t i t y  A wi l l  b e  r e f e r r e d t o  a s  the  " i n i t i a l  a c c e l e r a t i o n  p o t e n t i a l "  fo r  un i t  a c c e l -  
e r a t i o n .  S ince  ¢ of the  r e s u l t i n g  flow and  ~ of the  b a s i c  s t e a d y  f low a r e  b o t h  h a r -  
mon ic  func t ions ,  i t  fo l lows  t h a t  

V2A = 0 .  ( i i )  

F r o m  the  m o m e n t u m  e q u a t i o n  we s e e  a t  once  t ha t  the  p r e s s u r e  wi l l  a s s u m e  the  f o r m  

P ( ~ , t )  = p(~¢) + pl(~¢) + 0 ( t ) ,  Pl = - p a A ( ~ ) ,  (12) 

w h e r e  p(~) d e s c r i b e d  the  p r e s s u r e  f i e ld  of the  o r i g i n a l  s t e a d y  flow, and  Pl i s  the  
p r e s s u r e  g e n e r a t e d  by  the  s u d d e n  a c c e l e r a t i o n .  
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F r o m  the bounda ry  cond i t ion  tha t  the r e l a t i v e  n o r m a l  v e l o c i t y  on the  r i g id  body 
m u s t  van ish ,  ~¢/~n = - at n l ,  w h e r e  ~ i s  the unit  n o r m a l  v e c t o r  on the body and n 1 i t s  
c o m p o n e n t  a long the d i r e c t i o n  of u n d i s t u r b e d  flow. Since the  d i s p l a c e m e n t  of the 
r i g i d  body is  0( t  2), th i s  bounda ry  cond i t ion  can  be app l i ed  on i t s  u n d i s t u r b e d  pos i t ion .  
Hence,  at  t = o*, we have f r o m  (10), 

~ A / ~ n  = - n I o n  t h e  rigid boundary. (13a) 

By h y p o t h e s i s ,  the p r e s s u r e  in the cavi ty  r e m a i n s  cons tan t .  Hence,  at  t : 0 +, we 
have f r o m ( 1 2 )  

A = 0 on the f r e e  boundary .  (13b) 

F u r t h e r m o r e ,  s ince  th i s  sudden  a c c e l e r a t i o n  of the body cannot  a f fec t  the flow at  
inf ini ty,  we r e q u i r e  tha t  

A ~ 0 as  I~(] -*co in the flow. (13c) 

The a c c e l e r a t i o n  po ten t i a l  A is  then  uniquely  d e t e r m i n e d  by (11) and cond i t ions  (13a)-  
(13c). It may  be no ted  tha t  A d e p e n d s  on the b a s i c  s t eady  flow th rough  condi t ion  
(13b), in which  the loca t ion  of the  f r e e  bounda ry  m u s t  be  spec i f i ed .  

Sudden A c c e l e r a t i o n  of a He lmhol t z  Flow 

A s i m p l e  i n t e r e s t i n g  c a s e  i s  the sudden  a c c e l e r a t i o n  of a f la t  p la te  in the 
He lmhol tz  f low, which  has  b e e n  t r e a t e d  r e c e n t l y  by Gurev ich  (5). The s t eady  
He lmhol t z  flow p a s t  a p la te  s e t  n o r m a l  to the s t r e a m  i s  given by the so lu t ion  

"1 z - - 4 ~ -  ( 1  - w 2 )  2 1 w ~ + t a n h - 1  (14) 

in which the o r ig in  of z = x + i y  i s  c h o s e n  at  the p la te  c e n t e r ,  -g i s  the h a l f - w i d t h  of 
the  p la te ,  the r e g i o n  of the complex  veIoe i ty  w = u - iv i s  u-~ 0 and [wl g 1 , a n d  
w = 1 at  z = co. The p a r a m e t r i c  r e p r e s e n t a t i o n  of the f r e e  boundary  i s  ob ta ined  by 
le t t ing  w = exp ( - 1 8 ) ,  s i nce  we have t h e r e  I wl = 1. The bounda ry  condi t ion  of A on 
the p la te  i s  now 

~A/~x = -I on x = 0, lyl < Z. (15) 

The solution of (II) satisfying conditions (15), (13b), and (13e), with the free boundary 
determined from (14), is readily obtained. It is conveniently expressed as 

_ _ _ _  r h 1 + iw i~ iw(1 - w2)] ~ dG 8i~ (1 + w2) 2 Og + (~ + 2) - -  
B--~ -=~(4 +~) (1  w2)3 ~ 1 - i w  1 +.2 ~2)2 J 

w h e r e  G = A + iB. B is  the conjuga te  h a r m o n i c  func t ion  of A, and the r e a l  p a r t  of 
g ives  the so lu t ion  of the p r o b l e m .  

The addi t iona l  d r a g  due to the sudden  a c c e l e r a t i o n  of the p la te  can  be shown to be 

D1 = f_ P l d Y = - p a  f A dy = 1.6896pa~ 2 • (16) 

298 



U n s t e a d y  S u p e r c a v i t a t i n g  F l o w s  

In this case  the initial value of the cavity-induced mass,  defined by D1/a , is 

m' = D1/a  : 1 .6396  p~2  a t  t = 0 + . (17) 

The rat io of m' to the induced mass  m' o of (9b) is therefore  

m ' / m '  ° = 1. 6896 /~  : 0. 5377 (= 7 / 1 3 )  . (18) 

The resu l t  that this ra t io  is l e ss  than unity may be explained in that the cavitated 
side of the plate, being located in the region of a constant p ressure ,  has no capacity 
of impart ing kinetic energy to the ex te r ior  flow. 

It may be reca l led  that the induced mass  of an unsteady flow without a cavity or 
other f ree  boundaries has always the same value whether the flow in the past  has 
been steady or  not. However, this is cer ta inly not the case in the p resence  of f ree  
boundary for the reasonprev ious ly  given. Consequently, the present  analysis  is appli- 
cable only to the initial instant when the original  steady cavity flow is subjected to a 
sudden change. Even though its application is l imited, this theory never the less  gives 
us some general  idea about the react ion of a cavity flow to a sudden change of state. 

Basic  Steady Flows with a Finite Cavity 

Since the steady flow will  be the basic  re fe rence  on which the smal l  unsteady 
per turbat ions  are tobe superimposed,  the use of the s implest  possible representa t ion  
of the basic flow will  obviously faci l i tate  the analysis  of the problem. There  are  sev-  
e ra l  mathemat ica lpotent ia l  flow models  proposed to give a goodrepresenta t ion  of the 
steady cavity flows, such as the Riabouchinsky image model, the reen t ran t  je t  model, 
and a third one which will be cal led here  the dissipation wake model, as investigated 
independently by Joukowsky, Roshko, and Eppler.  The physical  significance underly-  
ing these models  and the accuracy of their  resu l t s  in es t imat ing the flow quantit ies 
in comparison with the exper imenta l  observat ions  have been discussed e lsewhere  
(e.g., see Refs. 4 and 6 and the r e fe rences  cited therein). 

For  a simple example of t h e  dissipation wake model, consider  t h e  case of a flat 
plate set  normal  to an otherwise uniform flow, with the physically rea l i s t i c  situation 
of cavity p r e s su re  Pc l ess  than p .  The flow in the physical  space is r epresen ted  by 
this model as shown in Fig. 3. According to this model, the flow separa tes  f rom the 
plate at points A and A', and becomes  para l le l  to the undisturbed flow at D and D', the 

p,. 
U 

I w - pline 
z -  piane -v 

A' 
D 

Pc /) . "~ / 
C , ~ .'-~ ~ ! --  

x ~\  

A 

Fig. 3 - Example of flow according to the dissipation 
wake model 
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loca t ion  of which  can be d e t e r m i n e d  f r o m  the theory .  The wake p r e s s u r e  in b e t w e e n  
AD and A'D' t a k e s  the a s s i g n e d  value Pc, and the flow f u r t h e r  d o w n s t r e a m  of D and D' 
i s  supposed  to be d i s s i p a t e d  i n s u c h  a way that  the p r e s s u r e  i n c r e a s e s  g radua l ly  f r o m  
p~ back  to p~ in a s t r i p  p a r a l l e l  to the flow at  infini ty.  Outs ide  the a p p r o x i m a t e d  wake 
the flow i s  a s s u m e d  to be e v e r y w h e r e  i r r o t a t i o n a l .  Thus,  f r o m  the c o m p l e x  po ten t i a l  

f ( z )  = ~ ( x , y )  + i ~ ( x , y )  

the c o m p l e x  ve loc i ty  w can be d e r i v e d  a s  

- i ~  
w ( z )  = d f / d z  = u - i v  = ae  

w h e r e  q and ~ a r e  the magn i tude  and d i r e c t i o n  of the ve loc i ty .  
g iven by 

(19) 

(20) 

The p r e s s u r e  i s  

1 2 1 2 
P + 2-Pq = Pco + ~-pU . (21) 

By h y p o t h e s i s ,  p = Pc on AD and A'D'; hence  we have t h e r e  q = qc = 1 by n o r m a l i z a -  
tion. Then, in t e r m s  of Pc and qc = 1, 

/ I  U2 U = %(1 + K) -1/2 = (1 + ~)-1/2.  K = (p~ - p~)/ -~-p (22) 

w h e r e  K i s  ca l l ed  the cav i t a t ion  n u m b e r ,  an i m p o r t a n t  p a r a m e t e r  of the flow. Since 
Pc < P~, thenK > 0 and u < 1. Also  by h y p o t h e s i s ,  a long DE' and D'E ' ,  ~ = 0, whi le  q 
d e c r e a s e s  f r o m  unity back  to the f r e e - s t r e a m  value  u. 

The bounda ry  condi t ion  of f (z)  i s  tha t  ¢ = 0 on ECADE' and on ECA'D'E'. Ill v iew 
of the qua l i t a t ive  shape  of the s t r e a m l i n e s  ~ = const ,  n e a r  the po in t  w = u in the 
w-plane,  it  i s  obvious  tha t  f m u s t  have t h e r e  a s i n g u l a r i t y  of the f o r m  (w - U) -1. 
Hence the boundary  condi t ion  on ~ can  be s a t i s f i e d  exac t ly  by us ing  the me thod  of 
i m a g e s ,  f i r s t  r e f l e c t i n g  (w - u ) - l  into the uni t  c i r c l e  and then  into the l ine  u = 0, to 
give 

f B(w 1 1 
- U w + U w - U  - 1  + ( 2 3 )  

w h e r e  B i s  a r e a l  cons tan t .  Hence 

fo~ df dw 2B [ (U2 - U2)w 1 )1 (24) 
z = dw w - U (w 2 _ U2)(w2 _ U.2) ~ tanh -1 ~ U t a n h - l ( U w  . 

If £ i s  the h a l f - w i d t h  of the*p la t e ,  so  tha t  z = iS at  w = - i ,  then  B i s  d e t e r m i n e d  by 
the r e l a t i o n  

The d r a g  coe f f i c i en t  of t h i s  flow i s  r e a d i l y  ob ta ined  f r o m  the above so lu t ion  

(25) 

[_; Coo : pU2---- ~ = ~ "  + ~ - (1  + U 2)  t a n  -1 . (26) 
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F o r  s m a l l  v a l u e s  of K, (26) may  be expanded to y ie ld  

CDo ~ 2 ~ 4  + K + 6(4 %-~ (26') 

which p r o v i d e s  a good app rox ima t ion  of (28) within 2 p e r c e n t  e r r o r  for  K -<- 1. The 
above r e s u l t  (26) a g r e e s  with the r e s u l t  of R i abouch in sky ' s  mode l  o r  of the r e e n t r a n t  
j e t  mode l  wi thin  0.5 p e r c e n t  for  K < 1 (or 0.707 < U/q c < 1). In some  o the r  known 
c a s e s  of inc l ined  o r  c u r v e d  (or polygonal)  obs t ac l e s ,  the r e s u l t  y i e lded  by us ing  th is  
m o d e l  has  been  found a lso  to be in good a g r e e m e n t  with the e x p e r i m e n t s  (6, 7). 

Equa t ions  (24) and (25) a r e  R o s h k o ' s  solut ion (8), which h e r e  has  been  r e d e r i v e d  
conven ien t ly  by the image  method.  F o r  the g e n e r a l  c a s e  of the s teady cav i ty  f low 
p a s t  an inc l ined  obs tac le  wi th  s m a l l  c u r v a t u r e ,  i t  i s  poss ib l e  to g e n e r a l i z e  th i s  
me thod  with  l i n e a r i z a t i o n  of the c u r v a t u r e .  The s a m e  p r o b l e m  so lved  by us ing  
Riabouchinsk-y 's  mode l  o r  the r e e n t r a n t  j e t  mode l  would be  cons ide rab ly  m o r e  c o m -  
p l ica ted .  B e c a u s e  of the s i m p l i c i t y  of the m a t h e m a t i c a l  de t a i l s  gene ra l l y  invo lved  in 
the d i s s ipa t ion  mode l  r e l a t i v e  to the o the r  mode l s ,  th is  mode l  i s  p r e f e r r e d  h e r e  for  
r e p r e s e n t i n g  the b a s i c  flow. 

The Ef fec t  of Cavi ty  Size on A c c e l e r a t e d  Cavi ty  F lows  

Cons ide r  now the p r o b l e m  of the sudden a c c e l e r a t i o n  of a f i a t  p la te  in a cav i ty  
flow c h a r a c t e r i z e d  by the cav i t a t ion  n u m b e r  ~ as  def ined by (22). By us ing  the d i s -  
s ipa t ion  model ,  the solut ion of t h e b a s i c  s teady flow i s  g iven  by Eqs.  (23)-(25). When 
the p la te  i s  a c c e l e r a t e d  with  a c c e l e r a t i o n  a, opposi te  to the und is tu rbed  flow, the in i -  
t i a l  a c c e l e r a t i o n  potent ia l  A aga in  obeys  the boundary  condi t ions  (13b), (13c), and (15). 
By the c o n f o r m a l  t r a n s f o r m a t i o n  

2B 1 - U 2 ~2, 
f = U 1 + U 2 ~ : d + iT (27) 

the en t i r e  f low r e g i o n  is  mapped  onto the upper  half  ~-plane,  with the p la te  ly ing on 
: 0, I~] < 1 and the cav i ty  boundary  at  v = 0, I~[ => 1. Again,  with G = A + ia ,  

condi t ion  (13b) may  be wr i t t en  a s  

dG BA 
Re d~ - B~ - 0 on , : o ,  l~l  > I .  (28) 

On the p la te ,  by making  use  of condi t ion  (15), we have 

dG dG dz by BA _ by 
Im ~-~-= Im dz d ~ . -  B~ hx  o n  = O, l e l  < 1 (29a) 

w h e r e  the va lue  of B y / ~  .on the p la te  can  be  ca l cu la t ed  f r o m  (23) and (27), to give 

(29b) 

The solut ion of th i s  m i x e d  boundary  va lue  p r o b l e m ,  p r e s c r i b e d  by (28) and (29), i s  

dG 1 f l  I B y k X - ~  ~ 
_ ,  _-> , 

with ~y,Q~ given by (29b). 

(30) 

301 



T. Y. Wu 

The  a d d i t i o n a l  d r a g  due to the  s u d d e n  a c c e l e r a t i o n  of the  c a v i t a t e d  p l a t e  c an  be  
c a l c u l a t e d  f r o m  

D1 = P l  dy  = - p a  A ~ - d ¢  = p a  y ( d )  ~ - d f .  
- ~  -1 - !  

S u b s t i t u t i n g  (29b) and  (30) in to  the  above  e x p r e s s i o n  and  e v a l u a t i n g  the  i n t e g r a l s  fo r  
s m a l l  v a l u e s  of E, one o b t a i n s  

D 1 : 1 . 6 8 9 6 p a , ~  2 [1 + 0 . 2 6 9 e  2 + 0 . 0 7 5  e 4 + 0 . 0 4 9 e  6 + 0 ( e 8 ) ]  (31) 

w h e r e  

1 - U 2 K 
E -- 

1 + U  2 2 T K  

In the  p r a c t i c a l  r a n g e  of i n t e r e s t ,  t he  c a v i t a t i o n  n u m b e r  K i s  g e n e r a l l y  not  l a r g e ,  
h e n c e  E i s  a l w a y s  a p p r e c i a b l y  l e s s  t han  uni ty .  C o n s e q u e n t l y  (31) m a y  be  u s e d  to 
c o v e r  a wide  r a n g e  of K. F o r  K << 1 in  p a r t i c u l a r ,  (31) m a y  b e  a p p r o x i m a t e d  by  

D 1 = 1 . 6 8 9 6 p a ~  2 [1 + 0.067 K2(1 --K) + O(K4)] . (32) 

A s  ~ ~ 0, t h i s  r e s u l t  r e d u c e s  to the  p r e v i o u s  so lu t ion ,  Eq. (16). 

I t  i s  of i n t e r e s t  to  note  t h a t  the  e f f e c t  of the  c a v i t a t i o n  n u m b e r  on the  p a r t  of the  
d r a g  due to s u d d e n  a c c e l e r a t i o n ,  d e n o t e d  by  D1, s t a r t s  w i th  the  t e r m  of O(K2); h e n c e  
D 1 i n c r e a s e s  a t  a m u c h  s l o w e r  r a t e  t h a n  the  s t e a d y  p a r t  of the  d rag ,  D O ( see  Eq. 26 ' ) ,  
w i th  i n c r e a s i n g  K. 

PERTURBATION OF UNSTEADY PLANE FLOWS PAST 
BLUNT BODIES WITH FINITE CAVITIES 

Since the general case of the unsteady wake flow having a large time-varying 
part is virtually unsolved, we shall first consider the special case of the small 
unsteady perturbations superimposed on the basic steady flow past a blunt body. It 
is convenient to formulate this latter problem by dividing the flow into two parts, 
namely, (a) the basic steady flow, the problem of which is in general nonlinear, and 
(b) the small unsteady perturbations, the problem of determining them to be linear- 
ized. This method of approach has already been used in several recent works on 
this general subject. A scheme of small perturbations of the basic steady flows has 
been applied by Ablow and Hayes (9) to treat two unsteady free surface flows: the 
hollow vortex and the problem of the Borda mouthpiece. The problem of unsteady 
flow past curved obstacles with an infinite wake has been treated by Woods (10-12), 
applying small perturbations to thebasic Helmholtz-Kirchhoff flow. Here this method 
will be generalized to the case of finite cavities. 

Suppose for t >-- 0 the rigid body in the cavity flow is given an unsteady motion 
of small amplitude. The small perturbation assumption then implies that for t > 0 
the complex potential, complex velocity, and the pressure of the resulting flow may 
be expressed as 

F ( z , t )  = fo(Z),+ f l ( z , t ) ,  

- i® 
W ( z , t )  = d F / d z  = Wo(Z ) + W l ( Z , t  ) = Q e (33) 

P ( x , y , t )  = P o ( X , y )  + P l ( x , y , t )  
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in which f0 (z ) ,  w0(z), and Po(X,y) r e p r e s e n t  the b a s i c  s teady  flow, which,  as  was  
d i s c u s s e d  in the sec t ion  " B a s i c  Steady F lows  with a F in i te  Cav i ty , "  a r e  a s s u m e d  to 
be known here .  The t i m e - d e p e n d e n t  p e r t u r b a t i o n s  f l ,  wl, and P] a r e  a s s u m e d  to 
have modul i  much s m a l l e r  than those  of the ba s i c  flow, excep t  p o s s i b l y  at  some  
i so l a t ed  points .  Consequent ly ,  r e l a t i o n s  among  the flow quan t i t i e s  a r e  a s s u m e d  to 
hold only to the f i r s t  o r d e r  in the s m a l l  pe r tu rba t i ons .  Here ,  the space  v a r i a b l e  z, 
fo l lowing the E u l e r i a n  desc r ip t ion ,  is  not  pe r tu rbed .  It  is  fu r the r  noted that  f l ( z ,  t )  
and Wl( z, t )  a r e  both analyt ic  funct ions  of z for  e v e r y  t and cont inuously  d i f f e r en t i ab l e  
in t if the mot ion  of the r i g id  body has  a cont inuous  t ime  de r iva t ive .  The p r e s s u r e  
equa t ion  is  now 

P + ~  + 1 Q2 p ~- =C  

w h e r e  ~1 is  the r e a l  p a r t  of f l ,  Q = Iwl, and c may  be  taken  a s  a constant .  

(34) 

To apply the boundary  condi t ions ,  i t  is  conven ien t  to in t roduce  the new v a r i a b l e s :  

Wo go 
f~l --- r l  + i 8 1  = l o g  ~ .  = l o g  ~ -  + i ( O  - 8 o ) .  (35a) 

Hence,  to the f i r s t - o r d e r  t e r m s ,  

q - % /  Q - qo (35b) T 1 : - l o g  1 + = 81 = e - 8 0 
qo / qo 

so that  ~-1 r e p r e s e n t s  the p e r c e n t a g e  change in the ve loc i t y  magni tude,  and 01 denotes  
the change in the flow angle,  both with r e s p e c t  to the b a s i c  flow ( see  Fig. 4). Thus,  
fix is  an analy t ic  funct ion of z, and hence 
of any analy t ic  funct ion of z, and ~1 is  a 
s m a l l  quant i ty  of the f i r s t  o rde r .  The 
equat ion for  the p r e s s u r e  d i s tu rbance ,  
f r o m  (21) and (34), i s  

~ - +  ~ t  1 - q0 2 ~- = 0 . (36) 

The boundary  condi t ions  of the p e r -  
tu rbed  flow may  be s ta ted  as  fo l lows:  

1. In genera l ,  the mot ion  of the r ig id  
boundary  c o n s i s t s  of a s m a l l  t r a n s l a t i o n  
and a s m a l l  rota t ion.  Le t  (x0.Y0) be  a 
point  on the r ig id  boundary  in the b a s i c  
flow; then i t s  p e r t u r b e d  pos i t ion  may  be 
e x p r e s s e d  as  

X = x o * e(t) - a(t)y o , 

Y = Yo + ~(t) + a(t)x o 
(37) 

! 
q = - q o  "r, -~.~ 

", Q i U I 

Uo 

F i g .  4 - U n s t e a d y  f l o w  e x p r e s s e d  a s  a 
p e r t u r b a t i o n  o n  t h e  b a s i c  s t e a d y  f l o w  

where  c, 4, and a a r e  a r b i t r a r y  func t ions  o f  t with s m a l l  magni tudes .  F r o m  th is  
e x p r e s s i o n ,  the p e r t u r b a t i o n  v e l o c i t i e s  qn and qs of the flow n o r m a l  and tangent ia l  to 
the r ig id  su r f ace  a r e  r ead i ly  obtained.  Since the mot ion  is  in f in i t es imal ,  the va lue  
of (qn,qs) at (X,Y) may  be app rox ima ted  by t he i r  va lue  at (x0,Yo). Doing so, we have,  
to the f i r s t  o r d e r  in qn and qs,  
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':In q n  
01 = tan-1  qo + qs - qo on the  u n p e r t u r b e d  r i g i d  s u r f a c e  (38) 

w h e r e  qn i s  the  c o m p o n e n t  of the  v e l o c i t y  (~ - Voa - yo a ,  ~ + uoa + Xoa ) n o r m a l  to  the  
r i g i d  s u r f a c e .  Hence  8~ i s  known o v e r  the  r i g i d  b o u n d a r y .  

2. O v e r  the  f r e e  b o u n d a r y ,  the  p r e s s u r e  e v e r y w h e r e  in the  u n s t e a d y  cav i ty  
wake  i s  a s s u m e d  to  r e t a i n  i t s  v a l u e  in  the  b a s i c  flow. Hence ,  to  the  f i r s t  o r d e r  of 
a p p r o x i m a t i o n ,  

P l  = 0, 

Hence (33) becomes 

o v e r  the  u n p e r t u r b e d  f r e e  b o u n d a r y .  (39) 

~t qo 7- = o o v e r  the  f r e e  b o u n d a r y .  

L e t  s be  the  a r c  l eng th  a long  a s t r e a m l i n e ;  t h e n  f r o m  

~b ~ ~q)l ~Pl Q- qo 
= : = = _ = - T  1 Q ~ ~ (<Po + CPl) qo + Bs ' or -~o qo 

we c a n  w r i t e  the  above  e q u a t i o n  a s  

~ - 1  
~ (qo2"rl) + = 0 on the  u n p e r t u r b e d  f r e e  b o u n d a r y .  (40) 

T h i s  e q u a t i o n  m a y  a l s o  be  w r i t t e n  a s  

(~--~-+ q0 ~--~--) (q02q-I) = 0 

w h i c h  e x p r e s s e s  the  f a c t  tha t ,  f o r  any  d i s t u r b a n c e  in  ~'1 due to the  u n s t e a d y  m o t i o n  
of the  r i g i d  b o u n d a r y ,  the  q u a n t i t y  %2 Tx i s  c o n v e c t e d  d o w n s t r e a m  a long  the  f r e e  
b o u n d a r y  wi th  the  b a s i c  flow, u n c h a n g e d  in  m a g n i t u d e .  In p a r t i c u l a r ,  i t  c a n  be  
a s s e r t e d  a t  once  t h a t  f o r  any  t > 0 ,  r l  = 0 o v e r  the  p o r t i o n  of the  f r e e  b o u n d a r y  fo r  
s > se ,  w h e r e  s e i s  g i v e n  by  

s e 

t = Jo d s / q °  " 

Since  qo i s  a known f u n c t i o n  of s, the  above  c o n d i t i o n  r e d u c e s  the  p r o b l e m  to t h a t  of 
d e t e r m i n i n g  the  v a l u e  of r~ a t  the  p o i n t s  of s e p a r a t i o n .  The  p h y s i c a l  s i g n i f i c a n c e  of 
%2 ~i c a n  b e  shown  to be  the  v o r t i c i t y  v a r i a t i o n  due to the  u n s t e a d y  m o t i o n ,  and  the  
above  c o n d i t i o n  i s  a c t u a l l y  the  s t a t e m e n t  of the  c o n s e r v a t i o n  of v o r t i c i t y .  I t  c a n  a l s o  
b e  s e e n  t h a t  the  d i s t u r b a n c e  in  r I w i l l  g e n e r a t e  a s u r f a c e  wave  a long  the  f r e e  b o u n d -  
a r y ;  t h i s  s u r f a c e  wave  i s  s u s t a i n e d  by  the  v e l o c i t y  f i e ld  of the  f low in m u c h  the  s a m e  
way a s  the  w a v y  w a t e r  j e t  e m i t t e d  f r o m  a n  o s c i l l a t i n g  g a r d e n  hose .  

3. At  z = ~, we f u r t h e r  r e q u i r e  t h a t  the  p e r t u r b a t i o n  d o e s  no t  c h a n g e  the  f low 
direction and  p r e s s u r e  a t  in f in i ty ;  t h a t  i s ,  

( a )  e I ~ 0  as  z l  ~ (41a) 

( b )  P l  "* 0 a s  z I ~ co. (41b) 
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F u r t h e r m o r e ,  by  K e l v i n ' s  c i r c u l a t i o n  t h e o r e m ,  the  u n s t e a d y  m o t i o n  cannot ,  for  any 
f in i t e  t ,  r e s u l t  in a ne t  v o r t e x  a t  in f in i ty ;  t h a t  i s ,  

( c )  Re ~ Wl(Z, t  ) dz -- 0 for t < co (42) 
P 

w h e r e  v i s  a c l o s e d  con t ou r  wi th  I zl >> Ut. It i s  not  d i f f icu l t  to  show t h a t  t h e s e  con -  
d i t i o n s  (a ) -  (c)  imply  t ha t  the  p e r t u r b a t i o n  flow at  inf in i ty  h a s  no ne t  s o u r c e  o r  v o r t e x  
and  n~ = ~-~ + 10~ m ay  a t  m o s t  be  

~l = o ( ,  3 1 2 )  ~s I , I  ~ ~ .  (43) 

The  p r o b l e m  of d e t e r m i n i n g  •z = ~l + i ~ l  wi th  the  above  b o u n d a r y  c o n d i t i o n s  of 
a m i x e d  type  ( i .e . ,  wi th  81 g iven  o v e r  a p a r t  of the  b o u n d a r y  and  ~S g o v e r n e d  by  (40) 
o v e r  the  r e m a i n i n g  p a r t )  c a n  in  p r i n c i p l e  be  so lved ,  s o m e t i m e s  c o n v e n i e n t l y  wi th  
a p p l i c a t i o n  of the  L a p l a c e  t r a n s f o r m .  Such a de ta i l ,  howeve r ,  wi l l  be  o m i t t e d  h e r e .  
B e c a u s e  m a n y  of the  f u n c t i o n s  t h a t  a p p e a r e d  in the  n u m e r i c a l  c a l c u l a t i o n  of the  g e n e r a l  
p r o b l e m s  a r e  not  ye t  t abu l a t ed ,  a few r e l a t i v e l y  s i m p l e  c a s e s  have  b e e n  c a r r i e d  out. 
Woods  (10) t r e a t e d  an  i n t e r e s t i n g  e x a m p l e  - the  p r o b l e m  of a f l a t  p l a t e  in the  b a s i c  
H e l m h o l t z  f low undergo{ng  an  i m p u l s i v e  
m o t i o n  and  a h a r m o n i c  mot ion .  The  r e s u l t  
shown  in  Fig.  5 c o r r e s p o n d s  to the  c a s e  
w h e n  the  v e l o c i t y  of the p l a t e  i s  i n c r e a s e d  
i m p u l s i v e l y  f r o m  u to (21/20)U fo r  the  
t i m e  p e r i o d  ~- = 2 and i s  t hen  r e d u c e d  
b a c k  to U. 

UNSTEADY CAVITY FLOWS P A S T  
THIN BODIES: A C C E L E R A T I O N  
P O T E N T I A L  

F o r  the  c a s e  of u n s t e a d y  c a v i t y f l 0 w s  
p a s t  s l e n d e r  o r  t h in  b o d i e s  the  m e t h o d  of 
u s i n g  the  a c c e l e r a t i o n p o t e n t i a l  i s  r e a d i l y  
a p p l i c a b l e ,  p r o v i d e d  the  b o d y - c a v i t y  s y s -  
t e m  r e m a i n s  s l e n d e r  in  the  flow mot ion .  
T h u s  the  r i g i d  body u n d e r  c o n s i d e r a t i o n  
wi l l  be  a t h in  b o d y o f  s m a l l  t h i c k n e s s  and 

1.2 

CD 1 
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= ( ~ + 4 ~  ut 
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F i g .  5 - Re s u l t  of i m p u l s i v e l y  i nc  r e a s  - 
i ng  t he  v e l o c i t y  of a f l a t  p l a t e  in  the  
b a s i c  H e l r n h o l t z  f low f r o m  U to (21/20)U 
f o r  the  t i m e  p e r i o d  v = 2 

c a m b e r ,  he ld  a t  a s m a l l  ang le  to  the  flow and  wi th  the  f in i t e  cav i ty  e x t e n d i n g  down-  
s t r e a m  of the  body.  The  u n s t e a d y  m o t i o n  m a y  c o n s i s t  of a t r a n s l a t i o n  and  a ro t a t i on ,  
b o t h  of s m a l l  a m p l i t u d e .  It  i s  f u r t h e r  a s s u m e d  t h a t  Ca} in the  a b s e n c e  of the  u n s t e a d y  
mot ion ,  a s t e a d y  cav i ty  of f in i t e  s i z e  h a s  a l r e a d y  b e e n  e s t a b l i s h e d ,  w i th  c a v i t a t i o n  
n u m b e r  ~ > 0 and  h e n c e  u and  qc r e l a t e d  by (22), and  t h a t  (b) the  u n s t e a d y  m o t i o n  i s  
a g a i n  only  a s m a l l  p e r t u r b a t i o n  of the  b a s i c  flow. B e c a u s e  the  b o d y - c a v i t y  s y s t e m  
is  v e r y  th in ,  i t  i s  r e a s o n a b l e  to  e x p e c t  t ha t  the flow i s  p e r t u r b e d  by  the  s y s t e m  only 
s l igh t ly  f r o m  the  u n i f o r m  s t a t e ,  and  the  p r o b l e m  m a y  t h e r e f o r e  b e  l i n e a r i z e d  wi th  
r e s p e c t  to the  u n i f o r m  flow, t ak ing  the  s t e a d y  and  u n s t e a d y  p a r t  a s  a whole .  B a s e d  
on t h i s  a p p r o a c h ,  a few c a s e s  of i n t e r e s t  have  b e e n  t r e a t e d  by P a r k i n  (13) and  Wu (14). 

The  G e n e r a l  F o r m u l a t i o n  

It  i s  of i n t e r e s t  to no te  tha t ,  un l ike  the  t h in  a i r f o i l  t h e o r y ,  t h e r e  a r e  in  t h i s  p r o b -  
l e m  two c h a r a c t e r i s t i c  v e l o c i t i e s  i n s t e a d  of one:  U, the  c h a r a c t e r i s t i c  v e l o c i t y  n e a r  
inf in i ty ,  and  q¢, the  o t h e r  c h a r a c t e r i s t i c  v e l o c i t y  in  the  b a s i c  s t e a d y  f low n e a r  the  
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cav i ty .  S ince  the  f low q u a n t i t i e s  n e a r  the  body and  cav i ty  a r e  of d i r e c t  i n t e r e s t ,  i t  i s  
c o n v e n i e n t  to  t ake  q¢ as  the  r e f e r e n c e  fo r  the  e n t i r e  v e l o c i t y  f ie ld .  

The  flow o u t s i d e  the  b o d y - c a v i t y  s y s t e m  is  g o v e r n e d  by 

~-2~ + (~ .v)  ~ = - l v p .  (44) 
bt  p 

W h e n  the  m o t i o n  i s  s t eady ,  t h i s  e q u a t i o n  c a n  be  i n t e g r a t e d  to g ive  (21), and  h e n c e  the  
r e l a t i o n  (22) b e t w e e n  c and  q c fo l lows.  F o r  the  u n s t e a d y  f lows  in g e n e r a l ,  (44) i m p l i e s  
t ha t  the  a c c e l e r a t i o n  v e c t o r  h a s  a s c a l a r  p o t e n t i a l  ~(x, y, t )  s u c h  t ha t  

b~ 
~ - ~  + (ft. V)~ = q :  grad ~ (45) 

where 

= _ (p _ pc)/pq¢2 (46) 

In the above, the constant cavity pressure Pc and the constant velocity qc on the 
cavity of the basic flow are chosen for convenience. For definiteness, we take the 
Cartesian coordinates (×,y) in the flow plane, with the planar body-cavity system 
lying over a certain region of the x-axis, and write the total velocity as 

q/~c = (1 + u ,v)  

SO t h a t  (u, v) r e p r e s e n t s  the  n o n d i m e n s i o n a l  p e r t u r b a t i o n  ve loc i ty .  

(47) 

Now we s h a h  i n t r o d u c e  the  s m a l l  p e r t u r b a t i o n  a s s u m p t i o n  t ha t  the  f low is  on ly  
p e r t u r b e d  s l i g h t l y  f r o m  a u n i f o r m  s t a t e  ( % , 0 )  so  t ha t  lul ,  Ivl << 1 a l m o s t  e v e r y -  
w h e r e  in the  f low and  a l l  q u a n t i t i e s  of s e c o n d  and  h i g h e r  o r d e r  in  (u ,v )  m a y  be  
n e g l e c t e d .  T h e n  (45) i s  l i n e a r i z e d  to y i e ld  

b~ 1 bu + bu ~ = __l by + by 
b x -  qc bt  ~ x '  by % ~--~ ~--~" (48) 

Hence  f r o m  the  con t inu i ty  equa t i on  div ~ = 0, i t  fo l lows  t ha t  

V2# = 0 .  (49) 

The  above  f o r m u l a t i o n  can  of c o u r s e  be  e x t e n d e d  to t h r e e - d i m e n s i o n a l  cav i ty  
f lows  p a s t  s l e n d e r  b o d i e s  as  wel l .  It m a y  a l s o  be  no t ed  t ha t  wh i l e  the  a c c e l e r a t i o n  
p o t e n t i a l  ~ de f ined  by (45) a lways  e x i s t s  ( even  i n t h e  f lows p a s t  b lun t  bod ies ) ,  ~ s a t i s -  
f i e s  the  L a p l a c e  e q u a t i o n  (49), to the  f i r s t - o r d e r  t e r m s ,  on ly  i n t h e  p l a n a r  o r  s l e n d e r  
f lows.*  

F o r  t w o - d i m e n s i o n a l  p r o b l e m s ,  (49) i m p l i e s  the  e x i s t e n c e  of a con juga t e  h a r -  
mon ic  func t ion  v(x,  y, t )  s u c h  t ha t  

b~ _ by b,_ff_~ = by 
bx by ' by bx " (50) 

*For  the case  of cavi ty  flows past  blunt bodies as t r ea t ed  in the previou§ sect ion,  

w r i t i n g  fr = qo(X,y) * q l ( x , y , t )  and a s s u m i n g  ]frll I << Ifrol, one r e a d i l y  o b s e r v e s  
t ha t  V2~L "= 4(U0xUlx + U0yUly ) which is in g e n e r a l  not  z e r o ;  h e n c e  the m e r i t  of u s i n g  

in tha t  c a s e  is  g r e a t l y  r educed .  
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Hence,  the complex  a c c e l e r a t i o n  po ten t ia l  G = ~ + i .  m u s t  be an ana ly t ic  funct ion  of 
z = x + i y  a t  a n y  t i m e  ins tant :  

G ( z , t )  = ; x ( x , y , t )  + i v ( x , y , t ) .  ( 5 1 )  

T h i s  po ten t i a l  G i s  r e l a t e d  to the c o m p l e x  ve loc i ty  w = u - iv by 

dO 
87z = ?~+  (52)  

It may  f u r t h e r  be  no ted  that  a l though w( z, t ) i s  s t i l l  an analy t ic  funct ion of z fo r  al l  
t ,  i t  i s  in g e n e r a l  not r e g u l a r  e v e r y w h e r e  in s ide  the flow, b e c a u s e  v o r t e x  s h e e t s  m a y  
be  shed  cont inuous ly  f r o m  the body due to i t s  uns t eady  mot ion,  w h e r e a s  G(z, t ) ,  wi th  
i t s  r e a l  p a r t  c o r r e s p o n d i n g  to the p r e s s u r e ,  wi l l  c e r t a i n l y  be  r e g u l a r  t h e r e .  It i s  fo r  
th i s  r e a s o n  tha t  the a n a l y s i s  i s  s i m p l e r  wi th  the d i r e c t  u se  of G(z, t ) .  

The  bounda ry  cond i t ions  of th i s  p r o b l e m  a r e  as  fol lows:  

1. At u p s t r e a m  infinity,  w h e r e  the d i s t u r b a n c e s  a r e  r e q u i r e d  to die out, p = p~ 
and v = o. Hence  f r o m  (46), (22), and (48), 

K 
/Z -- 2 ( 1  + K) ' ~' = 0 ,  a t  Z : CO. ( 5 3 )  

2 .  The cavi ty  p r e s s u r e  i s  a s s u m e d  to r e m a i n  cons tan t ,  P = p~. Hence  by (46), 
we have on the  cavi ty  bounda ry  

= 0 (54)  

which,  a f t e r  l i nea r i z a t i on ,  m a y  be  appl ied  on the por t ion  of the  x -ax i s  that  i s  the 
p r o j e c t i o n  of the cavi ty  bounda ry  f r o m  above or  f r o m  below.  Th i s  condi t ion  i s  va l id  
as  long as  the i n t e r m e d i a t e  po r t i on  of the cavi ty  boundary  does  not  r e a t t a c h  to the 
so l id  s u r f a c e .  F o r  s i m p l i c i t y ,  the body length is  n o r m a l i z e d  to uni ty  so that  it  o c c u -  
p i e s  the r eg ion  o < x < 1 and the  cavi ty  ex t ends  f r o m  c e r t a i n  known s e p a r a t i o n  po in t s  
to x = ~ ( t ) ,  .g > l o r  ,~ < 1. The value ~ ( t ) i s  d e t e r m i n e d  as  a p a r t  of the p r o b l e m  
fo r  g iven cav i t a t ion  n u m b e r  K, o r  v ice  v e r s a .  

3. The mot ion  of the we t t ed  r ig id  bounda ry  may  be  d e s c r i b e d  in g e n e r a l  by 

y = h ( x , t )  ( 5 5 )  

with Ihl << 1 fo r  all  t ,  and the mo t ion  i s  l i m i t e d  to such  a t y p e  tha t  the we t t ed  p o r -  
t ion of the bounda ry  a lways  r e m a i n s  be ing  wet ted .  Then the y - c o m p o n e n t  of the flow 
at  the r ig id  s u r f a c e ,  in the l i n e a r i z e d  n o n d i m e n s i o n a l  f o r m ,  i s  

v ( x . 0 . t )  = ! ?._hh + ~1_ L 0 < x < 1.  (56) 
qc at ~x ' 

Hence  f r o m  (48) and (52), on 0 < x < 1, 

?--~ - ) t  ~xx v ( x , 0 , t  = -  ?-'[ ~x h ( x , t ) ,  (57) 

Here ,  again,  both  the above cond i t ions  may  be appl ied  on the p r o j e c t i o n  of the w e t t e d  
r ig id  s u r f a c e  on the x - ax i s .  The i n t e g r a l  of v in t e r m s  of . may  be ob ta ined  f r o m  
(57) as  
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x 

v ( x , 0 , t )  : -  H ~ , 0 , t  * - - - ~ c  )dg ,  H ( x , y , t )  : ~ - x  v ( x , y , t )  (58) 

p r o v i d e d ,  of c o u r s e ,  the  i n t e g r a l  c o n v e r g e s .  In t h i s  i n t e g r a l  the  c o n d i t i o n  t h a t  v = 0 
a t  x = -~ i s  used .  It m ay  be  e m p h a s i z e d  t ha t  the  so lu t i on  s a t i s f y i n g  the  b o u n d a r y  
cond i t i on  on a c c e l e r a t i o n  (57) wil l  a l s o  s a t i s f y  the  b o u n d a r y  cond i t ion  o n v e l o c i t y  (56), 
p r o v i d e d  (58) s a t i s f i e s  (56) a lso .  

4. The cond i t i on  t h a t  the  cav i ty  b o u n d a r y  and  the  w e t t e d  r i g i d  s u r f a c e  m u s t  
f o r m  a t  e v e r y  i n s t a n t  a c l o s e d  c o n t o u r  e n c l o s i n g  a c o n s t a n t  cav i ty  v o l u m e  m a y  be  
e x p r e s s e d  by  

~C v(x,0-+,t) dx = Im ~w(z,t) dz = 0, for all t (59) 

where C is a contour enclosing the boundary of the body and the cavity. 

5. The  Ku t t a  cond i t i on  f o r  the  l i f t i ng  p r o b l e m ,  fu l ly  c a v i t a t e d  o r  not ,  i s  t h a t  

O(z, t )  i s  r e g u l a r  at  the  t r a i l i n g  edge f o r  a l l  t .  (60) 

T h i s  c o m p l e t e s  the  f o r m u l a t i o n  of the  p r o b l e m .  Wi th  the  c a v i t a t i o n  n u m b e r  x g iven  
and  the  m o t i o n  of the  we t t ed  b o u n d a r y  p r e s c r i b e d ,  the  c a v i t y  l e n g t h  ~ ( t , ~ )  and  the  
c o m p l e x  a c c e l e r a t i o n  p o t e n t i a l  G(z , t ,K)  s a t i s f y i n g  t h e s e  c o n d i t i o n s  can,  a t  l e a s t  in  
p r i n c i p l e ,  be  found. 

H y d r o d y n a m i c  F o r c e  and  M o m e n t  

Since G(z, t ,  K) i s  an  ana ly t i c  f unc t i on  of z f o r  a l l  t ,  r e g u l a r  e v e r y w h e r e  ou t s i de  
the  b o d y - c a v i t y  s y s t e m ,  the  e x p a n s i o n  of G n e a r  z = co m u s t  a s s u m e  the  f o r m  

a I + ib I a 2 + ib 2 
G(z,t,K) = a o + ib o + -  + - -  + ''" (61) 

z z 2 

in  wh ich  the  c o e f f i c i e n t s  an, b n m a y  d e p e n d  on  t and  K. F r o m  (53) i t  f o l l ows  t h a t  

- -  K 

a° 2(I + K)' b° = 0. (62) 

These two conditions and condition (59) in general determine the cavity lengih &(t, K) 
since they contain no other unknowns except ~ and K. 

It is of interest to analyze the singularities of the solution G(z,t,K). From the 
boundary conditions imposed it is not difficult to see that for K > 0 (and hence 
~(t,K) < co) G(z,t,K) may admit singularities only at the leading edge of the rigid 
body' and at the rear end of the cavity. Near the cavity end z = ~, we take a path ~ 
encircling the point z = ~ from the lower to the upper side of the cavity boundary; 
then arg(z - ~) increases by 2~ along ~. Sinceon thelower surface, ~ -- 0 and v < 0 
(it can be seen from (48) and (50) that near z -- ~, ~x ~ -Vx and v is positive) and on 
the upper surface, ~ = 0 and v > 0, the image point in the G-plane of the point z on 
E~ describes in the G-plane a path along which arg G decreases by % provided along 
t h i s  p a t h  ~ ~ 0 (so  t h a t  P ~ Pc)" T h e n  i t  f o l lows  f r o m  the  t h e o r e m  of c o n f o r m a l  
t r a n s f o r m a t i o n  t h a t  
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G ( z , t , K )  : [ ( ( t ) ( z - ~ )  -½ [1 + O ( z - { ) ]  n e a r  z : "£ ( t )  (63) 

w h e r e  K i s  a r e a l  coef f ic ien t  which m a y  depend on t .  One m a y  i n t e r p r e t  th i s  r e s u l t  
by say ing  that  the de ta i l ed  s t r u c t u r e  of the wake behind  the cavi ty ,  of ten r e p r e s e n t e d  
by an image  of the r ig id  body o r  a r e e n t r a n t  j e t  in the non l inea r  p r o b l e m s ,  i s  now 
co l l apsed  to a point s ingu la r i t y  in p l ana r  cav i ty  f lows.  T h i s  s i n g u l a r  b e h a v i o r  of the 
solut ion a lso  f a c i l i t a t e s  the ca lcu la t ion  of the d rag  fo rce .  

H a sha rp  lead ing  edge in a l i f t ing flow i s  we t t ed  on both s ides ,  then i t  i s  known 
in the a i r fo i l  t heo ry  that  

G ( z , t , K )  = C l ( t  ) z -½ [1 + O ( z ) ]  n e a r  z = 0. (64) 

However ,  if the lead ing  edge is  c av i t a t ed  on one s ide,  then an a r g u m e n t  s i m i l a r  to 
the above l eads  to the conc lus ion  that  

G(z,t,K) = C2(t ) z -I/4 [I. + O(z)] near z = 0. (65) 

The lead ing  edge s ingu la r i t y  i s  thus w e a k e r  than in the f o r m e r  case .  

F r o m  the above solut ion i t  i s  r e a d i l y  found that  the l i f t  coe f f i c i en t  i s  g i v e n b y  (14) 

L i f t  
CL = ( ~ )  = 4 ~ ( l + K )  b l ( t ' K )  

pU 2 ( c l l o r d )  (66) 

where  b 1 i s  def ined in (61). S i m i l a r l y ,  the m o m e n t  coe f f i c i en t  about the l ead ing  edge,  
pos i t ive  in the n o s e - u p  sense ,  i s  

Moment 
= = - 4 ~ 7 ( 1  +K)  b 2 ( t , K  ) .  

CM (@pU2) (chord) 2 (67) 

The ca lcu la t ion  of the d r a g  coe f f i c i en t  i s  m o r e  compl i ca t ed .  However ,  i t  can be  
shown (14) that  fo r  ~( t )  > 1, 

x 

CD = 27z(I+K) K2 - (v+V)x=l CL + 2(I +K) ~ Iv I ] ( 68 ) qc t t z ( ~ , y , t ) d ~  - /zh t dx 

w h e r e  K is  def ined in (63) and B denotes  the con tour  e n c l o s i n g  the r ig id  s u r f a c e  only.  
F o r  ~ < 1, the f i r s t  t e r m  on the r igh t  s ide  should be  ha lved.  

Osc i l l a t i ng  Hydrofo i l  at  K = 0 

An i n t e r e s t i n g  example  of the theory ,  t r e a t e d  by P a r k i n  (13), i s  that  of  a f la t  
p la te  he ld  at a s m a l l  angle  of a t tack  % ,  ful ly  cav i t a t ed  with  an inf ini te  cav i ty  (~ = 0 ), 
and p e r f o r m i n g  a s m a l l  plunging o s c i l l a t i o n  n o r m a l  to the und i s tu rbed  flow. The 
hydrofo i l  mot ion  i s  g iven by 

y = h 0 c e je°t 0 < x < c (69) 

whe re  c i s  the chord  of the p la te ,  h 0 i s  the nond imens iona l  ampl i tude ,  j =/L-i-is the 
i m a g i n a r y  uni t  fo r  the t i m e  mot ion ,  and ~/2~ is  the f r equency .  The solut ion obta ined  
by P a r k i n  g ives  
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,o+o'} 
where k = ~c/U is the "reduced frequency" based on the full chord, and W(k) is a 
special function which is plotted in Fig. 6. The term ~%/2 gives the steady part of 
the lift as experienced by an inclined lamina in the Helmholtz flow. The second term 
with 9k2/16, being independent of the forward speed when the lift coefficient is con- 
verted to the lift force, represents the contribution of the apparent mass to the lift. 
The last term accounts for the influence of the cavity upon the lift. On the other 
hand, the unsteady lift on a flat plate airfoil without separation is 

= _ . k j ~ t  

where C(k/2) is the Theodorsen circulation function. A comparison of these results 
shows that the apparent mass of an inclined flat plate with an infinite cavity is only 
9/16 the apparent mass of the plate in fully wetted flow. Furthermore, as plotted in 
Fig. 6, W(k) is quite different from C(k/2). This is probably duetothe wake structure 
and the presence of two vortex sheets instead of one single sheet as in the airfoil 
problem. 

Rewr i t e  (70) as  

j ~ t  
CL - 2 - a o  = ~(~1 + J ~2 ) ho e ( 7 2 )  

hO 
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F i g .  6 - S p e c i a l  f u n c t i o n  in  l~q.  (70)  
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w i th  

"~2 = - --~ k Re W(k). 
4 

The  quan t i t y  ~1 i s  u s u a l l y  c a l l e d  the  " s t i f f n e s s  d e r i v a t i v e , "  and  4 2 the  " d a m p i n g  
d e r i v a t i v e . "  In f l u t t e r  p r o b l e m s  i t  i s  the  s i g n  of ~2 in a c e r t a i n  d e g r e e  of f r e e d o m  
w h i c h  d e t e r m i n e s  w h e t h e r  the  m o t i o n  in  t ha t  d e g r e e  of f r e e d o m  is  d a m p e d  o r  not  by  
the  h y d r o d y n a m i c  f o r c e s .  The  d a m p i n g  d e r i v a t i v e  4 2 i s  p l o t t e d  in Fig.  7, w i th  i t s  
v a l u e  in the  ful ly  w e t t e d  f low shown  f o r  c o m p a r i s o n .  The  s a m e  p r o b l e m  wi th  m o r e  
g e n e r a l  l o c a t i o n s  of the  u p p e r  s e p a r a t i o n  po in t  h a s  b e e n  t r e a t e d  by  Woods  (11) by 
u s i n g  the  m e t h o d  d e s c r i b e d  in  the  s e c t i o n  " P e r t u r b a t i o n  of U n s t e a d y  P l a n e  F lows  
P a s t  B lun t  B o d i e s  wi th  F i n i t e  C a v i t i e s ; "  h i s  r e s u l t  fo r  the  p r e s e n t  c a s e  a g r e e s  
e x a c t l y  w i th  t h i s  t h e o r y .  A c o m p a r i s o n  w i th  the  c a s e  of t he  fu l ly  w e t t e d  f low shows  
t h a t  t h e r e  i s  a l o s s  of d a m p i n g  fo r  p lung ing  o s c i l l a t i o n  in  the  cav i ty  flow. In fac t ,  as  

k = t uc /U  

0 0 0.5 1.0 1.5 P..O 
I I I I 

-0 .5  

WOODS, 
PARKIN 

- 1.0 

~ - 1.5 

-2.0 

- 2.5 

-3.0 

Fig. 7 - Plot (top curve) of the damping derivative 42 of 
Eq. (72), compared with the corresponding quantity for 
flow without separation 
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shown by Woods, when the flow is allowed to separa te  f rom different  locations on the 
upper surface  of the plate,  in a lmost  all  f requency ranges  there  is a loss  of damping 
effect  for bothplanging and pitching osci l la t ions ,  and this loss  i nc rea se swi th  inc reas -  
ing extent  of flow separation.  It was also pred ic ted  by Woods that a fully s tal led a i r -  
foil  pivoted at i ts  midchord would tend to f lut ter  in the frequency range 0.4 < k < 1.6 
in our notation. 

Supercavitat ing Slender Wedge in Plunging Osci l la t ion 

Another example is  the p rob lem of a supercavi ta t ing  s lender  wedge of half ve r tex  
angle ), pe r fo rming  a ve r t i c a l  plunging oscil lat ion.  The instantaneous posit ion of the 
wedge surface  is  given by 

h(x , t )  = 2yx + h0 ejot  on y = ±0, 0 < x < 1. (73) 

It hasbeen  found (14) that the l if t  and moment  exper ienced by the cav i ta tedosc i l l a t ing  
wedge have the same express ion  as those exper ienced  by an osci l la t ing airfoi l ,  except 
that the reduced frequency for  ~ > o is k = ~ c / %  instead of ~c/v as for the fully 
wetted flow. The drag exer ted  on the cavi tated wedge due to the cavity formation, 
however,  is  now 

CD =--~-- ( I+K) + 27T(1 +K) h : k 2  C 2 e (74) 

where k - ~c/q c , C(k/2) i s  the Theodorsen function, and .~ is cavity length given by 
the re la t ion 

2(1-~K) : ~ ' \ ~ T -  log ¢,-~---_ 1 / "  (75) 

The f i r s t  t e r m  in (74) gives  the drag coeff icient  of the basic cavity flow over  the 
wedge, while the las t  t e r m  e x p r e s s e s  the contribution of the unsteady motion. 
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DISCUSSION 

B. R. Parkin  (California Institute of Technology) 

f would like to put a question to Professor  Wu concerning his f i r s t  topic, that is, 
his elucidation of the theory of Von K~rm~n. As Professor  Wu has mentioned, the 
coordinate system is chosen in such a way that, being fixed to the body, it is not an 
iner t ia l  f rame of reference,  and thus it introduces a p re s su re  gradient at infinite, 
noticed throughout the flow. I would appreciate Professor  Wu's  indicating the bear -  
ing of this p ressure  gradient at infinity on the values of the coefficients which he 
quoted from Von K~rm~n's  work. Would these coefficients and the cavity shape be 
any different from those which would obtain if the liquid at infinity had been at r e s t ?  

P. Kaplan (Stevens Institute of Technology) 

My comment is concerned with the application of Wu's resul ts ,  and resul t s  to 
follow, in the general  field of naval hydrodynamics. In part icular ,  the requ i rements  
of supercavitat ing devices, which are being emphasized, are such that they have thin 
sections, combined with great  sensit ivi ty of the hydrodynamic forces to the camber.  
This makes the problem of hydroelasticity appear important for high-speed opera- 
tion. The forces on the oscil lat ing supercavitat ing foil are also essent ia l  for the 
study of flutter,  and I am happy that Dr. Wu has mentioned the applicability of some 
of his resu l t s  to this problem. 

T. Y. Wu 

In reply to Dr. Pa rk in ' s  question, I wish to say that the wake flow generated by 
a flat plate accelerat ing broadwise through the fluid, which is otherwise at res t  in an 
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i n e r t i a l  f r a m e ,  i s  a p r o b l e m  d i f f e r e n t  f r o m  t h a t  t r e a t e d  by  K~rm~u.  In t h i s  c a s e  one 
m a y  take  a c o o r d i n a t e  s y s t e m  f ixed  wi th  r e s p e c t  to  the  f lu id  a t  in f in i ty  so  t ha t  a t  
in f in i ty  the  v e l o c i t y  i s  z e r o  and  the  p r e s s u r e  i s  equa l  to  p~, a c o n s t a n t .  Then  the  
p l a t e  wi l l  b e  m o v i n g  w i th  a c c e l e r a t i o n  a. If the  s h a p e  of the  f r e e  b o u n d a r y  m a y  s t i l l  
be  c o n s t a n t  in  t i m e ,  t hen  when  the  cond i t i on  of c o n s t a n t  p r e s s u r e  i s  app l i ed  on the  
m o v i n g  f r e e  b o u n d a r y ,  one h a s  a d i f f e r e n t  e x p r e s s i o n  fo r  the  p r e s s u r e  equa t ion .  

Next ,  I w i s h  to give a u n i q u e n e s s  p r o o f  w i th  r e s p e c t  to the  l e a d i n g - e d g e  s i n -  
gu l a r i t y ,  z -3/4 o r  z -1/4.  The  f i r s t  t i m e  I looked  a t  the  3 / 4 - p o w e r  s i n g u l a r i t y  I 
t hough t  t h i s  s i n g u l a r i t y  m a y  be  r u l e d  out  by  the  a r g u m e n t  t h a t  the  e n e r g y  i s  not  
i n t e g r a b l e  a t  the  l e ad i ng  edge.  Though  t h i s  s t a t e m e n t  i s  t r u e ,  I w a s  not  too happy 
wi th  t h i s  a n s w e r .  T h e n  I looked  f o r  o t h e r  p h y s i c a l  r e q u i r e m e n t s  and  found a s a t i s -  
f a c t o r y  one. I i m p o s e d  a n o t h e r  cond i t ion ,  n a m e l y  t h a t  the  p r e s s u r e  ou t s ide  of the  
so l id  body and  the  c a v i t y  wake  m u s t  no t  be  l e s s  t han  the  p r e s s u r e  in  the  cavi ty .  
T h a t  i s ,  

1 u = Rlw = - ~ - C p  < 0  in the  flow field.  

Suppose  t h a t  the  so lu t i on  of w has ,  in  the  n e i g h b o r h o o d  of the  l e a d i n g  edge ,  the  
e x p a n s i o n  

w = i A z  ° 3 / 4  + i B z  - 1 / 4  + O ( z  1 / 4 )  

w h e r e  A. B a r e  two r e a l  c o e f f i c i e n t s  so  t h a t  u = 0 o n t h e  cav i ty .  Then ,  wi th  z = r e ie ,  
we have  n e a r  r = 0, 

w = Ar  - 3 / 4  s i n  ( 3 8 / 4 )  + Br  " 1 / 4  s l n  ( 8 / 4 )  + O ( r  1 / 4 )  . 

F r o m  t h i s  r e s u l t  we n o t i c e  t h a t  the  t e r m  s in  ( 3 8 / r )  wi l l  change  s ign,  w h e r e a s  the  
t e r m  s in  (8 /4 )  wi l l  not ,  a s  e c h a n g e s  f r o m  0 to 2n. S ince  the  f i r s t  t e r m  v i o l a t e s  t h i s  
p h y s i c a l  cond i t i on  on the  m i n i m u m  p r e s s u r e ,  we m u s t  t h e r e f o r e  have  A = 0. 

My own v i ewpo in t  wi th  r e s p e c t  to the  e x i s t e n c e  of the  flow s o u r c e  i s  a s  fo l lows.  
Suppose  we have  a t w o - d i m e n s i o n a l  c y l i n d e r  and  le t  i t  p u l s a t e  wi th  i t s  r a d i u s  R a s  a 
func t ion  of t in  a u n i f o r m  s t r e a m  of v e l o c i t y  U; then ,  the  v e l o c i t y  p o t e n t i a l  i s  

q ~ ( r , 8 , t )  = U ( r  + R 2 / r )  c o s  ~ + RR l o g  r , 

so  t ha t  we have  now a s o u r c e  of s t r e n g t h  2~P~ wh ich  d e p e n d s  on the r a t e  of change  of 
the  c r o s s  s e c t i o n  of the  c y l i n d e r .  F o r  the  p r o b l e m  of u n s t e a d y  cav i ty  f lows,  howeve r ,  
i t  s e e m s  t ha t  the  p h y s i c a l  r e q u i r e m e n t  m u s t  be  i m p o s e d  t ha t  the  p r e s s u r e  be  f in i t e  
a t  inf ini ty .  O t h e r w i s e ,  we would  r e q u i r e  a n  in f in i t e  a m o u n t  of e n e r g y ,  and  hence  an  
in f in i t e  t i m e ,  to  c r e a t e  s u c h  a flow. Thus  the  q u e s t i o n  a r i s e s :  Why d o n ' t  we l e t  the  
cav i ty  v o l u m e  g row and  have  an  in f in i t e  p r e s s u r e  a t  in f in i ty  ? At the  f i r s t  s i gh t  i t  
s e e m s  to me  tha t  the  a f f i r m a t i v e  i s  not  the  ca se .  One f low m o d e l  which  a v o i d s  the  
f low s o u r c e  a t  in f in i ty  i s  tha t ,  when  the  v o l u m e  of the  cav i ty  n e a r  the  body c h a n g e s ,  
t h e r e  wi l l  be  a wake  wh ich  b e c o m e s  t h i n n e r  o r  f a t t e r  in  the  oppos i t e  s e n s e .  

In r e g a r d  to the  p h i l o s o p h i c a l  q u e s t i o n  abou t  the  p h y s i c a l  b a c k g r o u n d  of t h e s e  
flow m o d e l s  and  t h e i r  a g r e e m e n t  wi th  e x p e r i m e n t s ,  I have  the fo l lowing  po in t  of v iew:  
We r e a l i z e  t h a t  a l l  the  wake  f lows  a r e  the  end  p r o d u c t  of the  r e a l  f lu id  effect .  In 
o r d e r  to  so lve  the  p r o b l e m  in  an  e a s y  way,  h o w e v e r ,  we wan t  to keep  the  p o t e n t i a l  
p r o b l e m  a s  a p o s s i b l e  a p p r o x i m a t i o n  by m a k i n g  s o m e  m a t h e m a t i c a l  a s s u m p t i o n s ,  
wh ich  we ca l l  m a t h e m a t i c a l  m o d e l s .  If any m a t h e m a t i c a l  m o d e l  g ives  a good a p p r o x i -  
m a t i o n  of the  flow q u a n t i t i e s  n e a r  the  so l id  body,  so  t h a t  we c a n p r e d i c t v e r y  a c c u r a t e l y  
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the total hydrodynamic fo rces  on the body, then, as far  as I am concerned, the model 
should be quite acceptable. However, we should not expect that the s imple model is 
also capable of providing a good descr ipt ion of the complicatedwake flow downstream. 
The problem of the wake flow in the wake is ent i rely different f rom those considered 
here and I bel ieve one cannot obtain a good resul t  without consider ing the viscous 
effect, vor tex  shedding, the turbulent mixing, and so forth. 

Several  exper imental  r esu l t s  have been available for a few special  cases  of the 
cavity flow past  a flat plate inclined at a small  angle. These resu l t s  give substantial 
support to these mathemat ica lmodels .  With respec t  to the present  l inear ized  model, 
there  are  cer ta in  fea tures  which are  different f rom the nonlinear cases .  Here, 
again, the validity of this model depends on its agreement  with future exper iments .  

315 


